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Preface

We introduce a framework for forecasting age-sex-country-cause-specific mortality
rates that can incorporate more information, and thus has the potential to forecast
better, than existing approaches. Mortality forecasts are used in a wide variety of
academic fields, and for global and national health policy making, medical and phar-
maceutical research, and social security and retirement planning.

As it turns out, the tools we developed in pursuit of this goal also have broader
statistical implications, in addition to their use for forecasting mortality or other vari-
ables with similar statistical properties. First, our methods make it possible to include
different explanatory variables in a time series regression for each cross-section, while
still borrowing strength from one regression to improve the estimation of all. Second,
we show that many existing Bayesian (hierarchical and spatial) models with explana-
tory variables use prior densities that incorrectly formalize prior knowledge. Many
demographers and public health researchers have fortuitously avoided this problem so
prevalent in other fields by using prior knowledge only as an ex post check on empirical
results, but this approach excludes considerable information from their models. We
show how to incorporate this demographic knowledge into a model in a statistically
appropriate way that also turns out to have the advantage of requiring many fewer
adjustable parameters than classic Bayesian approaches. Finally, we develop a set
of tools useful for developing models with Bayesian priors in the presence of partial
prior ignorance. This approach also provides many of the attractive features claimed
by the empirical Bayes approach, but fully within the standard Bayesian theory of
inference.

Software and Data

Accompanying this book is a free and open source software package that implements
all our suggestions (see http://GKing.Harvard.edu/yourcast/ for a copy). The
software is entitled “YourCast: Time Series Cross-Sectional Forecasting with Your
Assumptions” to emphasize a key intended contribution of our approach: that the as-
sumptions made by the statistical model you run are governed entirely by your choices
and your assumptions, and the sophistication of those assumptions and the degree to

xv
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which they match empirical reality are limited primarily by what you may know or
are willing to assume rather than arbitrary choices hidden behind or hard coded into
a complicated mathematical model. Although some of the tools we introduce require
technical sophistication to implement, the ideas are conceptually straightforward. As
such, the software and methods should be usable even by those who decide not to
digest all of our detailed mathematical arguments.

YourCast is distributed as an R package, and part of the R Project for Statistical
Computing (R Development Core Team, 2007). Included in that package are demos
that include all the data and code necessary to replicate all the empirical analyses in
this book (King, 1995). The complete data set from which are examples are drawn
is available as Girosi and King (2006).

Background

The methods developed in this book rely on fields of statistics and mathematics,
at least some of which are likely to be unfamiliar to many interested in mortality
forecasting. Yet, given the highly important public policy issues at stake, the advan-
tage to scholars and citizens of any forecasting improvement, even when achieved via
unfamiliar mathematical techniques, should, in our view, outweigh higher costs to
researchers in learning the methods. We have thus not shied away from introducing
new methods but have tried to reduce the associated costs to researchers in a variety
of ways. Most importantly, we explain our methodology in a way that should make all
of our results accessible to those who are familiar only with linear regression analysis
and a course in Bayesian inference. We also include in Appendix A a detailed glos-
sary of notation. In addition, since different aspects of the necessary mathematical
background are likely unfamliar to different audiences, as they were even to us when
we started, we offer an extensive mathematical refresher in Appendix B that should
be relatively complete as is.

Although we have attempted to keep the book as readable as possible, we have
also included, for more mathematically sophisticated readers, all necessary proofs and
evidence so that the work would be relatively self-contained.

Publications

In some of the fields with which the content of this book intersects, almost all new
results appear first in articles. Book presses are left to print only texts summarizing
prior research. In this project, we resisted the temptation to send preliminary or
partial results to scholarly journals since we felt the whole of our book would be
greater than the sum of the parts, sliced into smaller articles. Thus, although we
have occasionally presented preliminary results in talks over the last five years, this
manuscript is the first complete account of our approach.
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Chapter 1

Qualitative Overview

1.1 Introduction

This book introduces a set of methodological techniques that borrows from and are
designed to build on parts of the scholarly disciplines of demography, statistics, po-
litical science, macro-epidemiology, public health, actuarial science, regularization
theory, spatial analysis, and Bayesian hierarchical modeling. Our approach would
also seem applicable in a variety substantive research applications in these and other
disciplines. In this chapter, we describe the purpose of this book in four ways, the
last three being consequences of the first.

The narrowest view of this work is an attempt to address the goal we originally
set for ourselves: to create a class of statistical methods for forecasting population
death rates that out-performs existing alternatives — by producing forecasts that
are usually closer to out-of-sample mortality figures in large scale comparisons, by
more reliably fitting well-known patterns in mortality data as they vary over age
groups, geographical regions, and time, and generally by incorporating more available
quantitative and qualitative information.

Mortality analyses are of widespread interest among academics, policymakers,
industry researchers, and citizens worldwide. They are used for retirement fund plan-
ning, for directing pharmaceutical research, and planning public health and medical
research interventions. They constitute our running example and source of data for
empirical validation. The World Health Organization (WHO), which has made use of
earlier versions of our approach, relies on worldwide mortality forecasts to estimate
morbidity (by using the relationship between death rates and the prevalence of certain
diseases), to make ongoing public health recommendations to specific countries and
regions, and as a source of information for the health ministries in member countries.

The class of methods we introduce are also applicable to problems other than
mortality forecasting. In particular, any research that uses a method like linear
regression to apply to time series analyses in more than one cross-section may benefit

1
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from our approach. Although the only data we present are about mortality, the
methods would seem to be directly applicable to forecasting variables from classical
demography and macro-epidemiology, such as fertility rates and population totals;
economics, such as income and trade; political science, such as electoral results; and
sociology, such as regional crime rates. Section 1.2 elaborates.

In order to accomplish our original goal of forecasting mortality rates, we found
it necessary to develop a series of new tools that turn out to have wider implications.
These new tools also suggest alternative ways of understanding the content of this
book.

Thus, a second and broader view of this book is as a way to specify and run a set of
linear regression models that builds on existing Bayeisan approaches and automates
what would otherwise be time consuming decisions. Our key methodological result
is demonstrating how to borrow strength by partially, or probabilistically, pooling
separate cross-sections based on similarities across only the expected values of the
dependent variables instead of the traditional practice of pooling only based on similar
coefficients. This result, which to our knowledge has not been attempted before in
hierarchical models, also enables us to pool data from regressions that have different
explanatory variables in each cross-section, or the same explanatory variables with
different meanings. Since in applications like ours, researchers can directly observe
the dependent variable, but never know the coefficient values, this approach makes
it easier to base prior distributions on known information rather than optimistic
speculation. We also offer several new ways of building priors that better represent the
types of knowledge substantive experts possess and new ways of modeling ignorance
and indifference, and understanding when they are appropriate in Bayesian models.
These methods incorporate and extend the key attractive features of empirical Bayes
models, but without having to resort to a theory of inference outside the standard
Bayesian framework.

A third way of understanding this work is an implication of the second: We show
that the most common Bayesian method of partially pooling multiple coefficients in
cross-sections thought to be similar is often inappropriate as it frequently misrep-
resents prior qualitative knowledge. The idea of pooling can be powerful, but many
hierarchical and multilevel Bayesian models with covariates in the literature are flawed
in this way. This claim affects several scholarly literatures in statistics and related
fields, such as at least some work in hierarchical modeling, spatial smoothing, and for
relevant applications in the social and natural sciences. Recognizing this problem was
what led us to smoothing on the expected value of the dependent variable rather than
the coefficients. This approach helped in our goal of forecasting, but it also led to
a huge reduction in the number of required (but often unintiutive) parameters users
were required to set. We provide the mathematical and statistical tools to accomplish
this in theory and practice.

A final way to view this book is as a small step in reconciling the open warfare
between cross-national comparativists in political science, sociology, public health, and
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some other fields with the area studies specialists that focus on one country or region
separately from the rest of the world. In political science, for example, the current
animosity between quantitative cross-national comparativists and area studies schol-
ars originated in the expanding geographic scope of data collection in the 1960s. As
quantitative scholars sought to include more countries in their regressions, the mea-
sures they were able to find for all observations became less comparable, and those
that were available (or appropriate) for fewer than the full set were excluded. Area
studies scholars appropriately complain about the violence these procedures do in
oversimplifying the reality they find from their in-depth (and usually qualitative)
analyses of individual countries but, as quantitative comparativists continue to seek
systematic comparisons, the conflict continues. By developing models that enable
comparativists to include different explanatory variables, or the same variables with
different meanings, in the time-series regression in each country, we hope to elimi-
nate a small piece of the basis of this conflict. The result should permit statistical
analyses and data collection strategies that are more sensitive to local context and
that include more of the expertise of area studies specialists. Indeed, even if the area
studies specialist in each country would prefer a unique set of explanatory variables,
our methods enable a scholar to estimate all these regressions together, marshaling
the efforts of many scholars and enabling them to work together without sacrificing
what they they each bring to the table.

We now discuss each of these four perspectives on our work in turn, saving tech-
nical discussions for subsequent chapters.

1.2 Forecasting Mortality

Almost all countries — democracies and authoritarian regimes, rich countries and
poor countries, nations in the north and those in the south, etc. — make efforts to
improve the health of their populations. Not at the same rates or with the same
success, but most attempt to reduce mortality and increase health. Indeed, over
nine percent of the world’s economy (and fifteen percent of the U.S. economy) is
devoted to health care spending. As in other areas of public policy, information
about the problem can help tremendously in amelioration efforts. For this reason,
WHO has regularly forecast mortality and morbidity for the entire world. These
forecasts are used by WHO, other international institutions, donor countries, and the
health ministries and public health bureaucracies within each country to direct the
flow of funds in the most effective way possible to the population groups in most
need or which can be helped the most. Mortality forecasts are also used to assess the
future security of retirement and social security plans, public and private insurance
schemes, and other public policies that depend on specific population and mortality
counts.

In recognition of the value of this information, but also for other unrelated rea-
sons, enormous quantities of money are spent on vital registration systems in many
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countries. For example, in the United States, laws in each of the fifty states require
death certificates be completed for every person who dies. Federal law then man-
dates the central compilation and publication of these data, and other vital statistics.
Vital registration data are also collected in many countries around the world, some
with excellent data, some with insufficient coverage, and some either nonexistent or
estimated rates. Each of the 779,799,281 deaths recorded in our database was (in prin-
ciple) coded from an official death certificate, but in some cases the annual mortality
rates were estimated by WHO or local officials.1

1.2.1 The Data

Our mortality data (Girosi and King, 2006) have the following structure. For 191
countries, 24 causes of death2, 17 age groups, and 2 sexes, we observe an annual time
series of the number of people who have died and the population in that subgroup.
For our purposes, the death rate is of interest: the number of people who have died
divided by the number of people at risk of dying (the population). The time series of
death rates for each of these 155,856 cross-sectional units usually ends in 2000, and is
between 2 and 50 observations long. Time series cross-sectional data are commonly
used in the social sciences. Less common are data like these which have four cross-
classified cross-sections for each time period. The methods we develop here usually
help more with larger numbers of cross-sections, but they can be advantageous with
as few as two.

For the time series representing a single year, sex, age, country, and cause, we also
observe a subset of the following covariates (explanatory variables): gross domestic
product (adjusted for purchasing power parity), tobacco consumption (in some cases
based on direct information and in others inferred based on present lung cancer rates),
human capital, total fertility, fat consumption, a time trend as a rough measure of
technology, and the levels of freedom and democracy in each country.

Enormous effort worldwide went into producing and collecting these data, but
much still remains missing. Every country in the world has at least two observations,
but only 34 countries have at least 35 time series observations; 17 have 20–34 obser-
vations; 33 have 2–19; and 107 have only 2 observations. Many of the countries with
only two “observations” were imputed by WHO experts.

In Figure 1.1 we provide a graphical representation of the distribution of the

1Survey methods exist for estimating all cause and cause-specific mortality in countries without
vital registration. See Gakidou and King (2006) and King and Lu (2006) and the citations therein.

2The 24 categories of death are called “clusters” in the international classification of diseases.
These include all-causes (which is the sum of all other causes), malaria, AIDS, tuberculosis, other
infectious diseases (i.e,. other than malaria, AIDS and tuberculosis), lung cancer, cancer of mouth
and esophagus, liver cancer, stomach cancer, breast cancer, cervix cancer, other malignant neo-
plasms, infectious respiratory disease, chronic respiratory disease, cardiovascular disease, digestive
disease, maternal conditions, perinatal conditions, all other diseases, transportation accidents, other
unintentional injuries, suicide, homicide, and war.
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number of observations for all-cause mortality. The red points in the graph represent
the percentage of countries for which the number of observations is larger than a given
amount, read on the horizontal axis. In green we show the percentage of the world
population living in those countries. For example, the figure shows that 50–60% of the
world’s population lives in countries whose age-specific mortality time series has more
than 10 observations. The key message is that data are sparse and thus any forecasting
method which is not applicable to problems with fewer than 10 observations will fail
to make forecasts of any kind for 40-50% of the world’s population.

Africa, AIDS, and malaria are the areas with the most missing data. Data are
usually good for OECD countries but not for most of the rest of the world. If mortality
is observed for any age, it is (almost) always observed for all ages. All-cause mortality
(the number of people who die regardless of cause) is often observed for more countries
than cause-specific mortality, although counts for some diseases are observed when
all-cause is not; if any cause is observed, all causes, ages, and sexes are normally
observed. We treat the covariates as fully observed, if they exist in a cross-section
at all, although parts are exogenously imputed based on statistical techniques in
combination with expert judgment.

The noise in death rates appears to be mainly a function of the size of the cross-
sectional unit, so that small countries, younger age groups, and rarer causes of death
are associated with more noise. Measurement error, which is one contributor to noise,
is somewhat more prevalent in smaller cross-sections, but many exceptions exist; the
real cause would appear to be underfunded data collection facilities in less developed
countries. Data outside the OECD also tends to be noisier. Our judgment, based
on interviews and some statistical tests, is that fraud does not seem to be a major
problem, but many types of data errors exist.

1.2.2 The Patterns

Health policymakers and public health, medical, and pharmaceutical researchers are
primarily interested in cause-specific, rather than total, mortality. They need cause-
specific information to direct appropriate treatments to population subgroups, and
so that they might have a chance at understanding the mechanisms that give rise
to observed mortality patterns. Researchers also use relationships between cause-
specific mortality and some (ultimately fatal) illnesses to estimate the prevalence of
these illnesses.

Others, such as economists, sociologists, actuarial scientists, insurance companies,
and public and private retirement plans, are primarily interested in total or “all-
cause” mortality. The cost to a retirement plan, for example, does not change with
changes in the causes of death unless the compositions of cause-specific mortality
add up to different totals. However, those interested in forecasting only all-cause
mortality are still well-advised to examine closely, and attempt to forecast, cause-
specific mortality. For example, the U.S. Social Security Administration takes into
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Figure 1.1: Distribution of number of observations for all-cause mortality: the vertical
axis represents the percentage of countries (and the percentage of the world population
living in those countries) whose time series have a number of observations smaller than
a given amount, read on the horizontal axis.
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account forecasts of the leading causes of death in their all-cause forecasts, albeit in
an informal, qualitative way.

We now offer, in Figure 1.2, an overview of the leading causes of death worldwide
in the year 2000. In each graph, we have included each cause of death for all age
groups that is the leading cause for at least one age group. The graph on the left
is for males and shows that worldwide, the leading cause of death for males aged 10
and under is infectious diseases other than AIDS, malaria, and tuberculosis. After
age 10, death due to this cause declines and then increases over age groups, but it is
not the leading cause of death for any other age group. From 10 to 20, the leading
cause of death is transportation accidents; these increase before declining, but AIDS
takes over until about age 35 as the leading cause of death among males. For older
aged men, cardiovascular disease is the leading killer. The patterns are similar for
females, although slightly lower than for males. In addition, transportation accidents
never rise to the leading cause and so do not appear.
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Figure 1.2: Leading Causes of Deaths Worldwide by Sex. Logarithm of the number of
deaths worldwide by leading cause for males (on the left) and females (on the right).
A cause of death is included in each graph if more members of the respective sex died
from it than from any other cause for at least one age group.

Figure 1.2 also demonstrates that different causes of death have widely divergent
age profiles. Some have mortality rates that start high for infants and rise as they
age. Some drop and then rise, and some follow still other patterns. However, through
all this diversity, a clear pattern emerges: The age profiles are all relatively smooth.
Five-year-olds and 80-year-olds die at very different rates, but people in any pair of
adjacent age groups die of similar rates from any cause.



8 CHAPTER 1. QUALITATIVE OVERVIEW

We now illustrate the same point about the diversity and smoothness of log-
mortality age profiles by offering a broader picture of different causes of death. For
this figure, we change from the log of deaths to the log of the deaths per capita,
otherwise known as the log-mortality rate. We average the age profile of the log-
mortality rate over all available years and all 191 countries in our database. Figure
1.3 presents these average age profiles for the 23 causes of death in females, one in
each plot. Figure 1.4 offers a parallel view for the 20 causes of death in males. (We
exclude perinatal conditions in both since the vast majority of the deaths are in the
first age group.) Age groups are 5 year increments from 0 to 75 and 80+, and are
labeled by the lower bound.

These figures provide a baseline for understanding the units of log-mortality for
our subsequent analyses. They also clearly demonstrate that an appropriate method
of forecasting mortality must be capable of modeling great diversity in the age profile
across diseases (and sex and country) while at the same time guaranteeing that log-
mortality remains smooth over the age profile. All 43 age profile graphs are fairly
smooth, with some exceptions for younger age groups, but they follow a large diversity
of specific patterns.

