Representation through Legislative Redistricting:
A Stochastic Model*

Gary King, Harvard University

This paper builds a stochastic model of the processes that give rise to observed patterns of
representation and bias in congressional and state legislative elections. The analysis demonstrates
that partisan swing and incumbency voting, concepts from the congressional elections literature, have
determinate effects on representation and bias, concepts from the redistricting literature. The model
shows precisely how incumbency and increased variability of partisan swing reduce the responsive-
ness of the electoral system and how partisan swing affects whether the system is biased toward one
party or the other. Incumbency, and other causes of unresponsive representation, also reduce the
effect of partisan swing on current levels of partisan bias.

By relaxing the restrictive portions of the widely applied ““uniform partisan swing” assump-
tion, the theoretical analysis leads directly to an empirical model enabling one more reliably to
estimate responsiveness and bias from a single year of electoral data. Applying this to data from
seven elections in each of six states, the paper demonstrates that redistricting has effects in predicted
directions in the short run: partisan gerrymandering biases the system in favor of the party in control
and, by freeing up seats held by opposition party incumbents, increases the system’s responsiveness.
Bipartisan-controlled redistricting appears to reduce bias somewhat and dramatically to reduce re-
sponsiveness. Nonpartisan redistricting processes substantially increase responsiveness but do not
have as clear an effect on bias. However, after only two elections, prima facie evidence for redistrict-
ing effects evaporate in most states. Finally, across every state and type of redistricting process,
responsiveness declined significantly over the course of the decade. This is clear evidence that the
phenomenon of *‘vanishing marginals,” recognized first in the U.S. Congress literature, also applies
to these different types of state legislative assemblies. It also strongly suggests that redistricting could
not account for this pattern.

1. Introduction

Representative democracies generally group citizens into legislative con-
stituencies. Individuals living throughout each state are geographically seg-
mented into legislative districts; this, in turn, creates a particular set of voter
preferences within each district and hence a specific statewide allocation of leg-
islative seats to each political party. In the United States, congressional and state
legislative district lines are redrawn approximately every decade. This creates
new opportunities for partisan gerrymanderers to seek to gain political advan-
tage, incumbents to insulate themselves from electoral swings, and the courts to
impose a system of “fair” representation.

*Thanks to Chris Achen, Jim Alt, Neal Beck, Bruce Cain, Andrew Gelman, and Elizabeth
Rosenthal for many helpful discussions and comments. Robert Browning also made significant con-
tributions at an early stage in this research. Thanks also to the National Science Foundation for
research support grants SES-87-22715 and SES-89-09201.
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Although the allocation of an individual legislative seat to a political party
within each district depends deterministically and unambiguously on citizen
votes through the winner-take-all rule, the basic character of the state’s electoral
system is defined only at the statewide level by aggregating these individual
districts. For example, gerrymandering is never a problem when considering
only a single district, since the winner-take-all rule still treats both parties fairly;
however, the aggregation of these districts, in combination with the geographic
distribution of partisans and the configuration of district lines, produces a “sto-
chastic’” (probabilistic) relationship between the statewide division of votes a
party receives and the aggregate allocation of seats among the parties.

The redistricting process also influences the form of democratic represen-
tation and the degree and direction of partisan bias—concepts that are inherently
defined only on the level of the political system. Many scholars have analyzed
the effects of redistricting (e.g., Grofman and Lijphart 1986; Cain 1984; Grof-
man et al. 1982; Polsby 1971), but few have incorporated in their models the
dynamic features of elections, such as incumbency and partisan swing.'

In this paper I first extend the aggregate theory of representation in King
and Browning (1987) to include cases where the allocation of legislative seats is
relatively unresponsive to citizen votes. This extension unifies the literature on
redistricting with recent empirical findings that U.S. congressional elections are
becoming less competitive (e.g., Mayhew 1971, 1974; Ferejohn 1977; Fiorina
1977, Ansolabehere, Brady, and Fiorina 1988). In the core of this paper, I then
develop a district-level theoretical model of the process by which partisan elec-
toral swings and incumbency voting modify democratic representation and par-
tisan bias. Using this model and an empirical estimation of it, I analyze the more
basic phenomena that give rise to the extant aggregate patterns of representation
and bias, first described by Tufte (1973). In total, this analysis formally links
the concepts of representation and partisan bias from the seats-votes literature
with factors such as incumbency and partisan swing from the congressional elec-
tions literature—two substantively related fields with too few cross-citations and
even fewer unified models. It generalizes and relaxes the widely used, but quite
restrictive and often unrealistic, “uniform partisan swing” assumption intro-
duced almost four decades ago by Butler (1951). The paper modifies the essen-
tially “static” seats-votes models in the literature to include dynamic change and
to provide reliable estimates of bias and representation with data from only a

' Previous court decisions have constrained the redistricting process only slightly by requiring
that every district contain equal numbers of citizens, that districts be contiguous, and that the redis-
tricting not dilute minority voting strength. However, beyond these judicial requirements and the
winner-take-all rule within each single-member district, the state imposes no constitutional or statu-
tory rule constraining the relationship between the statewide proportion of votes a party receives and
its allocation of legislative seats.
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single election. It also demonstrates the value of stochastic modeling for political
science research.?