1.2.3 Scientific vs. Optimistic Forecasting Goals

A list of all valid methods of learning about the future developed thus far is as follows:
waiting. As a methodology, waiting, requires no special expertise, is easy to apply
(for some!), and produces highly certain results. Unfortunately, whether researchers
make forecasts or not, public policy makers will not wait since getting the future
wrong will often produce enormous costs that can be denominated in dollars, deaths,
and disease. Forecasting may be impossible, and policymakers may get it wrong,
but they will try. As such, and despite the uncertainties, researchers could hardly
have more motivation to make forecasts better and to try to formalize and improve
what is often informal qualitative guesswork. Indeed, almost any advance in learning
about future mortality rates has the potential to inform and rationalize health care
spending, mobilize resources to improve care where it is needed, and ultimately to
reduce mortality.

Since modern scientific forecasting is not soothsaying, we need to be clear about
what it can and cannot accomplish, even at best. So here is our definition:

Forecasting is the (1) systematic distillation and summary of relevant in-
formation about the past and present that (2) by some specific assumption
may have something to do with the future.

Part (1) is the forecasters’ first and only real accomplishable scientific goal. Part (2)
is pure assumption that is by definition beyond the range of, and not fully defensible
on the basis of, the data. Even genuine repeated out-of-sample forecasts that turn out
close to the observed truth have no necessary relationship to subsequent forecasting
success.
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Figure 1.3: World Age Profiles for 23 Causes of Death in Females. The age profiles
have been averaged over all 191 countries and over all available years.
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Figure 1.4: World Age Profiles for 20 Causes of Death in Males. The age profiles
have been averaged over all 191 countries and over all available years.
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Put differently, science is about collecting the facts and the deeper understanding
that explains the facts or that the facts imply. In contrast, forecasting involves
more than science. It also involves unverifiable assumptions, justified by argument,
analogy, the success of previous efforts, and reasoned speculation that by definition
goes beyond direct evidence. The best forecasts you can make, then, are those that
provide the best systematic summaries of all that is known, and also your personal
assumptions (which is why we call our software “YourCast”). The purpose of this
book is to provide methods that make it easier to include more existing information, in
as many forms as it comes, in your forecasting model so that we can better summarize
the present and quantify and understand our assumptions about the future.

Our public policy goal is to provide forecasting methods for the public health
establishment that can incorporate more information than those now used and are
more systematic. The death rate forecasts of interest are those up to 30 years in
the future for each time series, with the needed forecast horizon often differing by
cause of death. In most applications, time series analysts would not normally be
willing to make 20-30 year-ahead forecasts on the basis of even 50 observations, and
we often have fewer. The difference here is that death rates usually move slowly and
smoothly over time so that forecasting with low error rates at least a few years out is
usually easy. Moreover, when considered as a set, and combining it with qualitative
knowledge experts in the field have gathered from analyses of numerous similar data
sets, the information content available for making forecasts is considerably greater
than when treating each time series separately and without qualitative information.

But the uncertainties should not be overlooked, and valid thirty year forecasts are
not likely to be accurate with any known degree of certainty. New infectious diseases
can spring up, mutate, and kill millions, as occurred with the HIV pandemic and the
1918 flu, or affect few, as in the SARS outbreak in 2003. Unexpected developments
in medical technology can drastically reduce the effects of a disease, as occurred
with HIV treatments in the developed countries in the last decade or the eradication
of smallpox, and the reduction in polio and shistosomiasis, throughout the world.
Military conflict, terrorism, and natural disasters have demonstrated potential to
wreak havoc without advance notice. Changes can even occur without a cause that we
can unambiguously identify, as with the dramatic increase in cardiovascular disease
in Eastern Europe in the late 1980s. Physicians cannot always produce accurate
time-of-death predictions for individuals with serious illnesses, and no law of nature
guarantees that errors will always cancel out when individuals are aggregated. As
Lee and Carter write (1992, p. 675), almost tongue in cheek, “Perhaps we should
add the disclaimer that our [confidence] intervals do not reflect the possibilities of
nuclear war or global environmental catastrophe, for indeed they do not.” In fact,
model-based confidence intervals can never be accurately calibrated since the model
can never be counted on to reliably include all relevant future events. Forecasts are by
definition extrapolations outside the range of available data and therefore necessarily
model-dependent to a degree (King and Zeng, 2006, 2007).
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These qualifications put all forecasting methods in context. In practice, mortality
forecasts are always at best conditional on the state of knowledge we have today. In
this book, we go farther than existing methods primarily by incorporating a larger
fraction of (known) information, but we obviously cannot include information that is
unknown at the time of the forecasts. Thus, to make the same point in yet another
way, the forecasts produced by the methods in this book, and all other methods in the
literature, can only hope to tell us what will happen in the future if current conditions
and patterns hold. If future mortality is driven by factors we have not included, or if
the relationship between the factors we include and mortality changes in unexpected
ways, our forecasts will be wrong. Moreover, since conditions do change, and will
likely change, we do not expect forecasts made today to be accurate. Indeed, much
of the stated purpose of policy makers and funding agencies in the health arena is
to change these conditions to reduce future mortality rates. To put it even more
starkly, a central goal of the global public health, medical, research, governmental,
and intergovernmental infrastructures is to make our forecasts wrong. We hope they
succeed.

The fact that even we expect that our forecasts will be proven incorrect does
not mean that our methods and forecasts should be considered free from scientific
evaluation. Far from it. The only issue is finding the right standard. True out-of-
sample forecasts are infeasible since it would take several years for data to come in and
mortality forecasts are needed immediately and continuously. And even if we waited,
had our forecasts confirmed, and decided to use those forecasts for policymaking,
nothing could stop the world from changing at that point to make our subsequent
forecasts inaccurate. Since policymakers are effectively trying to do this anyway,
actual out-of-sample forecasts, which we use frequently, are no panacea.

The optimal scientific standard for us would be to make actual out-of-sample fore-
casts in an (infeasible and unethical) experiment where some country is held to have
the same standards, conditions, types of medical care, etc., in a future period as dur-
ing the period from which our data come. But although this hypothetical experiment
would validate the model, it is obviously of no practical use. To approximate this
situation, we set aside some number of years of data (the “test set” or “out-of-sample
period”), fit the model in question to the rest of the data (the “training set” or “in-
sample period”), and then compare out-of-sample forecasts to the data set aside. This
standard makes us somewhat less vulnerable to being proven wrong than we would
with real out-of-sample forecasts, which is a perhaps necessary flaw in our approach.
Nevertheless, the enormous number of forecasts we need to compute would make any
attempt to stack the deck extraordinarily difficult, even if we had set out to do so
intentionally. Although we have run hundreds of thousands of such out-of-sample
comparisons between our approach and previous methods offered in the literature,
and although earlier drafts of this manuscript recorded summaries of many of these
runs, we exclude most here. The reason is that our method does better because it
includes more information and so these tests merely demonstrate the predictive value
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of available information. This makes comparisons either an unfair fight — since we
use more information than relevant competitors — or merely an evaluation of the
quality of available information — neither of which tell us much about our methods.
In addition, as explained above, forecasts always require choices about assumptions
regarding the future, and we wished to evaluate our methods, not particular assump-
tions about the future that we will leave to users of our methods. Thus, with this
book we are releasing our full original data set and our software program that makes
it easy for readers to choose their own assumptions, make their own forecasts, and if
they wish make their own assessments of their forecasting accuracy when using our
methods with their assumptions.

1.3 Statistical Modeling

We offer here a qualitative overview of the statistical modeling issues we tackle in this
book. We discuss this modeling in the context of our mortality example, although
everything in this section would also apply to any outcome variable that a researcher
would be willing to specify as a linear function of covariates. The methods introduced
are an improvement over linear regression (and seemingly unrelated linear regressions
and other related procedures) for any analysis with more than one regression over at
least some of the same time periods. They can be extended to nonlinear models with
the same priors we introduce, but we have not done so here.

In our application, the over 150,000 individual time series created substantial
difficulties in data management, computational speed, and software architecture. To
put the problem in context, if we spent as much as a single minute of computational
and human time on each forecast, we would need more than three months (working 24
hours a day, 7 days a week) to complete a single run through all the data using only
one of the many possible specifications. We thus quickly found that if a feature of a
method was not automated (i.e., if it required human judgment to be applied to the
time series in each cross-section), it became almost impossible to use. An important
goal of the project thus became automating as much as possible. Fortunately, this is
entirely consistent with, and indeed almost equivalent to, the goals of good Bayesian
modeling, since automation is merely another way of saying that we need to include
as much available a priori information in the model as possible. So this has indeed
been our goal. Throughout our work, we have unearthed and then incorporated in
our models successive types of prior knowledge and this is what accounts for most of
our forecasting improvements.

Demographers, in contrast, often use the vast majority of their prior knowledge
as a way to evaluate, rather than to improve their methods. While this procedure is
an essential part of most research, including ours, it is not optimal from a scientific
perspective since the method is not formalized in a way others can apply and so is
less vulnerable to being proven wrong. At its worst, their procedure merely adjusts a
model specification until it produces forecasts consistent with one’s prior opinion —
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in which case the forecast is nothing more than an expert judgment and the statistical
model is reduced to irrelevant scientific-looking decoration. In our view, the future of
demographic modeling and forecasting lies primarily in identifying and conditioning
on more and more information in statistical models. Classical demographers have
gleaned enormous information from decades of careful data analyses; the key now is
to marshal this for making inferences.

To explain our alternative approach, we now begin with a single least squares
regression as a basic building block, and then explain how we add in other sources
of information. Consider a long annual series of the log-mortality rate for a single
cross-sectional unit (one age × sex × cause × country, such as log-mortality in 45 year
old South African males who die of cardiovascular disease), and a set of covariates
(explanatory variables) that code its systematic causes or predictors. If this cross-
section has little missing data or measurement error, informative covariates, and a
high signal-to-noise ratio, then least squares regression might do reasonably well.
Unfortunately, for the vast majority of the time series in our data, measurement
error, missing data, unexpected changes in the data, and unusual patterns conspire
to make a simple least squares time series regression model produce incorrect or even
absurd forecasts. Normally, the problem is not bias, but enormous variance. This
problem becomes clear when one thinks of the fanciful goal of forecasting thirty years
ahead on a single time series with say twenty observations or with more observations
but high rates of measurement error, etc.

Thus, our key goal in analyzing these data is to identify and find ways of incorpo-
rating additional information in order to increase efficiency. The most common way
to do this would be to pool. For example, we could pool all countries within a re-
gion, effectively assuming that the coefficients on the covariates for all those countries
are identical. This would increase efficiency, but — if in fact the coefficients varied
— it could then introduce bias.3 Strict pooling in this way is also contrary to our
prior information, which does not normally indicate that coefficients from neighbor-
ing countries would be identical. Instead of having to decide by hand which countries
(or cross-sections) to pool, which is infeasible, we could think about automating this
decision by relaxing the requirements for pooling. Instead of requiring neighboring
countries to have identical coefficients, we could allow them to have similar coeffi-
cients. This kind of “partial pooling,” or “smoothing,” or “borrowing strength” from
neighboring cross-sectional units to improve the estimation (and efficiency) of each
one, is common in modern Bayesian analysis, and we were therefore able to build on
a considerable body of prior work (which we properly cite in subsequent chapters).

Partially pooling countries by assuming similarity of coefficients in neighboring
countries is an improvement, and serves to automate some aspects of the analysis.

3Assuming a regression coefficient is constant when it in fact varies can cause one to underestimate
standard errors and confidence intervals. If in addition the actual coefficients assumed to be constant
are correlated with one of the measured variables, then the estimated coefficient will be a biased
estimate of the average of the true coefficients.
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(To better reflect knowledge of public health, we allowed “neighboring” to refer to
similar countries, not always strictly adhering to geographic contiguity.) We extend
this logic to combine partial pooling of neighboring countries and consecutive time
periods, simultaneously with partial pooling of adjacent age groups. The fact that
5-year-olds and 80-year-olds die of different causes and at very different rates would
normally prevent pooling these groups. However, we also know that 5-year-olds and
10-year-olds die at similar rates, as do 10-year-olds and 15-year-olds, and 15-year-olds
and 20-year-olds, etc. Thus, we simultaneously pool over neighboring countries, adja-
cent age groups, and time (and we allow smoothing of interactions, such as trends in
neighboring age groups), to result in a form of multidimensional, non-spatial smooth-
ing. This step also provides a more powerful approach to reducing the dimensionality
of mortality data than the 175+ year tradition of parametric modeling in classical
demography (Gompertz, 1825; Keyfitz, 1982).

Each of these steps generated an improvement in efficiency, fit, and forecasting
stability. Yet, it was still very difficult to use with so many forecasts. We had to
spend inordinate amounts of time tuning the priors for different data sets, and find-
ing what seemed like the “right” parameters was often impossible. Eventually, we
realized that the problem was with the most fundamental assumption we were making
— that the coefficients in neighboring units were similar. In fact, the scale of most of
the coefficients in our application is not particularly meaningful and so although our
model had been saying they should be similar, and large literatures on Bayesian hier-
archical modeling and spatial modeling smooth in this way, experts in public health
and demography do not really have prior beliefs about most of these coefficients. For
one, most of these coefficients are not causal effects and so are not even of interest to
researchers or the subject of any serious analysis. They are at best partial or direct
effects — for example, the effect of GDP on mortality, after controlling for some of
the consequences of GDP, such as human capital and total fertility. This coefficient
is not the subject of study, it is not directly observable, and, since some of the control
variables are both causally prior and causally consequent, it has no natural causal
interpretation. Moreover, even for variables about which these scholars possess con-
siderable knowledge, such as tobacco consumption, the real biological knowledge is
at the individual level, not at the aggregated national level. Because of aggrega-
tion, finding a negative coefficient on tobacco in predicting mortality would neither
contradict the obvious individual-level relationship nor be particularly surprising. Fi-
nally, even when some knowledge about the coefficients exists, the prior must include
a normalization factor that translates the effect of tobacco consumption, say, into
the effect of GDP. Unfortunately, no information exists in the data to estimate this
normalization and prior knowledge about it almost never exists.

Our methods allow for partially pooling coefficients also, for the situations for
which it may be useful. But we also added a new feature that ameliorates many of
the remaining problems in our application, and we believe will work in some others.
Thus, instead of (partially) pooling coefficients, about which we had little real prior
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knowledge, we developed a way to partially pool based on expected mortality. Schol-
ars have been studying mortality rates for almost two centuries and know a great
deal about the subject. Although we do not observe expected mortality, for which
our priors our constructed, every observed mortality rate is a direct and usually fairly
good estimate of expected mortality. Priors formulated in this way correspond closely
to the nature of the variables we are studying. This procedure also makes it substan-
tially easier to elicit information from subject matter experts. It also directly satisfies
the goal of Bayesian analysis by incorporating more prior information appropriately.
And it serves our goal of automating the analysis, since far less cross-section-specific
tuning is required (and many fewer hyperparameter values need be set) when using
this formulation.

Since the mapping from the vector of expected mortality rates, on the scale of our
prior, to the coefficients, on the scale of estimation, is a many-to-few transformation,
it may seem less than obvious how to accomplish this. We have however developed a
relatively straightforward procedure to do this (that we describe in Chapter 4). An
especially interesting and useful result is that since the variance matrix and its hyper-
parameters drop out, the prior turns out to require many fewer adjustable parameters
than partially pooling coefficients, most of which can be set on the basis of known
demographic information about known moretality rather than unknown coefficients.
The resulting analysis generates the metric space necessary even to compare regres-
sions with entirely different covariate specifications, including different numbers of
covariates, and different meanings of the covariates included in each cross-section.

We also found that our method of putting priors on the expected outcome vari-
able, rather than the coefficients, turned out to solve a different problem that affects
many time series-cross-sectional data collection efforts. The issue in these efforts is
that interesting variables are available in some countries or cross-sectional units but
not others. The problem is that existing methods require the same variables to be
available for all the units. This is easy to see when trying to pool coefficients, since
omitting a variable from the time series in one cross-sectional unit will make all the
coefficients take on a different meaning and so they become impossible to pool either
partially or completely (at least without adding untenable assumptions). The result
is that in order to use existing methods, scholars routinely make what would other-
wise seem like bizarre data analysis decisions. The uncomfortable choice is normally
one among:

1. omitting any variables not observed for all units, which risks attributing differ-
ences to biases from omitted variables;

2. excluding cross-sectional units for which some variables are not available, which
risks selection bias; or

3. running each least squares analysis separately, equation-by-equation, which risks
large inefficiencies.
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Researchers have of course been infinitely creative in choosing ad hoc data analysis
strategies to limit the effects of these problems, but the lack of a better method clearly
hinders research in numerous fields.

Our method of pooling on expected mortality avoids this choice by allowing re-
searchers to estimate whatever regression in each cross-sectional unit they desire, and
to borrow strength statistically from all similar or neighboring units even with differ-
ent specifications (i.e., different covariates) by smoothing the expected value of the
dependent variable instead of each of the coefficients. Borrowing strength statistically
in this way greatly increases the power of the analyses compared to simple equation-
by-equation regressions. Making choices about priors is also much simpler. And as
a result, with these methods, scholars can collect and use whatever data are most
appropriate in each country or cross-sectional unit, so long as they have a dependent
variable with the same meaning across countries. The data to which our methods are
most useful have many cross-sections and a relatively short time series in each.4

Another situation where smoothing the expected outcome variable can be useful
is when the same explanatory variables are in the specification for each cross-sectional
unit, but they are measured differently in each. For example, measures of the gross
national product, and other economic variables, are denominated in the currency of
each country. The methods we provide to smooth the expected outcome variable
enable scholars to use variables in whatever denominations are most meaningful in
each country.

What follows in this book contains much technical material but, when viewed
from this perspective, the result is simply a better way of running least squares (LS)
regressions. The logic is along the lines of seemingly unrelated regressions — such
that if you have several regressions to run that are related in some way, estimating
them jointly results in more efficient estimation than separate equation-by-equation
analyses. Of course, the result is very different since, for example, even identical
explanatory variables produce more efficient results and the precise information as-
sumed and modeled is very different. The technology to produce our estimates may
seem complicated, but the logic and the end result are quite simple. Indeed, the end
result is still a set of regression coefficients, predicted values, and any other quan-
tities of interest that normally come from a linear regression. The only difference
is that the new estimates can include considerably more information and will have
generally superior statistical properties to the old ones. In particular, they have lower
mean square error and can cope far better with measurement error, short time series,
noisy data, and model dependence. In our application, this added efficiency also pro-
duces much better out-of-sample forecasts, and more accurate regression coefficient
estimates.

4A different approach to this problem might be to multiply impute entire variables when they are
missing in a cross-sectional unit, but this would require further methodological work since methods
to do this have been developed primarily for independent cross-sections such as survey data (Gelman,
King, and Liu, 1999).
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1.4 Implications for the Bayesian Modeling Liter-

ature

Our work has an implication for the Bayesian modeling literature, and applies to
many hierarchical or multilevel models with clusters of exchangeable units, or spatial
models imposing smoothness across neighboring areas, with multiple covariates. The
implication when applied to applications like ours is that many of the prior densities
commonly put on coefficients to represent qualitative knowledge about clustering or
smoothness are misspecified. We summarize our argument here and elaborate it in
subsequent chapters.

As described in the previous section, some coefficients on explanatory variables
are causal effects about which we might have some real prior knowledge. However,
most variables included in regression-type analyses are controls (i.e., “confounders,”
“antecedent covariates,” or “pre-treatment variables”), and the coefficients on these
controls are usually viewed as ancillary. The problem is that the claim that researchers
have prior knowledge about coefficients that have never been observed directly and
most consider a nuisance is dubious in some contexts (although not all, as we explain
in Section 4.3). These coefficients may have even been estimated, but they have rarely
been the subject of study, and so in many situations such as our application there
exists little sound scientific basis for claiming that we possess any substantial degree
of prior knowledge about them.

But, one may ask, don’t we often have strong knowledge that neighboring cross-
sections are similar? Of course, but the issue is what “similar” means in the usual
qualitative judgment about prior knowledge, and how we should go about formalizing
such similarities. If we are predicting mortality, we might imagine that New Hamp-
shire and neighboring Vermont have similar cause-specific mortality rates, but that
does not necessarily imply that the coefficients on the variables that predict mortal-
ity in these two American states are similar. In fact, if the covariates differ between
the two states, then the only way mortality can be similar is if the coefficients are
different. As such, imposing a prior that the coefficients are similar in this situation
would directly violate our qualitative knowledge.

Put differently, what many researchers in many applications appear to mean when
they say that “neighboring states are similar” is that the dependent variable (or the
expected value of the dependent variable) takes on similar values across these states
— not that the coefficients are necessarily similar. Moreover, similarity in one does
not necessarily imply similarity in the other. In this area, like so many in mathematics
and statistics, formalizing qualitative intuitions and knowledge with some precision
often leads to counterintuitive conclusions.

We develop tools that enable researchers to put a prior directly on the expected
value of the dependent variable, allowing these to be smooth across neighboring areas
or all shrunk together in the case of an exchangeable group within a cluster. The
result is a different prior and thus model in most applications, even when we translate
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this prior into its implications for a prior on the coefficients. In our mathematical
analyses and empirical experiments, these priors outperform priors put directly on the
coefficients: they fit the data better; they forecast better; and they better reflect our
qualitative knowledge. They also require fewer adjustable parameters and a natural
space within which to make all relevant comparisons, even among coefficients and no
matter the scale of the covariates.

1.5 Incorporating Area Studies in Cross-National

Comparative Research

In a variety of disciplines, and often independent of the disciplines, area studies
scholars have explored individual countries and regions as separate areas of study.
These scholars have contributed a large fraction of the basic descriptive information
we have about numerous countries, but the advantages of the incredible depth and
detailed analyses they perform are counterbalanced by the absence of comparison with
other areas. Those focusing on different countries work in parallel but without much
interaction and without systematic comparison. In the middle of the last century,
coincident with the rise of behavioralism and quantification in the social sciences,
some scholars began to analyze some of the same questions as area studies scholars
by systematic quantitative country comparisons.

Although these trends also affected anthropology, sociology, public health, and
other areas, we tell the story from the perspective of political science where the
conflict is particularly pronounced. Political science is also among the most diverse
of scholarly disciplines, and it includes scholars from all the other disciplines affected.

Political scientists began to be comparative on a global scale in the 1960s, vastly
expanding the scope of their data collection efforts. Over the rest of the century, they
traveled to every corner of the planet to observe, measure, and compare governments,
political systems, economies, conflicts, and cultures. Venturing out by oneself to a
foreign (which meant primarily non-American) land to collect data became a right
of passage for graduate students in the subfield called comparative politics. Other
scholars built large cross-national data sets that spanned ever increasing sets of coun-
tries. Whereas “comparative study [was once] comparative in name only” (Macridis,
1955), the comparative politics subfield and political science more generally emerged
in this period as a more modern, international discipline.

As this period also marked the height of the behavioral movement in the disci-
pline, many researchers became enthusiastic quantifiers and sought to measure con-
cepts across as many nations as possible. Political science made important strides
during this period but, in its efforts to expand comparisons across diverse cultures,
researchers also created a variety of strained quantifications and mis-measured con-
cepts, which often led to implausible conclusions, or at least to conclusions without
a demonstrable connection to empirical reality.
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The reaction from traditional area studies scholars and others was fierce. The data
gathered was widely recognized as sometimes reliable but rarely valid: “The question
with our standard variables on literacy, urbanization, occupation, industrialization,
and the like, is whether they really measure common underlying phenomena. It is
pretty obvious that, across the world, they do not; and this quite aside from the reli-
ability of the data gathering agencies” (Sartori, 1970: 1039). Sartori (see also Collier
and Mahon, 1993) talked about “conceptual stretching” and the “traveling problem”.
Research practices were characterized as “indiscriminate fishing expeditions for data”
(LaPalombara, 1968). Generally, relations between the two camps resembled some of
the wars we have studied more than a staid scholarly debate: “no branch of political
science has been in more extreme ferment than comparative politics during the last
fifteen years” (LaPalombara, 1968: 52).

In the last 3–4 decades, comparative politics researchers have improved their data
collection techniques. Their procedures are more professional, more replicable, and
better documented, and the results are often even permanently archived (in the Inter-
University Consortium for Political and Social Research, which was formed during
this period by political scientists). Political scientists have also developed better
theories to help guide data collection efforts, and as a result of all this work the
concepts underlying our quantifications, and the measures themselves, have improved.
Data sets have moved from small cross-sectional snapshots to large time series-cross-
sectional collections. And methods for analyzing data like these have also become
more sensitive and adapted to the problems at hand (Beck and Katz, 1995, 1996;
Beck, Katz, and Tucker, 1998; Stimson, 1985; Western, 1998; Zorn, 2001).

As a result of these improvements, the respect for quantitative work among those
who know the details of individual countries has improved (as has the use of stan-
dards of scientific inference in qualitative research, King, Keohane and Verba 1994),
but we still have a long way to go. Indeed, the field has not resolved the key compar-
ative problem of quantitative comparative politics. The problem remains a problem
in part because it may be inherently unresolvable. Political scientists want broad
cross-national and comparable knowledge, and simultaneously need detailed context-
specific information. They want unified concepts that apply to places that are so
different that the concepts very well may not be comparable. Is bartering for a goat
in Ghanzi (a town in land-locked Botswana) and buying a GPS-equipped luxury
yacht in Fort Lauderdale really comparable after translating Pula into U.S. dollars,
adjusting for purchasing power, and dividing by the implied cost of the goat? And
that’s money. What about ideas without natural units and without international
organizations devoted to making them comparable — concepts like support for the
government, partisan identification, social capital, post-industrialism, political free-
dom, human security, and many of the other rich concepts that political scientists
study?

Quantitative scholars are of course painfully aware of these problems even when
not explicitly working to solve them. The pain surfaces most obviously during data
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collection where scholars are torn between the desire to have one large comparable
data set which they can stack up to run regressions on — thus needing the same
variables measured over every country and time period — and the desire to respond
to the area studies critique by collecting contextually and culturally sensitive mea-
sures. The issue is that contextually sensitive measures almost by definition involve
collecting different variables, or the same variables with different meanings, in each
country. The methods that have existed through this entire period, however, required
the identical variables with the same meanings in all countries.

Area studies scholars thus seem to have at least two remaining complaints about
the quantitative cross-national comparative literature: Some oppose quantification in
principle, and others do not like the particular types of cross-national quantifications
and comparisons that have been conducted. In our view, a key methodological con-
straint — requiring scholars to have the same variables with the same meanings across
countries — has helped to conflate these two distinct complaints in scholarly debates
held over the years. The methods offered here relax this underlying methodological
constraint and enable scholars to use different explanatory variables, or those with
different meanings, in the time series regressions in different countries. In that way a
time series-cross-sectional data analysis can still be done but with more meaningful
measures. We hope this development will eliminate some of the basis of the second
area studies complaint, making the resulting analyses more appropriate to each area
studied. As importantly, methods along these lines may encourage scholars to collect
data in different ways. These methods will not alleviate metaphysical objections to
quantification, but if our methods enable or encourage scholars to collect more con-
textually sensitive, country-specific data, perhaps some of the reasons for the first
complaint will also be reduced.

Thus, we can express a formalization and simplification of the preferences of area
studies scholars (i.e., those who would allow some quantification) by saying that they
would want to run a separate time series regression within each country, using what-
ever explanatory variables are appropriate to use within that country and without
the constraints imposed by having to build comparable measures across countries.
Of course, they want more than this, but they surely want at least this. Probably
the leading area study, the field of American politics, has employed this strategy in-
creasingly, and with increasing success, over the last several decades. The problem
is that in many other countries, long time series are not available and so the results
of any such analyses would be highly inefficient, making this strategy mostly infea-
sible. Most quantitative cross-national comparativists would probably also like to
adopt this strategy, if it were feasible, since it would enable them to incorporate the
detailed information and insights of the area studies scholars. Our methods enable
quantitative area studies scholars to collect whatever explanatory variables they feel
is appropriate and nevertheless to enable experts from different regions to work to-
gether — by borrowing strength across the different regions to improve estimation for
each one individually — without any constraint other than a dependent variable with
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a common meaning. This hardly solves all problems of cross-national comparison,
but it should make it possible for those with different perspectives to work together
more productively.

1.6 Concluding Remark

This book can be viewed as a set of methods for forecasting mortality, a new approach
to statistical modeling, a critique and method for improving an aspect of the Bayesian
modeling literature, or a step toward resolving some of the disputes between area
studies experts and cross-national comparativists. The methods introduced should
also have substantive applications well beyond these areas, some of which we discuss
in the chapters to come.



Part I

Existing Methods for Forecasting
Mortality

In Part I, we survey the best methods currently available for fore-

casting mortality by scholars — including demographers, public

health researchers, economists, sociologists, and others — as well

as public policy makers responsible for targeting health spending,

planning for intergenerational transfers such as social security-

related retirement programs, and other areas. The chapters that

follow provide an opportunity for us to identify the work we build

on and offer on perspective on — setting the stage, extracting key

elements that will provide building blocks for our approach, and

highlighting the important intuitions from prior literature that will

prove useful for the rest of this book.
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Chapter 2

Methods Without Covariates

In this chapter, we discuss existing approaches to forecasting mortality (and other
continuous variables) that do not include covariates. The underlying assumption
of these methods is that all the information about the future is contained in the
past observed values of the log-mortality rate. Exogenous shocks to mortality, such
as from the discovery of new medical technologies, economic crises, education cam-
paigns, public health innovations, or from comorbidity patterns are ignored, while
predictable epidemiological cycles due to biological or behavioral responses reflected
in past mortality are included (see Gutterman and Vanderhoof, 1998).

Many results about how these approaches work appear here, including some pro-
posed resolutions to several open disputes in the literature. We also identify several
previously unrecognized limitations of some of these approaches. These results also
motivate the introduction of our new methods in Part II.

The methods discussed in this chapter have all been introduced by or used in the
field of classical demography. A strength of this field is the propensity to stay very
close to the data, with scholars forming detailed understanding of the data’s strengths,
weaknesses, and features. The care and attention they give to data reminds one of
the way a botanist might pick up a delicate leaf in her hand, gently turning it over
and closely examining and describing every feature.

Demographers thus treat data the way statisticians typically recommend data
analyses begin, although the mathematical tools of the two disciplines often differ.
Demographers often implicitly treat data as fixed rather than as a realization of a
stochastic process. They are often less interested than statisticians in modeling the
full data generation process that gave rise to the observations than in correcting errors,
filling in missing values, and studying the numbers. Demographers are obviously
aware of statistics, and they use some of its technology, but they are somewhat less
likely to care about confidence intervals and standard errors or theories of inference.
A disadvantage of this approach is that they sometimes do not take advantage of
the powerful theories of inference, optimality properties of estimators, and general
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estimation and modeling techniques developed in the quantitative methods fields
existing within other disciplines. And more importantly from the perspective of
this work, they miss the opportunity to include their deep knowlege of demographic
patterns in their models, which leaves their quantitative techniques impoverished
relative to their qualitative knowledge.

We begin in Section 2.1 by briefly describing a few of the common patterns found
in mortality data and then, in subsequent sections, introduce models intended to fit
these patterns. Section 2.2 offers a unified statistical framework for the remaining
approaches described in this chapter. By identifying the limitations and implicit
assumptions hard-coded into the quantitative methods in this chapter, we will be
well positions to build improved models in Part II.

2.1 Patterns in Mortality Age Profiles

The relationship between mortality and age is “the oldest topic in demography” (Pre-
ston, Heuveline and Guillot, 2001), dating to the political work by Graunt (1662).
Demographers have shown not only that different age groups evidence markedly dif-
ferent mortality rates, but that mortality varies as a function of age in systematic and
predictable ways. Indeed, the evidence for systematic patterns, especially in all-cause
mortality, is striking. In developed countries with good data, large populations, and
no calamitous events, the all-cause log-mortality rate tends to decline from birth un-
til about age five and then increases almost linearly until death. Some examples of
countries with this well known pattern (resembling the Nike® “swoosh”) can be seen
in Figure 2.1, with age groups on the horizontal axis and the log-mortality rate (the
log of the ratio of the number of deaths to population) on the vertical axis.

Mortality for specific causes also often follows clear, systematic patterns, but these
patterns sometimes differ across causes (as we saw in Figures 1.4 and 1.3), or countries
or years. For example, the age profile of the log-mortality rate for cardiovascular
disease among males, given in the top left graph in Figure 2.2 for Brazil, the U.S.,
and France, is closer to linear after age five than all-cause mortality. This is typical
of other countries as well. In contrast, the pattern of female mortality due to breast
cancer (on the top right of Figure 2.2) is also highly systematic, but the pattern differs
markedly from the all-cause or cardiovascular disease swoosh patterns.

Figure 2.2 also portrays suicides among males and infectious diseases (other than
AIDS, TB, and Malaria) among females, both of which have log-mortality rate age
profiles that differ markedly over the countries shown (and also over most other
countries which do not appear here). A key pattern represented in all four graphs in
Figure 2.2 and for all-cause mortality in Figure 2.1 and many others in Figures 1.3
and 1.4 is that the log-mortality rate is relatively smooth over age groups: Adjacent
age groups have log-mortality rates that are closer than age groups farther apart. We
make use of this observation more directly in Part II.
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Figure 2.1: All-Cause Mortality Age Profiles: The age profile of log-mortality from
all causes in males in the year 2000, for three countries. This shape is typical of that
found in most countries. (The order and color of the countries listed matches the
order of the lines at the right side of the graph.)

2.2 A Unified Statistical Framework

We can gain much insight into what seem to be (and what are proposed as) ap-
parently ad hoc deterministic forecasting methods by translating them into formal
statistical models. This translation helps in understanding what the calculations are
about by revealing and focusing attention on the assumptions of the model, rather
than the mere methods of computing estimates. And, as important, only by delineat-
ing the underlying statistical model is it possible to ascertain the formal statistical
properties of any estimator. Without such a translation, establishing the formal sta-
tistical properties of an estimator is a much more arduous task, and one that is not
usually attempted. Improving ad hoc methods is also a good deal harder since the
assumptions one might normally relax are not laid bare.

We raise this issue because some forecasting methods in classical demography have
this apparently ad hoc character. They are deterministic calculation rules that have
no (stated) statistical models associated with them, no procedure for evaluating their
statistical properties, and no accurate method of computing uncertainty estimates,
such as standard errors or confidence intervals. In many fields, it is easier to ignore
such ad hoc methods and start building models from scratch. This would be a mistake
with models in demography. Here, researchers know their data deeply and have
developed calculation techniques (along the line of physics rather than social science
methods) that work well in practice. Why they work in theory is not the subject of
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Figure 2.2: Cause Specific Mortality Age Profiles: The top two graphs (for cardio-
vascular disease in males and breast cancer in females) show similar age patterns of
mortality among the countries displayed; the same pattern is common among other
countries as well. The bottom two graphs (for suicide in males and other infectious
diseases in females) portray considerable cross-country variation, which is also typical
of countries not displayed here. All the graphs refer to year 2000. (In addition to
the color codes, the order of the countries listed matches the order of the lines at the
right side of the graph.)
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much research, and how they connect to formal statistical models has only sometimes
been studied. But no statistical researcher can afford to ignore such an informative
set of tools.