2. Conceptualizing Representation and Bias: The Seats-Votes Curve

This section reviews and extends the basic concepts of representation and
bias, defined at the statewide level in an idealized two-party electoral system. I
use the names ““Democratic” and “Republican™ for these two parties and refer
explicitly to state legislative elections, but the model presented here applies in
principle to any two-party system with single-member electoral districts. In the
section after this, I derive a district-level model that demonstrates what gives rise
to these statewide relationships.

Following King and Browning (1987), I define an unbiased electoral system
as partisan symmetry in the seats-votes relationship: in a two-party system, the
absence of bias is the situation where each political party is allocated the same
proportion of seats for an equivalent proportion of votes.? A two-party electoral
system with partisan bias is asymmetric in that it enables one of the political
parties to receive more seats for a given proportion of votes than the opposition
party would receive.*

Note that partisan symmetry does not necessarily imply de facto propor-
tional representation, where the proportion of statewide Democratic votes trans-
lates into the same proportion of statewide Democratic seats. Indeed, many
forms of fair representation can exist. For example, the first column of Figure 1
gives six examples of fair electoral systems (please ignore the second column of
the figure for the moment). Each of these examples has the proportion of state-
wide Democratic votes across the horizontal axis (marked as E(V)) and the pro-
portion Democratic seats on the vertical axis (marked as E(S)). Each graph in
this column of Figure 1 represents an electoral system that is symmetric with
respect to the parties.’ For example, in the fourth graph (labeled p = 3), con-
sider an election where the Democrats received 60% of the vote. To determine
the allocation of legislative seats, move from E(V) = 0.6 vertically to the curve
and then horizontally to the Y axis; in this case, if the Democrats received 60%

2 Although I address other types of distortion, the only type of bias the model here includes is
partisan. The most significant omission caused by this focus is the exclusion of racial gerrymandering
as a possible longer lasting effect on the electoral system.

3See Grofman (1983) for alternative definitions of partisan bias.

*In any one election, each party actually receives only a single fixed proportion of votes and
seats, but in theory this particular election is an outcome from the set of all possible outcomes
generated by the same underlying electoral system. This underlying electoral system, more than any
one particular election, is the focus of this study.

3 An easy way to check for symmetry is to change the axes from proportion Democratic seats
and votes to proportion Republican seats and votes. If the interpretation remains unchanged, the
system is symmetric with respect to the parties and hence unbiased.
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of the vote, they are allocated 77% of the legislative seats on average. This is
not proportional, but it is still fair, since if the Republicans were to receive 60%
of the vote (1 — E(V) = 0.6), they too would be allocated 77% (1 — E(S) =
0.77) of the seats.

In addition to being symmetric, all six figures pass through three points: 0,
0; 0.5, 0.5, and 1, 1. The curves must pass through the endpoints, since if one
party receives every vote statewide, only election fraud would keep it from tak-
ing all the seats. In addition, all fair curves must pass through the midpoint,
since this is the point around which they are symmetric.

However, even with these constraints, one can imagine a large number of
different, fair seats-votes curves. The six in the first column of Figure 1 are
arranged according to the form of democratic representation, indexed by the
parameter p. At one extreme of fair representation are electoral systems that are
unresponsive (0 < p < 1), with the proportion of seats for a party reacting only
sluggishly to even large changes in votes for that party. This pattern can be seen
in the two seats-votes curves that are relatively flat over most of their range in
the first column of Figure 1 (p = 0.15 and p = 0.50). Across all the figures, as
p gets larger, the center of the seats-votes curves become steeper; that is, the
proportion of seats allocated between the parties is more sensitive to changes in
voter preferences in this range. A logical midpoint is proportional representation
(p = 1), where § = V and the legislature reflects the distribution of voter
preferences as faithfully as possible.

Some degree of reflection in representation is clearly important in two-party
democratic electoral systems, but virtually all electoral systems give a bonus in
seats to the majority party (Rae 1971). In the present idealized two-party model,
this tendency is called a “majoritarian” electoral system (and is modeled with
1 < p < ), This type of system may foster governability, since the majority
party is allocated a higher proportion of seats than the votes it receives, and one
might also argue that such systems enhance competitiveness and minority rep-
resentation, since the majority party advantage in the seats-votes relationship
gets progressively smaller as the majority gets larger (see the two relatively steep
and hence responsive curves in Figure 1 for p = 3 and p = 8). However,
governability has other sources, and majoritarian electoral systems have other
consequences (see Lijphart 1984, chap. 7). Winner-take-all electoral systems
(with p = 0), where a party with only slightly greater than half the vote receives
all the seats statewide, fall at the other extreme. Here, responsiveness is maxi-
mized at the cost of minority representation and electoral reflection.