We now outline a unified framework that encompasses different, often competing,
models proposed by several researchers in the field and used by many more. While
the details of the techniques can be very different, we show that the underlying
methodological approach is the same. The basic idea is to reduce the dimensionality
of the data to a smaller number of parameters by directly modeling some of the
systematic patterns demographers have uncovered. We begin with a brief overview
of some of these patterns and then discuss a statistical formalization.

We begin by defining m as a matrix of log-mortality rates (each element being
the log of deaths per capita in a year for one age group), possibly cause and sex
specific, for a single country, with A rows corresponding to age groups and T columns
corresponding to time periods, usually measured in years. For example,
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(2.1)

where each element is mat, the log of the all-cause mortality rate in age group a
(a = 1, . . . , A) and time t (t = 1, . . . , T ) for one country. The starting point of many
methods often consists of summarizing the mortality matrix above, which has A× T
elements, with a more parsimonious model of the form

mat = f(a, βa, γt) + εat (2.2)

where βa and γt are age and time multidimensional parameters respectively and εat

is a zero mean disturbance, usually assumed i.i.d. and normally distributed. The
function f is usually assumed known, but its specific form varies greatly from one
class of models to another. Once a particular f has been chosen, then most methods
proceed in three stages:

1. Estimate the vectors of parameters βa and γt in model 2.2, using nonlinear least
squares.
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2. Treat the estimates of γ1, . . . , γT as data in a multivariate time series (remember
that γt can be a vector), or as a collection of independent univariate time series,
depending on the particular model. Use standard autoregressive methods to
forecast these time series.

3. To obtain a forecast for mat, plug the forecasts for γt and the estimated values
of βa into the systematic component of Model 2.2, f(a, βa, γt).

In the following, we review in more detail approaches that can each be seen as special
cases of this framework.

2.3 Population Extrapolation Approaches

The simplest approach to forecasting is based on pure extrapolation. The idea is
to define the function f in Equation 2.2 based on one year (or an average of recent
years) of mortality data (Lilienfeld and Perl, 1994; Armstrong, 2001). The data are
classified by age, and perhaps other variables like sex, race, or country. Then these
same mortality rates are assumed to hold constant over time, or they are assumed to
drop by some fixed proportion. The only changes over time in the number of deaths,
would then be a function of population changes, which are often just taken from
projections computed by the U.S. Census Bureau or other national or international
organizations.

Sometimes mortality rates are averaged prior to assuming constancy over time via
age-sex-period or age-sex-cohort regression models with no exogenous variables (other
than indicators for the cross-sectional strata). For example, Jee et al. (1998) estimate
the lung cancer mortality rates in South Korea by a model with a constant and
indicators for sex, age, cohort, and an interaction of sex and age. They then assume
that predicted mortality rates from this model will remain constant over time.

In applying these methods, the rate of decline in mortality is often adjusted for
expert opinions in various areas. For example, Goss et al. (1998) review the methods
behind official government projections in the U.S., Mexico, and Canada, and all three
use similar extrapolative methods, with rates of mortality decline in various cross-
sections a function of expert judgement. See Government’s Actuary Department
(2001) for discussions of the approaches taken in a variety of countries, many of which
use some combination of extrapolative approaches along with some of the others we
discuss here. Under this category of methods falls a huge range of reasonable but ad
hoc approaches to forecasting or projecting mortality, most of which we do not list.

2.4 Parametric Approaches

Demographers have tried to reduce log-mortality age profiles, such as those portrayed
in Section 2.1, to simple parametric forms for centuries. The first was Gompertz
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(1825), who observed that the log of all-cause mortality is approximately linear after
age 20, and so he used this form:

f(a, β) = β0 + β1a

which of course provides a simple special case of Equation 2.2.
Since 1825, literally dozens of proposals for f have appeared in the literature

(Keyfitz, 1968, 1982; Tabeau, 2001). A relatively elaborate current example of this
approach is offered by McNown and Rogers (1989; 1992) who have led the way in
recent years in marshalling parametric forms for the log-mortality age profile for
forecasting (see also Rogers, 1986, 1989; Rogers and Raymond, 1999, and McNown
1992). McNown and Rogers use the functional form due to Heligman and Pollard
(1980):

f(a, γt) = γ
(a+γ2t)γ3t

1t + γ4t exp[−γ5t(ln a − ln γ6t)
2)] +

γ7tγ
a
8t

(1 + γ7tγa
8t)

(2.3)

This particular choice of f does not have parameters βa depending on age, but has
eight time-dependent parameters γ1t, . . . , γ8t. The particular parametric form is unim-
portant here, however, since many others have been proposed and used for forecasting
and other purposes. The key point is that the A age groups are being summarized by
this simpler form with somewhat fewer adjustable parameters. Once the parameters
γ1t, . . . , γ8t have been estimated, they are forecast separately, using standard indepen-
dent univariate time series methods. The forecasted parameters are then plugged into
the right side of the same equation to produce forecasts for mortality. Of course this
procedure does not necessarily guarantee much smoothness over the forecasted age
profile unless the parameters are highly constrained. Although adding constraints is
common practice (e.g., McNown and Rogers, 1989, sometimes constrain all but three
parameters to fixed points), it can be difficult to interpret the specific parameters and
the appropriate constraints without examining the entire age profile, particularly as
they evolve out of sample.

A more serious problem with parameterized mortality forecasts is that the param-
eters are forecast separately. Put differently, the forecast for γ1t is not “aware” of the
forecast for γ2t. Although each alone might fit the data well, the combination of all
the parameters may imply an empirically unreasonable age profile.

An equally serious problem, which seems to have gone unnoticed in the literature,
stems from the fact that for each time t the parameters of Equation 2.3 are estimated
as the solution of a complex non-convex optimization problem. Unless great care is
taken to make sure that for each time t the global minimum is achieved (assuming
that is unique!), there is always the risk that the estimated parameters jump from
one local minimum to another as we move from one year to the next, rather than
tracking the global optimum, therefore leading to meaningless time series forecasts.

Still another issue is that many of the parametric forms used in the literature
involve combinations and compositions of infinitely smooth functions, such as the ex-
ponential, which can be represented by infinite power series converging over a certain
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(possibly infinite) range. Unfortunately, this is typically not an optimal choice in
smoothing problems like this. Many of these functions behave like polynomials (of
infinite degree) and share with polynomials the undesirable property of being highly
“inflexible”: Constraining the behavior of a polynomial at at one age alters its behav-
ior over the entire range of ages, so that any notion of “locality” in the approximation
is lost. Many of these resulting parametric forms are thus highly nonrobust to data
errors or idiosyncratic patterns in log-mortality.1

The idea of reducing the complexity of the data prior to forecasting is exceptionally
powerful, and McNown and Rogers have taken this very far and produced many
articles and forecasts using it. In our experience, the specific methods they have
proposed work well sometimes and poorly sometimes, depending on the structure of
the data. However, no one has been able to ascertain when such forms are appropriate
and when they miss important features of the data. As they have made clear in their
work, this is to be expected. Their methods work only to the extent that the data
reduction does not lose critical features and the parameter forecasting turns out to
produce a consistent age-profile of mortality. The methods have some implementation
difficulties, in that fitting eight or more parameters to twenty data points can be tricky.
With the gracious help of McKnown and Rogers, we were able to achieve convergence
following their procedures only by restricting a number of the coefficients to very
narrow ranges, although we were unable to replicate anything close to their specific
numerical results or implied age profiles. Despite technical difficulties, the general
idea of identifying structure, if not the details of any specific approach, will surely
endure.

2.5 A Nonparametric Approach: Principal Com-

ponents

2.5.1 Introduction

The key feature of the approaches described thus far is an explicit systematic com-
ponent that specifies the mathematical form of an expected age profile at any point
in time. An alternative approach consists of using nonparametric descriptions of the
log-mortality age profile, in which one estimates details of the functional form f (from
Equation 2.2) rather than specifying them a priori. More precisely, the idea is to rep-
resent the full set of age profiles by a linear combination of k “basic” shapes of age
profiles (k ≤ A), where the coefficients on the shapes and the shapes themselves are

1Parsimonious function representations which are smooth and preserve local properties are avail-
able and go under the generic name of splines. Splines are classes of piece-wise polynomial functions,
and algorithms for estimating them are readily available, robust, and easy to use. It would be inter-
esting to see whether they could be used to improve (and simplify) the current methods based on
parametric curve fitting.
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both estimated from the data. If all the age profiles look alike, then only a few shapes
should be necessary to describe well each age profile at any point in time, providing
a parsimonious representation of the data. This idea is formalized by the method of
Principal Component Analysis (PCA).

PCA made its first appearance in demography with Ledermann and Breas (1959),
who used factor analysis to analyze life table data from different countries. It was
then used by Bozik and Bell (1987) and Sivamurthy (1987) for the projection of age-
specific fertility rates. The method of Bozik and Bell was then extended by Bell
and Monsell (1991) to forecast age-specific mortality rates, but it was not until Lee
and Carter’s (1992) somewhat simpler formulation that PCA methods became widely
used (see also Lee, 1993, 2000, 2000a; and Lee and Tuljapurkar, 1994, 1998, 1998a).
We discuss the Lee-Carter model in Section 2.6.

Since PCA may not be familiar to all the readers, we outline here the intuition
behind it. From a mathematical standpoint, the method is easiest to understand as
an application of the Singular Value Decomposition (SVD), the technical details of
which appear in Appendix B.2.4 (Page 272).

Our goal is build a parsimonious representation of the data, consisting of a collec-
tion of T log-mortality age profiles mt ∈ R

A. A simple representation of the data is
the empirical mean age profile (i.e., the average over the existing age profiles). That
would imply that we model log-mortality as follows:

mt = m̄ + εt

where the average A × 1 age profile is

m̄ =
1

T

T
∑

t=1

mt (2.4)

This model is parsimonious, since it summarizes the entire log-mortality data matrix,
composed of A × T entries, with a vector of only A numbers, m̄. However, it is also
obviously too restrictive: While it captures some of the variation across age groups
it ignores all variation over time.

Thus, we next consider a marginal improvement over this model by allowing the
average age profile to shift rigidly up and down as a function of time. Formally, this
model is expressed as

mt = m̄ + γtv + εt , v = (1, 1, . . . , 1) ∈ R
A

where γ1, . . . , γT represent an additional set of T unknown time fixed effects that are
easily estimated by least squares. To forecast mortality from this model, we would
estimate the parameters, use a univariate forecasting model applied to the estimated
values of γt, and plug the future values of γt in the specification above. This model
has a total of A + T parameters, and has the implication that the rate of change
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in mortality is the same across all the age groups, and the age profile has the same
shape for all time periods.

This model is closer in spirit to what we set out to create, as the basic shapes
used here to represent log-mortality are the average age profile m̄ for all years, and
the constant age profile v shifting over the years as a function of γt. However, while
we derived the average age profile from the data, we chose the constant age profile v
by assumption, which can be thought of as a particular age profile parametrization.
In order to obtain a model more in line with a nonparametric approach we replace
the fixed (constant) age profile v with an unknown age profile β. The vector β is
known as the first principal component, and we will compute it from the data. The
model then becomes:

mt = m̄ + γtβ + εt β ∈ R
A (2.5)

where we estimate the vectors m̄ and β (as well as γ1, . . . , γT ) from the data. We
will refer to the product γtβ as the portion of log-mortality explained by the first
principal component. Under the assumption that the disturbances εt are standard
normal, the maximum likelihood estimators of γt and β are easily computed in terms
of the Singular Values Decomposition (SVD) of the log-mortality matrix m, as we
explain later.

Figure 2.3 illustrates in more detail the model in Equation 2.5. In the top graph in
this figure, all-cause male log-mortality age profiles in Italy are plotted for each year
from 1951 to 2000. The remaining graphs in this figure decompose these observed
data. The second graph plots the mean age profile, and the third plots the portion
of log-mortality explained by the first principal component, where for clarity we are
only showing the graph corresponding to year 2000. Since the age profiles in the first
graph have fairly narrow variance in these data, the mean accounts for most of the
pattern. The combination of the mean and the term containing the first principal
component account for a large fraction of the observed variation. We can see this by
examining the residuals plotted in the last graph, which have zero mean, very small
variance, and no obvious remaining patterns.

Obviously we cannot know a priori whether model 2.5 will represent any data
set accurately — that is, whether linear combinations of the two basic shapes are
enough to describe the features of the age profiles for all the years we are interested
in. Fortunately it is straightforward to generalize this model to an arbitrary number
of basic shapes. Such a model can be written as:

mt = m̄ + γ1tβ1 + γ2tβ2 + . . . γktβk + εt (2.6)

Since the vectors β1, . . . , βk are unknown and so must be estimated, we do not restrict
the solution in any substantive way by assuming they are mutually orthogonal, and
so we do so. We refer in the following to Equation 2.6 as a specification with k
principal components. As in the case of only one component, if the disturbance
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Figure 2.3: Decomposing Age Profiles with Principal Components: This figure par-
allels Equation 2.5, which decomposes the twenty male all-cause age profiles of log
mortality in Italy (top graph) into the mean age profile (second graph), the first prin-
cipal component (for clarity, just for the year 2000; third graph), and the residuals
(last graph).



36 CHAPTER 2. Methods Without Covariates

vector εt is assumed to be normally distributed, the maximum likelihood estimators
of (γ1t, . . . , γkt) and (β1, . . . , βk), correspond to specific rows and columns of the SVD
of the log-mortality data matrix m. The estimated values of (β1, . . . , βk), are known
as the first k principal components of the data matrix m.

A key point is that the principal components are an intrinsic property of the data,
and do not depend of the particular specification they belong to. In other words, the
maximum likelihood estimator of β1 in a specification with one component and in a
specification with five are identical, so that β1 is always the first principal component,
so long as the data remain the same. This implies that there is a natural order of
importance among the principal components: The first is more important than the
second, which is more important than third and so on.

To explain what “more important” means, suppose we estimate a specification
with two components and ask: If we must drop one of the two principal components,
which one should we drop? We clearly should drop the second, since the first principal
component is optimal (in the sense of maximum likelihood) for the specifications
with only one component. Therefore we should think of the principal components
as a nested set of models of the data: We start from a model with one principal
component only, which explains a certain percentage of the variance in the data.
Then we can refine this model by adding a second principal component and explain
an additional percentage of the variance. If this is not accurate enough, a third
principal component can be added and so on. At each step the added principal
component explains, optimally, a percentage of the variance in the data that could
not be explained at the previous step. For this reason, the principal components tend
to look like age profiles of increasing complexity, since each is a refinement over the
previous one.

As an example, we plot in Figure 2.4 the first, the second and the 17th principal
components for cardiovascular disease in females in the United Kingdom (with 17 age
groups). Notice how the second and 17th principal components are more “complex”
than the first.

Obviously, with A age groups, we can explain 100% of the variance using A prin-
cipal components. However, the usefulness of principal component analysis lies in the
fact that in many real data sets, relatively few principal components provide a good
approximation to the original data. Suppose for example that four principal compo-
nents provide enough flexibility to model the age profiles for a particular combination
of country/cause/gender, and that we have 17 age groups (A = 17). That means
that instead of having to forecast 17 time series, one for each group, we only have to
forecast four time series, those corresponding to γ1, . . . , γ4. However, the method can
even be used with k = A, in which case the dimensionality of the problem has not
been reduced and so we still have to forecast A time series, but it has been shown
that the time series of γ is still often much better behaved than the time series of the
raw log-mortality data (Bell, 1988; Bell and Monsell, 1991; Bozik and Bell, 1987).

As an example, we report in Figure 2.5 the maximum likelihood estimates of each
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Figure 2.4: Principal Components of Log-Mortality: 1st, 2nd and 17th (there are 17
age groups). This figure refers to log-mortality from cardiovascular disease in females,
United Kingdom.

of the time series γ1t, . . . , γ4t, for the category “other malignant neoplasms” (which
include all types of cancer other than lung, stomach, liver, mouth and esophagus) in
Japanese males.

In these data, the third and fourth time series hover around zero. Since the
principal components are mutually orthogonal, we can interpret γnt as a measure of
how much the n-th principal component explains of the deviation of the log-mortality
age profile from the average age profile. This implies that the third and forth principal
components do not play a crucial role in explaining the shapes of the age profiles in
this case.

2.5.2 Estimation

We find it simplifying to think of PCA as a simple application of SVD (See Appendix
B.2.4, Page 272). The SVD theorem asserts that any A×T matrix Q can be written
uniquely as Q = BLU ′, where B is an A × A orthonormal matrix, L is an A × A
diagonal matrix with positive or zero entries known as singular values ordered from
high to low, and U is a T × A matrix whose columns are mutually orthonormal.
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By defining the matrix G ≡ LU ′, we write the SVD of Q as:

Qat = Ba1G1t + Ba2G2t + · · · + BaAGAt

where each term of the sum on the right side of this equation defines an A×T matrix
of rank 1. Assuming that T > A and that Q has full rank, the SVD of Q is a unique
way of decomposing a matrix of rank A as the sum of A matrices of rank 1. SVD also
says that if we want to approximate, in the least squares sense, the matrix Q with
k < A matrices of rank 1, the best of way of doing it is to take the first k terms of
the SVD decomposition above. Denoting by bn the n-th column of B and by Qt the
t-th column of Q, the k-term approximation of the expression above can written in
vector form as:

Qt ≈ b1G1t + b2G2t + · · · + bkGkt

Now we apply this approximation to the matrix of centered age profiles, defined
as

m̃t ≡ mt − m̄ (2.7)

by relabeling the variables:

Qt Ã m̃t , bi Ã βi , Git Ã γit

Thus, we conclude that there exists k A-dimensional vectors (age profiles) βi and k
time series γ1t, . . . , γkt such that the following approximation is optimal in the least
squares sense:

mt ≈ m̄ + β1γ1t + β2γ2t + · · · + βkγkt (2.8)

which we recognize as the maximum likelihood estimate of the specification in Equa-
tion 2.6. Hence, in order to compute the first k principal components we only need
to compute the SVD of the matrix of centered age profiles m̃ = BLU ′, and take the
first k columns of B, which are also known as the first k left singular vectors. The set
of time series γ1t, . . . , γkt can be read as the first k rows of G = LU ′. Alternatively,
since G = B′m̃, we can also obtain the time series γkt as:

γkt = β′
km̃t (2.9)

This last expression makes clear that γkt is simply the projection of the centered age
profile m̃t on the k-th principal component.

Several algorithms are available for computing the SVD of a matrix, and most
statistical packages have an intrinsic SVD routine. If an SVD routine is not available,
an alternative is a routine for the computation of the eigenvectors of a symmetric
matrix, since this is a simpler, more restrictive problem. In fact, the columns of the
matrix B in the SVD of a matrix Q coincide with the eigenvectors of the matrix
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QQ′. As a consequence, the first k principal components can be computed as the
eigenvectors of QQ′ corresponding to the largest k eigenvalues. In many approaches
to PCA, this is the given definition of principal components. In the rest of the book
we will switch freely between these two definitions, since they are equivalent and only
differ in the particular procedure used to compute the result.

2.6 The Lee-Carter Approach

The principal components-based model due to Lee and Carter (1992a) is now used
by the U.S. Census Bureau as a benchmark for their population forecasts, and its use
has been recommended by two recent U.S. Social Security Technical Advisory Panels.
Although Lee and Carter only intended for it to be used for all-cause mortality in the
U.S. and a few other similarly developed countries, it is now used widely by scholars
forecasting all-cause and cause-specific mortality around the world (Tuljapurkar, Li
and Boe, 2000; Preston, 1991; Wilmoth, 1996; Haberland and Bergmann, 1995; Lee,
Carter and Tuljapurkar, 1995; Lee and Rofman, 1994; Tuljapurkar and Boe, 1998;
NIPSSR, 2002; Booth, Maindonald and Smith, 2002).

We begin with the model in Section 2.6.1 and then discuss estimation in Section
2.6.2 and forecasting in Section 2.6.3. Section 2.6.4 discusses the properties of this
approach. A more extensive treatment of this model appears in Girosi and King
(2005).

2.6.1 The Model

The first step of the Lee-Carter method consists of modeling the mortality matrix in
Equation 2.1 as

mat = αa + βaγt + εat (2.10)

where αa, βa and γt are parameters to be estimated and εat is a set of disturbances,
which is obviously a special case of PCA with k = 1 principal components (See
Section 2.5). This expression is also a special case of the unified statistical model
given in Equation 2.2 (Page 29): It differs structurally from parametric models of the
type in Equation 2.3 given that the dependence on age groups is nonparametric, and
represented by the parameters βa.

The parametrization in Equation 2.10 is not unique, since it is invariant with
respect to the transformations:

βa Ã cβa γt Ã
1

c
γt ∀c ∈ R, c 6= 0

αa Ã αa − βac γt Ã γt + c ∀c ∈ R.

This is not a conceptual obstacle; it merely means that the likelihood associated with
the model above has an infinite number of equivalent maxima. It is then sufficient to
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pick a consistent rule to identify the parameters, which can be done by imposing two
constraints. We follow Lee and Carter in adopting the constraint

∑

t γt = 0. Unlike
Lee and Carter, however, we set

∑

a β2
a = 1 (they set

∑

a βa = 1). This last choice
is done only to simplify some calculations later on, and has no bearing on empirical
applications.

The constraint
∑

t γt = 0 immediately implies that the parameter αa is simply the
empirical average age profile in age group a: αa = m̄a. Since the Lee-Carter model
is consistent with an assumption that the disturbances εat in the model above are
normally distributed, we rewrite Equation 2.10 as

mat ∼ N
(

µat, σ
2
)

(2.11)

µat = m̄a + βaγt

which is equivalent to a multiplicative fixed effects model for the centered age profile:

m̃at ∼ N
(

µ̄at, σ
2
)

(2.12)

µ̄at = βaγt .

In this expression, we use only A+T parameters (βaγt, for all a and t, represented
on the bottom and right margins of the matrix below) to approximate the A × T
elements of the matrix:

m̃ =

5

10

15

20

25

30

35

...

80

1990 1991 1992 1993 1994






































m̃5,0 m̃5,1 m̃5,2 m̃5,3 m̃5,4

m̃10,0 m̃10,1 m̃10,2 m̃10,3 m̃10,4

m̃15,0 m̃15,1 m̃15,2 m̃15,3 m̃15,4

m̃20,0 m̃20,1 m̃20,2 m̃20,3 m̃20,4

m̃25,0 m̃25,1 m̃25,2 m̃25,3 m̃25,4

m̃30,0 m̃30,1 m̃30,2 m̃30,3 m̃30,4

m̃35,0 m̃35,1 m̃35,2 m̃35,3 m̃35,4

...
...

...
...

...

m̃80,0 m̃80,1 m̃80,2 m̃80,3 m̃80,4







































β5

β10

β15

β20

β25

β30

β35

...

β80

γ0 γ1 γ2 γ3 γ4

m̃35,0 m̃35,1 m̃35,2 m̃35,3 m̃35,4

(2.13)

For example, Lee-Carter approximates m̃5,0 in the top left cell by the product of the
parameters at the end of the first row and column β5γ0.

Seen in this framework, the Lee-Carter model can also be thought of as a special
case of log-linear models for contingency tables (Bishop, Fienberg, and Holland, 1975;
King, 1989: Ch. 6), where many cell values are approximated with estimates of
parameters representing the marginals. Indeed, this model closely resembles the most



42 CHAPTER 2. Methods Without Covariates

basic version of contingency table models, where one assumes independence of rows
(age groups) and columns (time periods), and the expected cell value is merely the
product of the two parameter values from the respective marginals: E(m̃at) = βaγt.
In a contingency table model, this assumption would be appropriate if the variable
represented as rows in the table were independent of the variable represented as
columns. The same assumption for the log-mortality rate is the absence of age×time
interactions — that βa is fixed over time for all a and γt is fixed over age groups for
all t.

2.6.2 Estimation

The parameters βa and γt in model 2.12 can be estimated via maximum likelihood
applied to Equation 2.11. We do not need to go through this derivation because we
have already shown this result in the context of PCA. In fact, the Lee-Carter speci-
fication 2.10 is a particular case (with k = 1) of the principal components expansion
2.6, whose estimation has been discussed in Section 2.5.2 in the context of SVD. As
a consequence the algorithm for the estimation of the parameters in the Lee-Carter
model is as follows:

1. Compute the SVD decomposition of the matrix of the centered age profiles:
m̃ = BLU ′.

2. The estimate for β is the first column of B;

3. The estimate for γt is β′m̄t.

If for any reason the singular values are not sorted in descending order then the
estimate for β is the column of B which corresponds to the largest singular value.
If β does not have length one, then it should be replaced by β/‖β‖. Alternatively,
if the SVD decomposition of m̃ is not available, one can compute as the normalized
eigenvector of the matrix C ≡ m̃m̃′ corresponding to the largest eigenvalue.

In practice, Lee and Carter suggest that, after β and γ have been estimated,
the parameter γt be re-estimated using a different criterion. This reestimation step,
often called “second stage estimation”, does not always have a unique solution for the
criterion outlined in Lee and Carter (1992b). In addition, different criteria have been
proposed more recently (Lee and Miller, 2001; Wilmoth, 1993), and some researchers
skip this re-estimation stage altogether. These procedures, and difficulties with them,
are described in Girosi and King (2005).

2.6.3 Forecasting

To forecast, Lee and Carter assume that βa remains constant over time and forecast
future values of γt with a standard univariate time series model. After testing several
autoregressive integrated moving average (ARIMA) specifications, they find that a
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random walk with drift is the most appropriate model for their data. They make clear
that other ARIMA models might be preferable for different data sets, but in practice
the random walk with drift model for γt is used almost exclusively in applications.
This model is as follows:

γ̂t = γ̂t−1 + θ + ξt

ξt ∼ N (0, σ2
rw) (2.14)

where θ is known as the drift parameter. The maximum likelihood estimates of the
model above are as follows:

θ̂ =
γ̂T − γ̂1

T − 1

σ̂2
rw =

1

T − 1

T−1
∑

t=1

(γ̂t+1 − γ̂t − θ̂)2 (2.15)

with

Var[θ̂] =
σ2

rw

T − 1
. (2.16)

Once these estimates have been computed, we obtain a forecast for γ̂t both in stochas-
tic and deterministic form. For example, to forecast two periods ahead, we substitute
for γ̂t−1 in Equation 2.14:

γ̂t = γ̂t−1 + θ + ξt

= (γ̂t−2 + θ + ξt−1) + θ + ξt

= γ̂t−2 + 2θ + (ξt−1 + ξt) (2.17)

Conditioning on the estimate of (i.e., ignoring the uncertainty in) θ enables one to
substitute in θ̂:

γ̂t = γ̂t−2 + 2θ̂ + (ξt−1 + ξt).

Hence, to forecast γ̂t at time T + (∆t) with data available up to period T , we
iterate Equation 2.14 ∆t time periods forward, plug into it the estimate for θ, and
obtain:

γ̂T+(∆t) = γ̂T + (∆t)θ̂ +

(∆t)
∑

l=1

ξT+l−1 .

Since the random variables ξt are assumed to be independent with the same variance
σ2

rw the last term in the equation above is normally distributed with variance (∆t)σ2
rw,
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and therefore it has the same distribution as the variable
√

(∆t)ξt. This allows us to
rewrite the equation above more simply as:

γ̂T+(∆t) = γ̂T + (∆t)θ̂ +
√

(∆t)ξt. (2.18)

Since the variance of ξt can be estimated using Equation 2.16, we can use Equation
2.18 to draw samples for the forecast at time T +(∆t), conditionally on the realization
of γ̂1, . . . , γ̂T . Doing so for increasing values of (∆t) yields a conditional stochastic
forecast for the time series γ̂t. We emphasize the word “conditional”, since γ̂1, . . . , γ̂T

are random variables themselves, as well as θ̂, and if we included the variation due
to these variables as well we would obtain forecasts with much higher variance. The
conditional variance of the forecast in Equation 2.18 is:

Var[γ̂T+(∆t) | γ̂1, . . . , γ̂T ] = (∆t)σ2
rw (2.19)

Therefore the conditional standard errors for the forecast increase with the square
root of the distance to the forecast “horizon” (∆t).

For most practical purposes scholars use the point estimates of the stochastic
forecasts, which follow a straight line as a function of (∆t), with slope θ̂:

E[γ̂T+(∆t) | γ̂1, . . . , γ̂T ] = γ̂T + (∆t)θ̂ (2.20)

We now plug these expressions into the empirical and vectorized version of Equation
2.11 to make (point estimate) forecasts for log-mortality as

µT+(∆t) = m̄ + β̂γ̂T+(∆t)

= m̄ + β̂(γ̂T + (∆t)θ̂). (2.21)

For example, the Lee-Carter model computes the forecast for year 2030, given
data observed from 1950 to 2000, as

µ̂2030 = m̄ + β̂ × [γ̂2000 + 30θ̂] (2.22)

= m̄ + β̂ ×
[

γ̂2000 + 30
(γ̂2000 − γ̂1950)

50

]

.

2.6.4 Properties

Although the Lee-Carter model can be estimated with any time series process applied
to forecast γt, the random walk with drift specification in Equation 2.14 accounts for
nearly all real applications. With that extra feature of the model, Girosi and King
(2005) prove that

1. When considered together, the two stage Lee-Carter approach is a special case
of a simple random walk with drift model. (The random walk with drift model
can have any arbitrary error structure, whereas the Lee-Carter model requires
the error to have a particular restricted structure. The two models are otherwise
identical.)
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2. An unbiased estimator of the drift parameter in the random walk with drift
model, and hence also of the analogous parameter in the Lee-Carter model
requires one stage and no principal component or singular value decomposition.
It is simply (mT − m1)/(T − 1).

3. If data are generated from the Lee-Carter model, then the Lee-Carter estimator
and the random walk with drift estimator are both unbiased.

4. If the data are generated by the more general random walk with drift model,
then the two-stage Lee-Carter estimator is biased, but the simple random walk
with drift estimator is unbiased.

These results thus pose the question of why one would prefer to use the Lee-Carter
estimator rather than the simpler and more broadly unbiased random walk with drift
estimator (restricting ourselves for the moment to the choice of these two models).
Perhaps the restrictions in the Lee-Carter error structure could be justified as plau-
sible for some applications, but they obviously will not apply all the time and would
be easy to reject in most cases using conventional statistical tests. For reasons we
highlight below, empirical differences between the two estimators are often not ma-
jor, but unless we are in the hypothetical situation where the Lee-Carter assumptions
are known to apply, the random walk with drift model would appear to be preferred
whenever the two differ.

A simple implication of these results is that Lee-Carter forecasts may work in the
short run when mortality moves slowly over time, as is common in all-cause mortality
in the U.S., for which the method was designed. However, long run forecasts in other
data can shoot off in different directions for different age groups, have a variance
across age groups for any year that always eventually increases no matter what the
data indicate, will not normally maintain the rank order of the age groups’ log-
mortality rates or any given age profile pattern, and will always produce a mortality
age profile that becomes less smooth over time, after a point. Anything is possible
in real data out of sample, but these properties are functions of the model and not
necessarily the data or most demographer’s priors.

The fact that age profiles evolve in implausible ways under the Lee-Carter model
has been noted in the context of particular data sets (Alho, 1992). Our result means
that this point is general and does not depend on the particular time series extrap-
olation process used or idiosyncracies of the data set chosen. The result would also
seem to resolve a major point of contention in the published debates between Lee and
Carter (1992b) and McNown (1992) about whether the Lee-Carter model sufficiently
constrains the out-of-sample age profile of mortality: Almost no matter what one’s
prior is for a reasonable age profile, Lee-Carter forecasts made sufficient far into the
future will eventually violate it.

To illustrate, Figures 2.6 and 2.7 offer examples of six data sets, one in each
row. We chose these data to highlight the assumptions of Lee-Carter and the random
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walk with drift models, not because Lee and Carter or anyone else would apply their
method to data like these. The left graph in each row is a time series plot of the log-
mortality rate for each age group (color-coded by age group and labeled at the end
of each line), and the right graphs include the age profiles (color coded by year). For
each, the data are plotted up to year 2000 and the Lee-Carter forecasts are plotted
for subsequent years.

An easy way to understand Lee-Carter is as forecasts from the more general and
simpler random walk with drift model. In this situation, the forecast for each age
group is merely a straight line drawn through the first and last observed data point
and continued into the future. The independence assumption can be seen by the
forecast from one age group being “unaware” of the forecasts from the other age
groups. A consequence of these two properties is that, except in the knife-edged case
where all the lines happen to be exactly parallel, the time series plots of age groups
will always fan out after a point, or in other words the age profiles of log-mortality will
always eventually become less smooth over time. The fanning out of the Lee-Carter
forecasts can be seen clearly in all-cause male mortality in New Zealand and Hungary
(the left graph in the first two rows of Figure 2.6) and female mortality from digestive
disease (the left graph in the second row of Figure 2.7). Age group forecasts that fan
out have age profiles that become progressively less smooth over time, as can be seen
in the increasingly exaggerated age profile graphs in each of these examples. These
patterns account for the vast majority of the cross-sections in our data set.

In other data sets, the forecast lines converge for a period, but after converging
they cross and then from then on they too fan out — as in male suicide in the U.S.
(Figure 2.7, row 1, left graph). For data like these, the age profile pattern (in the
right graph) inverts, with the forecasted pattern the opposite of that indicated in the
observed data. In most circumstances, this inversion would be judged to be highly
implausible.

The knife-edged case of exactly parallel time series forecasts is very rare, but we
found one that was close: male transportation accidents in Portugal (Figure 2.6, row
3, left graph). The forecast lines do not fan out (much) in this data set, and so
the age profile stays relatively constant. Coincidentally, however, this example also
dramatically illustrates the consequences of a forecasting method that ignores all but
the first and last data points. In this case it misses the sharp downward pattern in
the data in the last twenty years of the series. Using such a method in this data set
would also ignore a great deal of accumulated knowledge about predictable mortality
transitions in countries developing economically. Of course, no demographer (and
especially not Lee and Carter) would forecast with a linear model like this in such
data, in part since mortality from transportation accidents typically follow a fairly well
known up and then down pattern over time. Mortality from transportation accidents,
which is predominantly road traffic fatalities, is almost always low when the means of
transportation are fairly primitive. Then as the use of cars increase, mortality steadily
rises. Finally, as roads are built, road safety is improved, traffic control measures
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Figure 2.6: Data and Lee-Carter Forecasts by Age and Time, Part I
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Figure 2.7: Data and Lee-Carter Forecasts by Age and Time, Part II
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are implemented, and safer vehicles are imported and then required, deaths from
transportation accidents decline. The same inverted U-shape can be seen in many
countries, and should obviously be taken into account in any forecasting method.
Indeed, from the patterns in many data sets, we should also expect in forecasting
that the degree of noise around this inverted U-shape is fairly large, relative to many
other causes of death. This too should be taken into account in forecasting. Obviously,
transportation accidents is a case where we should know from the start not to use a
method that makes linearity assumptions. One must also pay close attention to noise
or measurement error, since even a single errant data point at the start or end of a
data series can send the forecasts off in the wrong direction.