Representation thus spans unresponsive (0 < p < 1), proportional
(p = 1), majoritarian (1 < p < x), and winner-take-all (p = =) electoral
systems. By including unresponsive representation on the same continuum, in
this way, this presentation thus significantly expands the notion of representation
in King and Browning (1987). Note that since these seats-votes curves are sym-
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metric with respect to the parties, they all model different types of unbiased
electoral systems.

These curves depict some of the many possible state-level electoral systems
existing under geographically contiguous single-member districts. They are not
drawn on the basis of any data, and none of these forms of representation are
required by law. The specific model used to draw these figures is the bilogit
functional form, introduced by King and Browning (1987). Under the bilogit
form, and most other forms proposed for the relationship between seats and
votes, the expected proportion of statewide Democratic seats is a function of
statewide Democratic votes and some parameters:

E(S) = f(V, Parameters) (D

In a familiar special case, this form f(-) is linear and the parameters are the
intercept (@) and slope (83) coefficients (see Tufte 1973; Schrodt 1981):

ES) = a + BV )

However, a linear form is implausible, since expected seats could go below zero
or above one, is not constrained to pass through the 0, 0 and 1, 1 points (which
we know for certain), and for several other reasons described by King and
Browning (1987).

I therefore turn to the full bilogit form:

V -1
ES) = {1 + exp [—)\ — pln (1 — V)}} 3)

This special case of equation 1 may appear more complicated than the linear
special case in equation 2, but it is nearly as simple to use, has the same number
of parameters, and is more theoretically appropriate. In the bilogit equation, the
two parameters have distinct meanings: A is the partisan bias parameter.® The
equality A = 0 indicates an unbiased system; A > O refers to an electoral system
that favors the Democrats, and A << 0 favors the Republicans. The parameter p
indexes the form of democratic representation. Once A\, p, and V are set to
specific numbers, the right-hand side of equation 3 reduces to a single number,
the expected proportion of Democratic seats. Each of the graphs in the first
column of Figure 1 was drawn by setting A = 0, to indicate the absence of
partisan bias, setting p at a value associated with a particular graph, and substi-
tuting in a range of values of V between zero and one.

When the electoral system is biased toward one party or the other, this range
of representational forms is not reduced, since representation and bias exist on
separate dimensions and are modeled with distinct parameters. Instead, partisan
bias appears in this model as asymmetry in the seats-votes curve—deviations

6The parameter A in this article is equivalent to In(3) from King and Browning (1987).
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from a particular form of (symmetric) representation. The first column of Figure
2 redraws each of the curves from the first column of Figure 1 with A = 1
indicating bias favoring the Democratic party (please ignore the second column
of both figures until the next section). For each, note how the Democrats would
receive more seats for a given proportion of votes than the Republicans would
be allocated if they had gotten the same proportion of votes.

Although partisan bias is introduced as a deviation from partisan symmetry,
even biased seats-votes curves pass through the 0, 0 and 1, 1 points. Except in
cases of voter fraud, district-level results that are uniformly 0% Democratic (oy
Republican) aggregate deterministically to the statewide level. For all other pat-
terns of district-level results, the aggregation process produces a stochastic
relationship.

3. From Voter Preferences to the Seats-Votes Curve

The bilogit form was used by King and Browning (1987) to estimate the
partisan bias A and representation p parameters with data from many elections.
The basic idea was to plot statewide seat proportions by statewide vote propor-
tions, with each point on the plot representing a single election. One then fit the
bilogit form to these points to estimate p and A. This approach is useful for some
purposes, but not for tracking changes in the parameters over time to assess the
effects of redistricting or other factors.

In order to study short-term changes in p and A both theoretically and em-
pirically, a district-level model is necessary. By far the most common model of
this sort is called uniform partisan swing, 1 describe this model and its relatively
unrealistic assumptions in the first subsection. Following that, I derive a more
sophisticated stochastic district-level model in the second subsection and intro-
duce a much more general assumption for deriving the seats-votes curve in the
final subsection.

The Uniform Partisan Swing Model

In order to derive a seats-votes curve from district-level electoral votes,
some assumption needs to be made. The most widely used assumption in the
literature is called “uniform partisan swing” and was introduced by Butler in
1951 (for recent applications, see Niemi and Deegan 1978, Gudgin and Taylor
1979, Niemi 1985, Niemi and Fett 1986, and many others). The assumption is
that vote proportions in every district all move in lockstep, swinging back and
forth in response to national or statewide electoral forces and without any random
error or local factors to make them behave differently.

With this assumption one can draw a seats-votes curve from district-level
information as follows: the first point plotted on the seats-votes curve is the
actual election result. Then, one percentage point is added to the vote in each
district and new hypothetical values for statewide seats and votes are calculated

























































