Except in the knife-edged case, the independence of the separate age group fore-
casts frequently produce implausible changes in the out of sample age profiles. We
have already seen the dramatic example of suicides in U.S. males. For another ex-
ample, consider forecasts of all-cause male mortality in New Zealand (Figure 2.6,
first row). In these forecasts, the lines crossing in the left graph produce implausible
patterns in the age profiles, which can be seen in the right graph, with 20-year-olds
dying at a higher rate than 40-year-olds. Mortality from cervix cancer in the United
Kingdom (Figure 2.7, last row) is another example with implausible out-of-sample
age profiles. Cervix cancer is a disease known biologically to increase with age, with
the rate usually slowing after menopause. Although this familiar pattern can be seen
in the raw data in the right graph, the forecasts have lost any biological plausibility.

2.7 Concluding Remarks

This Chapter includes our attempt to extract and illuminate the key insights of
statistical methods of forecasting mortality that do not use covariates. We build our
model in Part II by incorporating, formalizing, and generalizing these insights.

For almost two centuries, the driving goal in the literature has been to simplify
data patterns by reducing the dimensionality in the data. Discovering a method
that accomplishes this task has the potential to uncover the deep structure that is
likely to persist and discard the idiosyncratic noise that can invalidate forecasts and
complicate models. The idea of dimension-reduction comes from knowledge, based
on considerable experience of scholars pouring over data from all over the world, that
log-mortality rates tend to be smooth over age groups, and follow recognizable but
differing patterns over causes of death, sex, and country. The literature has used a
variety of techniques to try to model these patterns, but as we show in this chapter,
none are sufficient to the task. No known low-dimensional parametric function fits
in all situations, or even a predictable subset of applications. Similarly, no uniformly
applicable nonparametric dimension-reduction technique that has been tried (such as
principal component analysis) is up to the job for the highly diverse applications of
interest. Yet, the goal of reducing the data to its core elements and producing forecasts
that include known smoothness features of the data remain critical. The methods we
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introduce in Part II are designed to accomplish these tasks, and to enable researchers
to include additional information along simliar lines, such as based on similarities
across countries and time.



Chapter 3

Methods With Covariates

We now introduce methods that use information from exogenously measured covari-
ates to improve mortality forecasts. Information coded in covariates such as tobacco
consumption, GDP, education rates, etc. are ignored in the methods of Chapter 2.
To the extent that we understand mortality and can measure its causes, therefore,
the methods described herein have the potential to improve forecasts substantially.

However, methods using covariates that have appeared in the literature often
do not directly model the age-mortality relationship and exclude the considerable
information we have about it. As such, these methods should not be considered
generalizations of those in Chapter 2 and will not necessarily produce better forecasts.
They will only improve forecasts when the additional information from the covariates
outweighs the loss of information about the age profile of mortality. The methods we
describe in Part II combine the insights from the approaches in both chapters.

3.1 Equation-by-Equation Maximum Likelihood

The idea of equation-by-equation maximum likelihood (ML) is to analyze each time
series (i.e., for one age, sex, country, and cause) with a separate regression. Few schol-
ars would forecast mortality thirty years ahead using a single maximum likelihood
regression applied equation-by-equation to a short time series, but the method is an
obvious building block for most other methods described here. We explicate it here
for expository purposes, to provide a baseline comparison with other approaches, to
introduce some important issues in forecasting we use elsewhere, and as a starting
point to introduce our notation. We consider two equation-by-equation approaches,
based on the exponential-Poisson and linear-normal (or least squares) specifications,
with the latter an approximation to the former.

51
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3.1.1 Poisson Regression

We observe dit, the number of people who die in year t in cross-section i. Because
this variable is an event count, a reasonable starting point is to assume that dit is a
Poisson process, with unknown mean λit. (Obviously more sophisticated event count
models may be chosen, such as based on the negative binomial or generalized event
count distributions (Cameron and Trivedi, 1998; King, 1989a; King and Signorino,
1996), but we do not need them for the expository purpose of this chapter.) We
summarize this information as follows:

dit ∼ Poisson(λit) , E[dit] = λit, , Var[dit] = λit (3.1)

At the core of an equation-by-equation Poisson regression lies some specification for
the expected value of the dependent variable as a function of some covariates. In our
case, we are interested in the mortality rate Mit ≡ dit/pit, where pit is the population
of cross-section i at time t. To define this formally, denote by Zit a 1× ki row vector
of covariates and by βi a ki ×1 column vector of coefficients. (Throughout this book,
we use bold to indicate vectors or matrices with at least one dimension equal to ki

and Greek to denote unknown parameters; see Appendix A) A common choice is the
following log-linear specification:

E[Mit] ≡ exp(Zitβi). (3.2)

Combining specification 3.2 with Equation 3.1 we summarize the equation-by-equation
Poisson regression model as follows:

pitMit ∼ Poisson (pit exp(Zitβi)) (3.3)

The log-likelihood function for model 3.3 is then:

lnP(M | β) ∝
∑

i

∑

t

pit [MitZitβi − exp(Zitβi)] . (3.4)

Here, as in the rest of the book, we have used the convention that when we drop an
index of a variable we mean that we are forming a matrix by taking the union over
all the dropped indices.

The ML estimator of this model, which we denote by β̂
PML

i , satisfies the following
first-order conditions:

0 =
∑

t

pitZit

[

Mit − exp
(

Zitβ̂
PML

i

)]

. (3.5)
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3.1.2 Least Squares

Although the Poisson regression outlined in the previous section is appealing because
it explicitly recognizes the event count nature of the data, it has a computational dis-
advantage in that the associated ML estimator requires optimizing non-linear equa-
tions for which no analytical solution exists.

It is possible to modify the approach of the previous section in such a way that the
resulting ML estimator is a least-square estimator, and therefore can be computed
as a solution of a linear system. The idea is to replace the Poisson distribution of
Equation 3.1 with the log-normal distribution. These two distributions are obviously
very different near the origin, but if the expected value of the number of deaths is
not too small then they are fairly similar. The assumption of log-normality implies
that the logarithm of the number of deaths is normally distributed. Hence, we define
the log-mortality rate as

mit = ln Mit = ln
dit

pit

(3.6)

which would then be normally distributed (for dit 6= 0). Since the logarithmic function
has unbounded range, a linear specification for log-mortality can be used, suggesting
the following model:

mit ∼ N
(

µit, σ
2
i

)

(3.7)

µit = Zitβi,

where µit ≡ E[mit] is the expected log-mortality rate, and mit is assumed independent
over time after conditioning on Z (where Z may include lags of mit). This model is
also more flexible than Poisson regression, since the variance is not restricted to equal
the mean.

Equation 3.7 posits a linear specification for the expected value of log-mortality,
E[ln Mit] ≡ E[mit] ≡ µit, whilst the previous section posits a linear specification
for the log of the expected value of mortality, ln E[Mit] ≡ λit. The two models are
obviously close, but not identical. One key difference between the models is that,
in Equation 3.7, log-mortality is not defined when the realized value of mortality is
zero. This need not be a problem when the expected value of the number of deaths
is large enough, since in this case we will never observe zero deaths in a given year.
However, when the expected value of deaths is small (say less than 10), which can
happen because the cause of death is rare or the population group is small, some
adjustment must be made.

A common and easy solution is to assign to each cross-section an extra 0.5 deaths
every year before taking the log (Plackett, 1981, p.5). The constant added should not
be arbitrary, since one can generate almost any coefficient values by tinkering with this
constant (King, 1988). Plackett’s justification for 0.5 comes from his approximation
of the log of expected mortality by the expectation of the log of the number of deaths
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plus a constant. He shows that the approximation is optimized when the constant is
0.5. This issue is strictly related to the fact that the log-normal approximation to the
Poisson distribution is not appropriate when the expected value of deaths is small,
and so a somewhat better approach, short of moving to a full event count model,
would be to replace the zeros with a number obtained by some imputation technique.
We analyze this issue formally in Section 6.5 (Page 130). For simplicity, we assume
in this chapter that the data happen to contain no observed zeros, or that adding 0.5
deaths is a satisfactory enough solution.

Under these assumptions the likelihood function for the model in Equation 3.7 is
simply:

P(m | βi, σ
2
i ) ∝

∏

i

σ−T
i exp

(

− 1

2σ2
i

∑

t

(mit − Zitβi)
2

)

(3.8)

A more general formulation can be obtained by allowing each observation mit in the
equation above to be weighted with some exogenous weight bit. This is formally done
by replacing the specification in Equation 3.7 with

mit ∼ N
(

µit,
σ2

i

bit

)

(3.9)

µit = Zitβi.

The weight bit may reflect prior knowledge, such as knowing that an observation
in a particular year is very noisy, or knowing that the variance of log mortality is,
under certain conditions, inversely proportional to the expected value of the number
of deaths. We will explore some of these possibilities in 6.5. The parameter σi in
Equation 3.9 has a different meaning from the parameter σi in Equation 3.7.

If the approach of Equation 3.9 is taken, it is convenient to make a change of
variable so that the weights bit disappear from the likelihood. Defining yit ≡

√
bitmit

and Xit ≡
√

bitZit, we rewrite the likelihood as follows:

P(y | βi, σ
2
i ) ∝

∏

i

σ−T
i exp

(

− 1

2σ2
i

∑

t

(yit − Xitβi)
2

)

(3.10)

The maximum likelihood estimator is therefore the following computationally fast
weighted least squares estimator:

βwls
i = (X′

iXi)
−1Xiyi. (3.11)

3.1.3 Computing Forecasts

Forecasts can be computed from a given model with covariates in at least three ways.
These apply to the equation-by-equation model as well as some other models (such
as the pooled model described in Section 3.2). They include forecasted covarates, no
covariates, or lagged covariates, which we now explain.
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Forecasting Covariates The first possibility is to fit the model to the observed
data, forecast the covariates using separate models for each, assume that the relation-
ship between m and Z remains constant between the in and out of sample periods,
and use the forecasted values of Z to create fitted values for m. This approach can
work well if indeed the relationship remains constant into the future and if high
quality covariate forecasts are available. In practice, the uncertainty in the covariate
forecasts propagate into mortality forecasts, greatly increasing the forecast variance.
In addition, a valid application of a two-stage procedure like this should ideally be
accompanied by forecasts that simultaneously model the full set of covariates without
zero correlation restrictions. This is especially important for computing appropriate
uncertainty estimates, and also for sensitivity tests based on using ranges of plausible
values for each covariate. Unfortunately, generally accepted multivariate forecasts
like these are not available.

Autoregressive Models A second method by which one can use a model like this
to forecast mortality is to drop all variables from Z except functions of lags of m and to
use a standard multi-step-ahead forecasting method. For example, if Z only includes
a lag of mortality, we forecast for year t by computing µ̂t = Zi,t−1βi. Subsequent
steps involve using µ̂t in place of lagged mortality. This procedure can obviously be
generalized to include full autoregressive integrated moving average (ARIMA) models
by changing the functional form in Equation 3.7. This procedure works if the model
closely approximates the data generation process, but it is heavily model-dependent
and so minor deviations from the model get amplified through each step, sometimes
driving forecasts far off the mark when many steps are required. The uncertainty
in multi-step forecasts amplify especially quickly, and so ARIMA models tend to
be most used only for much longer observed time series than are available for this
problem. Of course, a potentially more serious problem with this procedure is that
information from other covariates is ignored. In experiments with our data, we found
that even when a time series was highly autocorrelated, an autoregressive model
produced inferior out-of-sample forecasts due to high levels of model dependence.

Lagged Covariates A final procedure forecasts t periods ahead by using the one-
step-ahead forecasting algorithm applied to data where the covariates are lagged by
t periods. The disadvantage of this procedure is that either data are lost at the start
of the period (where the values of Zit for t < 1 are required) or earlier values of the
covariates must be collected or “backcast.” Backcast covariates can be created via a
combination of statistical methods and expert judgment and are uncertain but will
normally be less uncertain than covariate forecasts. The key disadvantage of this
method is that to forecast t periods ahead it posits a relationship between two sets
of variables lagged t periods, which may not be reasonable for some applications.
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Recommendations We experimented with all three methods, but found that co-
variates were often informative and that expert backcasts seemed far more reliable
than forecasts. Smoking rates, to take one example, can in principle go in any direc-
tion henceforth, but prior to 1950 we have considerable evidence that people smoked
less, which at a minimum bounds the estimates between zero and the 1950 value. In
practice, even more information is available, all of which should be used. Although
any of the three methods can be used, we find that lagging covariates is the most sci-
entific approach. Unlike autoregressive approaches, the information in the covariates
are used. Moreover, although we had hoped to gather the best covariate forecasts
from the appropriate experts in fields corresponding to each covariate, we found in
practice no less uncertainty in forecasted covariates than in forecasts of mortality,
and so they could not be used to reliably improve forecasts.

3.1.4 Summary Evaluation

We note that equation-by-equation weighted least squares forecasts well in some in-
stances, such as with high quality data for causes with many deaths (e.g., U.S. fore-
casts of cardiovascular disease among older men). But for most countries, which have
shorter time series, or for younger age groups or other diseases, this method forecasts
quite poorly. The time series on which it is based is normally quite short, and the
variance estimates are large. We find that this approach typically overfits the data —
resulting in a model that matches the in sample data well, but forecasts out-of-sample
poorly. The result is a lot of noise: averaged over cross-sectional units this method
may even be nearly unbiased, but the variance is so large for any one as to make it
unusable in most circumstances. This method also treats all cross-sectional units as
if they are independent, whereas the data and observable prior knowledge strongly
suggest otherwise.

This method falls at the low bias, high variance end of the continuum representing
bias-variance tradeoffs. Almost all other methods combine different cross-sections in
attempts to trade some bias for larger reductions in variance.

3.2 Time-Series-Cross-Sectional Pooling

Whereas equation-by-equation weighted least squares is a low bias, high variance
approach, Murray and Lopez’s (1996) pooling approach is just the opposite, producing
low variance but potentially high bias estimates. The advantages of one are thus the
weaknesses of the other. Neither is optimal, but understanding the contributions of
each is very helpful in building better models.
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3.2.1 The Model

Whereas the equation-by-equation approach pools all time periods for a single age,
sex, cause, and country, Murray-Lopez pools all time periods and countries for a given
age, sex, and cause. They use a linear-normal model and hence

mict ∼ N
(

µict, σ
2
i

)

(3.12)

µict = Zictβi,

where quantities are indexed by country c (c = 1, . . . , C), time period t (t = 1, . . . , T ),
and the fixed cross-sectional unit i (i = 1, . . . , n) that now stands for age, sex, and
cause. Thus, the variables in any one regression vary over c and t, and the coefficients
are allowed to vary only over i (age, sex, and cause).

Because this model allows each coefficient to be based on many more observa-
tions than for equation-by-equation least squares (C × T at most compared to T at
most, respectively), the variance of the quantities estimated is substantially smaller.
However, the model makes the implausible assumption that βi is the same for every
country. Murray and Lopez did not pool age groups, since their public health per-
spective emphasizes that different age groups die of different causes and at different
rates. From a political science perspective, however, the constancy assumptions are
not plausible: the model assumes the direct effect of an extra year of education is
same in the U.S. as it is in Tajikistan, and the effect of a given increase in GDP is the
same in Benin as it is in Germany. Although we do not have the same strong prior
information about the exact levels of these coefficients across countries as we have
across age groups, especially since they are not necessarily causal effects, we have
no good reason to think that they are the same across all national boarders or even
for all countries within a region as Murray and Lopez do. (From a political science
perspective, pooling over age groups makes more sense than pooling over countries,
but this practice would be biologically absurd. Researchers, it seems, are always most
comfortable pooling over variables outside their own discipline.)

What is the consequence of pooling cross-sections with coefficients that are not
the same? At a minimum, parameters that vary more than indicated in the model
lead to standard errors that are too small, but if the variation in the parameters is
related to the variables in the equation, then a direct application of the model in
Equation 3.12 will lead to bias. Indeed, every empirical test we run confirms that the
coefficients vary considerably across countries and pooling often induces high levels
of bias.

3.2.2 Post-Estimation Intercept Correction

Murray and Lopez (1996) were of course aware of the problem of pooling coefficients
that were not completely the same. The technology to partially pool in an appropriate
fashion did not exist, and so they needed to pool something. Pooling countries was



58 CHAPTER 3. Methods With Covariates

certainly the most obvious choice, and probably the best given the constraints avail-
able at the time. But since they were aware of the problems they found a (somewhat
unconventional) approach to the problem that partially corrects for the difficulties
while still allowing for pooling.

Instead of adding fixed effects for countries, which after all would only address un-
modeled parameter variation in the intercept, they use a technique known as intercept
correction (Clements and Hendry, 1998), which does this and a bit more. The idea
is to fit the model in Equation 3.12, compute a predicted value to create a “forecast”
for the last in-sample observation, calculate the error in fitting this last data point,
and assume the same method will generate the same error for all subsequent out-
of-sample forecasts. Since they use covariate forecasting to construct their forecasts,
this method amounts to computing a k-year ahead forecast as the usual regression
predicted value minus the last observed residual:

Zic,T+kβ̂i − eicT

where eicT = (micT −ZicT β̂i) is the residual in country c and the last observed year T .
This procedure may seem flawed, but since, under the model, E[eicT ] = 0, subtracting
eicT from the usual model forecasts does not change the expected value of the forecast
and so introduces no bias. However, intercept correction increases the variance of the
model-based forecast (by V[eT ] = σ2

i ), and so if the model is correct the procedure
will be suboptimal. This makes sense of course, since if the series is noisy, the forecast
depends on one data point that could be far from any underlying systematic pattern.

On the other hand, if the model is wrong due to a structural shift in the underlying
parameters near the end of the in-sample period, or large differences across countries,
then intercept correction can bring the forecasts back in line by reducing bias. This
method does not correct for bias due to variation in the slope parameters, but it adds
some robustness to model violation in short term forecasts (and in long term forecasts
biased by a constant shift factor) at the cost of some efficiency. Moreover, the higher
variance is not a terrible cost under this approach given how many more observations
are available in this pooled method to reduce the variance.

3.2.3 Summary Evaluation

We find that without intercept correction, out-of-sample forecast errors from the
Murray-Lopez model are immense: the coefficients are noisly estimated and often
average to approximately zero, and the levels are often far off. With intercept correc-
tion, the forecasts are vastly improved since at least the levels are closer to correct,
and when mortality changes slowly over time near-zero coefficients on the covariates
and a level correction is not a bad combination. However, the approach still leaves
considerable room for improvement: the age profiles are not constrained to be rea-
sonable, most dynamics are usually missed, and the forecasts are typically not close
to the mark. Although intercept correction no doubt improves a pooling model with
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constant coefficients, the large changes it introduces make it hard to imagine a justi-
fication for a model so biased in the first place. For small to moderate changes in the
forecasts, intercept correction is sometimes a reasonable and practical procedure. But
when changes due to intercept correction are large and frequent, as for log-mortality,
researchers should probably pursue a different approach when available.

3.3 Partially Pooling Cross-Sections via Disturbance

Correlations

One (non-Bayesian) way to allow cross-sections to borrow strength partially, without
pooling, is to postulate a correlation among the set of disturbances for the separate
cross-sectional regressions — as in seemingly unrelated regression models (SURM)
(Zellner, 1962). Since the correlation in these models is among scalars (the distur-
bances), SURM can be made to work even if different covariates are available for
different cross-sections, which addresses one of the problems of pooled cross-sectional
time-series.

However, SURM was not intended to, and does not, resolve other important diffi-
culties. If the explanatory variables are the same for each cross-section, then SURM
reduces to equation-by-equation least squares. In this situation, the technique offers
no efficiency advantage. When explanatory variables are highly correlated, even if not
the same, SURM gives results that are very similar to least squares. This suggests
that a stronger notion of smoothing is required for our problem, and indeed for most
applied time-series-cross-sectional problems.

Finally, to make SURM work, one needs knowledge of the disturbances and their
correlations with the covariates, information which, if available, should be used. How-
ever, in dealing with complex multivariate problems with numerous cross-sections it
is not clear how confident we can be about knowledge regarding the behavior of these
unobservable quantities. For SURM to work well, we must be in the odd situation
where the things we know about the cross-sections (the covariates) are minimally
correlated, but at the same time the things we do not know (the disturbances) are
maximally correlated. This situation may occur sometimes, such as when different
uncorrelated covariates are available for different cross-sections, and when powerful
covariates common to all the cross-sections can be clearly identified but not mea-
sured (a situation that may also lead to omitted variable bias). However, the SURM
framework clearly does not provide the kind of assumptions researchers would want
to rely on to build a general method of borrowing strength between related linear
regressions.

More generally, using SURM just because it is a convenient mathematical frame-
work with which to introduce correlations among the cross-sections does not seem
wise without a good substantive reason. In practice, empirical results using SURM
often do not differ much from least squares. Instead, our guiding principle is that
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we should use the prior knowledge we truly have, rather than knowledge it would be
convenient to have but we do not possess. In the next Part, we follow this principle
and show how certain types of prior knowledge, are easily incorporated in the analysis
of cross-sectional time series models using a Bayesian framework.

3.4 Cause-Specific Methods with Micro-level In-

formation

We now discuss several approaches to forecasting mortality that include external
sources of information in different ways. All share the feature of decomposing mor-
tality into separate components, each of which is forecast separately to arrive at a
mortality forecast.

3.4.1 Direct Decomposition Methods

We illustrate direct decomposition methods and their assumptions by summarizing
the PIAMOD (Prevalence, Incidence, Analysis MODel) approach of forecasting can-
cer mortality rates (Verdecchia, Angelis and Capocaccia, 2002). This method uses
cancer registry data that summarize the histories of individual patients to forecast
cancer population mortality rates. Cancer registries are available in subsets of highly
developed countries, but not in most other parts of the world, and so the technique
is not as widely applicable as others.

Modeling

PIAMOD mortality forecasts are based on a deterministic relationship that decom-
poses mortality at one time into the prevalence and incidence of, and relative survival
from, cancer, along with the death rate. Denote the fraction of people who die in age
group a from cancer as Ma, and decompose it as

Ma =
a

∑

a′=0

(1 − va′)πa′τaa′θaa′ (3.13)

where the sum is over all cohorts from birth up to age a, and where (1 − va′) is
the fraction of healthy individuals at time a′ (one minus the prevalence), πa′ is the
incidence rate (the probability of contracting cancer between ages a′ and a′ + 1), τaa′

is the relative survival probability at age a for a diagnosis of cancer at age a′, and
θaa′ is the crude death rate from cancer from age a′ to a′ + 1 among those diagnosed
with the disease.

Then each of the component parts are themselves forecast, and plugged into Equa-
tion 3.13 to produce a forecast of Ma. The healthy population is estimated by using
Equation 3.13, setting θaa′ = 1, and summed up to year a− 1. Incidence and relative
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survival are then estimated to give an estimate of the healthy population as well as
for use directly in Equation 3.13.

Incidence πa′ is estimated as a logistic or exponential regression, as polynomial
functions of age and cohort, respectively:

g(πat) = α +

ja
∑

j=1

ηja
j +

jc
∑

j=1

ωj(t − a)j (3.14)

where g(·) is the log or logit link, α, η1, . . . , ηjc
, and ω1, . . . , ωjc

are estimable parame-
ters. Verdecchia, Angelis and Capocaccia (2002) decide on the number of polynomial
terms, ja and jc, via a stepwise procedure that involves a function of likelihood ratios.
They report an application where the polynomial for age is of degree eight and for
cohort is degree two, which seems to them to be both reasonable and consistent with
previous applications. To forecast incidence, the age and cohort effects are assumed
to be constant into the future. Sometimes the cohort linear term (which of course
is indistinguishable from a period effect) is let to drift (and in which case the logit
instead of log link is used to avoid exponential growth).

The relative survival probability, τaa′ , is estimated by a mixture model for age-
sex-period stratum i for the time since diagnosis d

τa(d) = αi + (1 − αi) exp (−(λid)γi) (3.15)

with the weight αi modeled as a logistic function of time in order to help control for
right censoring:

αi(t) =
1

1 + π0 exp(πt)
. (3.16)

Survival is forecast by merely choosing different scenarios and computing the mor-
tality forecast for each. The pessimistic scenario of Verdecchia, Angelis and Capocac-
cia (2002) assumes that survival improvements do not occur. Their optimistic scenario
assumes survival rates continue to improve exactly as in previous years. They do not
consider a scenario where improvements would occur at an increasing rate.

Finally, PIAMOD models the crude death rate due to cancer, θaa′ , as

θaa′ =

(

1 − τaa′

τa,a′+1

)

(1 − q∗a)

where q∗a is the probability of death from competing causes (i.e., other than cancer)
at age a for a birth cohort surviving to age a. Since q∗a is normally unobserved, the
population crude death rate qa is often substituted instead.
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3.4.2 Microsimulation Methods

Another approach to forecasting based on external, exogenous sources of information
is microsimulation. The idea here is to develop a computational (as distinct from
formal or statistical) model of the life course of people with or without particular
illnesses, and to cull information from the academic literature to set parameter values.

The canonical microsimulation approach to disease-specific mortality forecasting
is Weinstein et al.’s (1987; see also Salomon et al., 2002) model of death from (and
incidence and cost of) coronary heart disease. The idea is to set up a flow chart of life
paths, including onset of coronary heart disease, paths through treatment, recurrence,
preventitive and therapeutic interventions, and death outcomes. The boxes with these
(and other) states, and arrows that represent transitions among them, are articulated
as much detail as information warrants. The key fact about this approach is that
no estimation is carried out by the authors. Instead, parameter values, such as the
transition probabilities, are gleaned from prior academic studies.

Although Weinstein’s specific model has been used for forecasting and compared
to actual out-of-sample mortality data, this is not the typical approach taken in this
literature. The vast majority of these models are capable of producing forecasts,
conditional on the assumptions, but they are not really empirical forecasting models
and have not been validated on out-of-sample data. Instead, they are closer to formal
models, informed by the empirical literature, or in some sense even abstract repre-
sentations of literature reviews, and demonstrations of what the literature, taken as
a whole, say about a particular cause of death.

3.4.3 Interpretation

The PIAMOD and microsimulation approaches include many reasonable modeling
decisions. Each equation in PIAMOD or box and arrow in a microsimulation approach
may lead to or summarize insights about a component of mortality. The approaches
include additional information, and they use data closer to individual human beings,
about which we have more real biological knowledge than we do about population
aggregates.

Counterbalancing these advantages are the detailed data requirements. In part
because of these substantial data demands, the approaches have not been widely used
in practical forecasting applications with multiple causes of death. In addition, the
detailed individual-level modeling means that more modeling decisions need to be
made, and one winds up with a fairly large number of decisions to be made about
which we may have little prior knowledge. This can be seen in PIAMOD, from the
high dimensional polynomial modeling of incidence, to the mixture model for relative
survival, to the assumptions of constant age profiles over time, etc. Mortality forecasts
are necessarily highly dependent on many of these modeling decisions.

Similarly, many ways of laying out the boxes and arrows of the microsimulation
approach can be seen as equally plausible, and there exist few ways of validating



3.5. CONCLUDING REMARKS 63

parts of the model. Although this approach remains a creative way to summarize
vast tracks of literature, it is difficult to use to produce reliable forecasts for many
causes of death.

3.5 Concluding Remarks

The methods of forecasting mortality described in this chapter fall on a dimension
from low bias, high variance, for equation-by-equation analyses, to higher bias and
lower variance, such as the Murray-Lopez forecasts. Both of these methods include
covariates, which are intended to code some of what we know about the patterns
of mortality from numerous biological and aggregate empirical studies. Parametric
curve-fitting also falls at the higher bias, lower variance end of the continuum, but
it excludes knowledge we may have in the form of measured covariates (although it
would not be difficult to add covariates to the forecasts of the parameters in Equation
2.3).

Better methods of forecasting will generally come from more information, and so
the methods we develop below will all allow the use of covariates, when available.
However, the key intuition provided by each method in prior literature reviewed here
will also be retained. That is, we begin with equation-by-equation analyses and
like pooling approaches we give up some bias for larger reductions in variance. We
also seek to improve forecasts by finding and incorporating additional information
wherever possible.
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Part II

Statistical Modeling

In Part II, we introduce a class of statistical models that gener-

alize linear regression for time-series-cross-sectional analyses. We

also provide new methods for identifying, formalizing, and incor-

porating prior information in these and other models. Chapter 4

introduces our model and a new framework for generating pri-

ors. Chapter 5 extends the framework to grouped continuous

variables, like age groups. Chapter 6 explains how to connect

modeling choices to known substantive information. Then Chap-

ter 7 implements our framework for a variety of other variables

like those which vary over geographic space, and various types of

interactions. Chapter 8 then provides more detailed comparisons

between our model and spatial models for priors on coefficients

and then extends our key results and conclusions to Bayesian hi-

erarchical modeling.
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Chapter 4

The Model

4.1 Overview

The specific models introduced in this chapter all depend on the specification of
priors, which we introduce here and then detail in the rest of Part II. Details of how
one can compute estimates using this model appear in Part III. Our strategy is to
begin with the models in Chapter 3 that use covariates and add in information about
the age-mortality profile in a different way than in the models in Chapter 2. After
putting all the information from both approaches in a single model, we then add other
information not in either, such as the similarity of results from neighboring countries
or time periods.

In this Section, we use a general Bayesian hierarchical modeling approach to infor-
mation pooling.1 Although developing models within the Bayesian theory of inference
is entirely natural from the persepctive of many fields, in several respects it is a de-
parture for demography. It contrasts most strikingly with the string of scholarship
extending over most of the last two centuries that seeks to find a low-dimensional
parametric form for the mortality age profile (see Section 2.4 and the remarkable
list in Tabeau 2001). It has more in common with principle components approaches
like Lee-Carter, in that we also do not attempt to parameterize the age profile with
a fixed functional form, but our approach is more flexible and capable of including
covariates as well as modeling patterns known from prior research in demography or
any other chosen by the researcher. Our approach also contrasts with the tendency
of demographers to use their detailed knowledge only as an ex post check on their
results. We instead try to incorporate as much of this information as possible into
the model. Our methods tend to work better only when we incorpoarate information
demographers have about observed data or future patterns.

The opposite of course applies too: Researchers forecasting variables for which no

1For other approaches to Bayesian hierarchical modeling, and for related ideas, see Blattberg and
George (1991), Gelman et al. (2003), Gelman and Hill (2007), Gill (2002), and Western (1998).
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prior quantitative or qualitative analyses or knowledge exists will not benefit from
the use of our methods. And of course those who use incorrect information may of
course degrade their forecasts by adding priors.

Although our approach can in principle work with any relevant probability density
for log-mortality, including those based on event count models discussed in Section
3.1.1, we fix ideas by developing our model by building on the equation-by-equation
least squares (LS) model, described in Section 3.1.2. This model is

mit ∼ N
(

µit,
σ2

i

bit

)

i = 1, . . . , N , t = 1, . . . T (4.1)

µit = Zitβi,

where as before mit is the log-mortality rate (or a generic dependent variable) with
mean µit and variance σ2

i /bit, bit is some exogenous weight, and Zit is a vector of
exogenous covariates. We are not concerned with the choices of the weights bit and
the covariates Zit here: We discuss these specification decisions in Chapter 6; although
they are crucial, their specifics have no effect on the overall structure of our model.

Specification 4.1 forms the basic building block of our hierarchical Bayesian ap-
proach, and so we now interpret the coefficients βi and the standard deviations σi as
random variables, with their own prior distributions. We denote the prior for the vari-
ables σi generically as P(σ). The prior for the coefficients β, which usually depends
on one or more hyper-parameters θ, we denote by P(β | θ). The hyper-parameters
θ also have a prior distribution P(θ). (By our notation conventions, P(θ) and P(σ)
are different mathematical expressions; see Appendix A.)

We choose the specific functional form of the priors P(σ) and P(θ) to make the
computations simple (usually a Gamma or inverse-Gamma density), with the mean
and variance set to be diffuse so they do not have an important effect on our results.
In contrast, our central arguments in this chapter, and most of the rest of this book,
are about the specification for the prior for the coefficients, P(β | θ). This prior will
be taken as highly informative, reflecting considerable prior knowledge. The issue at
hand is deciding precisely how to formalize this prior knowledge in this density.

Using the likelihood function P(m | β, σ) from Equation 3.8 (Page 54), and as-
suming that σ is a priori independent of β and θ, we express the posterior distribution
of β, σ and θ conditional on the data m as:

P(β, σ, θ | m) ∝ P(m | β, σ) [P(β | θ)P(θ)P(σ)] . (4.2)

where P(β, θ, σ) ≡ P(β | θ)P(θ)P(σ) is the prior. Once the prior densities have been
specified, we usually summarize the posterior density of β with its mean,

βBayes ≡
∫

βP(β, σ, θ | m) dβdθdσ. (4.3)

(or the mode) and can then easily compute forecasts using one of the three methods
described in Section 3.1.3.
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This section provides a framework for the information pooling problem: By choos-
ing a suitable prior density for β we summarize and formalize prior qualitative knowl-
edge about how the coefficients βi are related to each other, so that information is
shared among cross-sections. If the prior for β is specified appropriately, the infor-
mation content of our estimates of β will increase considerably. This, in turn, can
result in more informative and more accurate forecasts.

4.2 Priors on Coefficients

As we have described, a common way to derive a prior for β is to use the following
kind of prior knowledge: “similar” cross-sections should have “similar” coefficients.
The most common approach is to use a class of Markov random field priors, which are
an example of an intrinsic autoregressive prior. These models are closely related to the
autoregressive priors pioneered by Besag and his colleagues (Besag, 1974, 1975; Besag
and Kooperberg, 1995; Edwin S. Iversen, 2001) in that they allow spatial smoothing
for units like age groups that vary over nongeographical space. The priors formalize
this knowledge by introducing the following density:

P(β | Φ) ∝ exp

(

−1

2
Hβ[β, Φ]

)

, (4.4)

where,

Hβ[β, Φ] ≡ 1

2

∑

ij

sij‖βi − βj‖2
Φ (4.5)

where we use the notation ‖x‖2
Φ to refer to the weighted Euclidean norm x′Φx and

where the symmetric matrix s is known as the adjacency matrix, and its elements can
be thought of as the inverse of the “distance,” or the proximity, between cross-section
i and cross-section j.2 It is useful, for future reference, to write Equation 4.5 in an
alternative way:

Hβ[β, Φ] =
∑

ij

Wijβ
′
iΦβj . (4.6)

where W = s+ − s is a positive semi-definite symmetric matrix whose rows sum to
1 (see Appendix B.2.6, Page 277). The matrix Φ is a generic symmetric, positive
definite matrix of parameters, which help summarize the distance between vectors
of coefficients. Since it is usually unknown the matrix is considered to be a set
of hyperparameters to be estimated, with its own prior distribution. In practice

2Although constraining the elements of this matrix to be positive is consistent with their inter-
pretation as proximities, the constraint is not necessary mathematically. The only constraint on s

is that the quadratic form defined by Equation 4.5 be positive definite.
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this matrix is likely to be taken to be diagonal in order to limit the number of the
unknowns in the model, although this implies the strong assumption that elements
of the coefficient differences (βi − βj) are a priori independent of each other. This
specification also implies that Φ is constant over i, which we show later is highly
improbable in many applications.

The function Hβ[β, Φ] assumes large values when similar cross-sections (i.e., sij

“large”) have coefficients far apart (i.e,. ‖βi − βj‖Φ is also “large”). Therefore
Equation 4.4 simply says that, a priori, the most likely configurations of coefficients
β are those in which similar cross-sections have similar coefficients, or, in other words,
those in which the coefficients β vary smoothly across the cross-sections.

A key point is that the prior defined by Equations 4.4 and 4.5 is improper (which
means that the probability density in Equation 4.4 integrates to infinity; see Appendix
C). The improperness stems from the fact that the function Hβ[β, Φ] is constant and
equal to 0 whenever βi and βj are equal, regardless of the levels at which the equality
occurs (i.e., in the subspace βi = βj,∀i, j = 1, . . . , N). This causes no statistical
difficulties: Since the likelihood is proper (and normal), the posterior is always proper.
Indeed, an improper prior is a highly desirable feature in most applications, since it
does not constrain the regression coefficients to be close to any particular value (which
would normally be too hard to specify from prior knowledge), but rather only to be
similar to each other. In other words, the prior density in Equation 4.4 is not sensitive
to the absolute values or levels of the coefficients, only to their relative values.

Example 1 Suppose the cross-sections are labeled only by countries (with no age
group subclassification). Then s could be a symmetric matrix of zeros and ones, where
sij = 1 indicates that country i and country j are “neighbors”, in the sense that we
believe they should have similar regression coefficients. Neighbors could also be coded
on the basis of physical contiguity, proximity of major population areas, or frequency
of travel or trade between the countries. In practice, the matrix s would need to
be constructed by hand by a group of experts on the basis of their expectations of
which countries should have similar coefficients, which of course requires the experts
to understand the meaning of all the regression coefficients and how they are supposed
to vary across countries. ⊠

Example 2 Suppose cross-sections are labeled by age groups, or by a similar vari-
able with a natural ordering (with no country-level subclassification). Then s could
be a tridiagonal matrix of ones, so that every age group has as neighbors its two
adjacent age groups. A more general choice is a band matrix, with the size of ele-
ments decaying as a function of the distance from the diagonal. Although the general
pattern desired may be clear from prior knowledge, choosing the particular values of
the elements of s in this situation would be difficult, since they do not directly relate
to known facts or observed quantities. ⊠
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4.3 Problems with Priors on Coefficients

For any Bayesian approach to Model 4.1, we will ultimately need a prior for β.
The issue is how to turn qualitative and impressionistic knowledge into a specific
mathematical form. But herein lies a well-known disconnect in Bayesian theory:
Because the prior knowledge we have is typically in a very different form than the
probability density we ultimately need, the task of choosing a density often requires as
much artistic choice as scientific analysis. In many Bayesian models, this disconnect
is spanned with a density that forms a reasonable approximation to prior knowledge.

Unfortunately, in some applications of Bayesian models with covariates, the dis-
connect can be massive and the resulting density chosen is often inappropriate. Our
critique applies to many Bayesian spatial or hierarchical models that put a prior on
a vector of coefficients and where the prior is intended to convey information. The
problem here is that the jump from qualitative knowledge to prior density is too
large, and some steps are skipped or intuited incorrectly. This argument applies to
many models with spatial smoothing like that in Equation 4.4 and more generally to
hierarchical models with clusters of units that include covariates. We describe these
problems here with spatial smoothing and make the extension to hierarchical models,
featuring clusters of exchangeable units, in Section 8.2.

4.3.1 Little Direct Prior Knowledge Exists About Coeffi-
cients

To put a prior on the vector β, we need to be in possession of nonsample knowledge
about it. When an element of β coincides with a specific causal effect, the claim
to nonsample knowledge is complicated, but sometimes plausible. For example, we
know that twenty-five years of tobacco consumption causes a large increase in the
probability of death (from lung cancer, heart disease, and other causes) in humans.
However, β in our models are at the population level, and so they are not necessarily
causal effects. For example, if we observe that tobacco consumption is positively
related to lung cancer mortality across countries, it may be that smokers are getting
lung cancer, but it could also be true — on the basis of the same patterns in the
aggregate data — that it is the nonsmokers who happen to live in countries with high
tobacco consumption who are dying at increasing rates. Whether we can imagine the
reason for such a pattern is unimportant. It can occur and if it does the connection
from the aggregate level relationship to the individual level at which the biological
causal effect is known may be severed. This of course is an example of the well-
known ecological inference problem (Goodman, 1953; King, 1997), the point being
that without special models to deal with the problem β may not contain causal effects
even for a covariate as apparently obvious as tobacco consumption.

A better case for the claim of prior knowledge about β may be variables where
the causal effect operates at the country level. For example, a democratic electoral
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system, or a comprehensive health care system, may lead to lower mortality from a
variety of causes. Although these effects would also operate at the individual level,
the causal effect could plausibly occur at the societal level. In that situation, no
ecological inference problem exists and the case that we may really possess prior
knowledge about at least this coefficient is more plausible.

However, even when one coefficient is truly causal, its interpretation is clear, and
much prior knowledge exists about its likely direction and magnitude, it is typically
not the only coefficient. Normally, we have a set of control variables with correspond-
ing coefficients. The problem is that coefficients on control variables are treated as
nuisance parameters, are typically not the subject of study, and are rarely of any
direct interest. As such, even for regressions that include well-specified causal effects,
we will often have little direct prior knowledge about most of the coefficients.

In some areas, of course, whole literatures have built up around repeated analyses
of similar specifications that lead to much knowledge about coefficients. For example,
in epidemiological studies, age and sex are often the only important confounders and
are typically used to stratify the data sets prior to analyses. Many of the statistical
specifications then include a treatment variable only weakly correlated with the pre-
treatment control variables included in the analysis, each of which has only a small
effect on the outcome. As Greenland (2001, P.667-668) points out, sufficient knowl-
edge does exist to put priors on the coefficients in situations like these. Indeed, many
of these studies are based on case-control designs where estimating base probabilities
was not done and long thought impossible (although it has now been shown to be
straightforward King and Zeng 2002), and so putting priors on the expected outcome
is much more difficult and perhaps less natural.

A final point is that β is not scale invariant with respect to Z: if we double Z we
are also halving β. This is not a problem if we truly understand the coefficients, since
we would merely scale everything appropriately and set the prior to suit. However,
when the coefficients’ values are not fully understood, several problems can ensue.
The main problem here is that the whole model requires that β take on the same
meaning for all cross-sectional units. However, if the meaning or scale of Z changes
at all, then our prior should change. Yet, the parameters Φ in Equation 4.4 have no
subscript and are assumed constant over all units. In some situations, this is plausible
but, even for variables like GDP, we expect some changes in scale over the units, even
after attempts to convert currencies and costs of living.

This problem is sometimes addressed by standardizing Z in some way, such as
by subtracting its sample mean and dividing by its sample standard deviation. This
undoubtedly helps in some situations, but it just as certainly does not solve the
problem. For a simple example, suppose one covariate is GDP per capita and another
real disposable income per 100 population. Suppose that the right normalization here
is to multiply GDP by 100 (even though this assumes away a host of other potential
problems). Now suppose that for whatever reason GDP per capita varies very little
over countries in some data set, but real disposable income varies enormously. In
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that situation, standardization would exacerbate the problem rather than solve it.
The general problem here is that the sample does not necessarily contain sufficient
information with which to normalize the covariates. Some exogenous information is
typically needed.

4.3.2 Normalization Factors Cannot Be Estimated

Whether the coefficients are meaningful or not, the prior in Equation 4.4 contains the
expression ‖βi−βj‖Φ, which implies that the coefficients can all be made comparable.
In particular, it assumes that we can translate the coefficient on one variable in a single
cross-sectional regression to the scale of a coefficient on another variable in that cross-
section or some other cross-section. Indeed, this prior specifies a particular metric for
translation, governed by the hyperprior parameter matrix Φ.

To be more specific, we denote individual explanatory variables by the index v,
and rewrite Equation 4.5 (Page 69) as

Hβ[β, Φ] ≡ 1

2

∑

ij

sij‖βi − βj‖2
Φ

=
∑

ijv

Wijβ
v
i b

v
j (4.7)

where W is a function of s defined in Appendix B.2.6 (Page 277) and, most impor-
tantly,

bv
j ≡

∑

v′

Φvv′βv′

j (4.8)

is the translation of coefficient v′ in cross section j, into the same scale as that for
coefficient v in cross-section i.

As is more obvious in this formulation, Φ serves the critical role of normalization
constants, making it possible to translate from one scale to another. For example, if
we multiply degrees Celsius by 9/5 and add 32, we get degrees Fahrenheit, where the
numbers 9/5 and 32 are the normalization constants. The translations that Φ must
be able to perform include normalizing to the same scale (1) coefficients from differ-
ent covariates in the same cross-sectional regression, (2) coefficients from the same
covariate in different cross-sectional regressions, and (3) coefficients from different
covariates in different cross-sectional regressions. Each of these three cases must be
made equivalent via normalization, and all this prior knowledge about normalization
must be known ex ante and coded in Φ.

The role of the normalization can be seen even more clearly by simplifying the
problem to one where Φ is diagonal. In this situation, the normalization factor is
especially simple:

bv
j = Φvvβ

v′

j .



74 CHAPTER 4. The Model

and so Φvv simply provides the weights to multiply into the coefficient vector in one
cross-section to get the coefficient vector in another cross-section.

This alternative formulation is appropriate only if we have prior knowledge that
different components of β are independent. In other words, although Equation 4.8
contains the correct normalization, regardless of independence assumptions, the prior
in Equation 4.7 allows us to use only those parts of the normalization that are relevant
to forming the posterior, and independence among components of β means that
the cross-product terms (i.e., when v 6= v′) in Equation 4.8 would not be needed.
Although assuming that elements of a prior are independent is common in Bayesian
modeling, the assumption of independence is far from innocuous here, since the result
can greatly affect the comparability of coefficients from different cross-sections or
variables, and thus can enormously influence the final result.

The key to putting priors on coefficients is knowing Φ. Without this knowledge,
the translation from one scale to another will be wrong, the prior will not accurately
convey knowledge, and our estimates and forecasts would suffer. Unfortunately, since
we often know little about many of the β coefficients, researchers usually know even
less about the values in Φ. Any attempt within the Bayesian theory of inference
to bring the data to bear on the prior parameter values will fail, which is easy to
see by trying to estimate Φ by maximizing the posterior: Since Φ does not appear
in the likelihood, the entire likelihood becomes an arbitrary constant and can be
dropped. As such, under Bayes, the data play no role in helping us learn about Φ; all
information about it must come from prior knowledge, which of course is the problem.

Some scholars try to respond to the lack of knowledge of Φ as good Bayesians by
adding an extra layer to the modeling hierarchy and putting a proper hyperprior on
Φ. Ultimately, however, we always need to choose a mean for the distribution of Φ.
And that deeply substantive choice will be critical. Adding variance around the mean
does not help much in this situation since it merely records the degree to which the
smoothing prior on β (and our knowledge of the normalization factor) is irrelevant
in forming the model posterior: If a prior on the coefficients is to do any good, one
must know the normalization factor, Φ, or choose a sufficiently narrow variance for
the prior on it. Otherwise, no Bayesian shrinkage occurs and the original motivation
for using the model vanishes.

The fact is that Φ is inestimable from the given data and must be imposed a
priori with exogenous knowledge. Adding a prior so that Φ is identified does not
help unless that prior is also meaningful since the estimates will be the results of
prior specification rather than empirical information. If prior knowledge about the
normalization factor does not exist, then the model cannot be meaningfully specified.
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4.3.3 We Know about the Dependent Variable, not the Co-
efficients

When experts say that neighboring countries, adjacent age groups, or a set of re-
gressions are all “similar” they are not usually talking about the similarity of the
coefficients. It is true that in Bayesian analysis, we need a prior on coefficients, and
so it may seem reasonable to attach the qualitative notion of similarity to the formal
Bayesian prior density in Equation 4.4. But reasonable it is not always. In most
situations, it seems that “similarity” refers to the dependent variable or the expected
value of the dependent variable, not the coefficients, and assuming that similarity in
the expected value of the dependent variable applies to similarity in the coefficients
turns out to be a serious flaw. Except when most prior evidence comes from case-
control studies, and so the expected value of the dependent variable is not typically
estimated, similarity would mostly seem to refer to the dependent variable rather
than coefficients.

Even if experts from public health and demography are willing to accept the
linear functional form we typically specify, µit ≡ Zitβi, they do not normally observe
the coefficients, β or even any direct implications of them. Many of them are not
quantities of interest in their research, since most do not directly coincide with causal
effects. Instead, the only outcome of the data generation process that researchers get
to observe is the log-mortality rate, mt, or at least the average of multiple observations
of it, serves as an excellent estimate of the expected log-mortality rate. As such, it
is reasonable to think that analysts might have sufficient knowledge with which to
form priors about the expected mortality rate, even if most of the coefficients are
noncausal and on different scales.

Indeed, we find that when asking substantive experts for their opinion about what
countries (or age groups, etc.) are alike, they are much more comfortable offering
opinions about the similarity of expected mortality than regression coefficients. In
fact, on detailed questioning, they have few real opinions on the coefficients even
considered separately. This point thus follows the spirit of Kadane’s focus on prior
elicitation methods that are “predictive” (focusing on the dependent variable) rather
than “structural” (focusing on the coefficients) (Kadane et al., 1980; Kadane, 1980).

To see why priors on µ do not translate automatically into priors on β without
further analysis, consider a simple version of the cross-sectional variation in the ex-
pected value of the dependent variable, µit ≡ Zitβi, at one point in time t. This
version is merely the difference between two cross-sections i and j, assuming that the
covariates in cross-section i and j are of the same type

µit − µjt = Zit(βi − βj) + (Zit − Zjt)βj

= Coefficient variation + Covariate variation (4.9)

This expression decomposes the difference (or variation in) the expected value of
the dependent variable into coefficient variation and covariate variation. A prior on
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variation in the expected value does not translate directly into coefficient variation
because it ignores covariate variation. In other words, this expression demonstrates
that having βi ≈ βj does not guarantee that the expected value of the dependent
variable assumes similar values in cross-section i and j, because of the term (Zit −
Zjt)βj, which is not necessarily small. Obviously the more similar Zit is to Zjt

the smaller is this term. However, there is no reason, a priori, for which two cross-
sections with similar patterns of mortality should have similar patterns of the observed
covariates: Some of the similarity may arise from patterns of the unobservables,
or, when some of the covariates are “substitutes” of each other, from a different
mix. For example, two countries might achieve similar patterns of mortality due
to cardiovascular disease by different means: one could have first class surgical and
pharmaceutical interventions that keep people alive but very poor public health and
education facilities in preventing people from getting sick in the first place, and the
other could have the opposite pattern. In this situation, we would observe differences
in covariates and their coefficients, but similar mortality rates.

4.3.4 Difficulties with Incomparable Covariates

But even when the covariates behave in such a way that this extra source of variation
is not an issue, another problem may surface. In the previous section, we implicitly
assumed that all cross-sections share the same “type” of covariates and the same
specification. However, the dependent variable may have different determinants in
different cross-sections, and some covariates may be relevant in some cross-sections
but not in others. For example, in forecasting mortality rates, we know that fat and
cigarette consumption are important determinants of mortality, but these covariates
are observed only in some subset of countries. Similarly, we would not expect the
availability of clean water to explain much variation in mortality rates in most of
the developed world. In this situation, we could pool the corresponding coefficients
only in the cross-sections for which these covariates are observed, but then we might
introduce unpredictable levels of pooling bias. In general, pooling coefficients is not
a viable option when we have different covariates in different cross-sections.

Moreover, even when we have the same type of covariates in all cross-sections,
pooling coefficients makes sense only if the covariates are directly comparable. A
simple example is the case of GDP: if we want to pool the coefficients on GDP not only
will this covariate have to be expressed in the same currency (say US 1990 dollars),
but also subjected to further adjustments such as purchasing power parity (PPP),
which are not trivial matters. Having a variable with the same name in different
countries does not guarantee that it means the same thing. If it does not, substance
matter experts would have no particular reason to believe that the coefficients from
the regression of a time series in one cross-section would be similar to that in another,
because the coefficients themselves would mean entirely different things.
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4.4 Priors on the Expected Value of the Depen-

dent Variable

In this section we show how to address the issues from Section 4.3 using the simple
idea of focusing attention on the expected value of the dependent variable, rather
than on the coefficients. Researchers may know fairly precisely how the expected
value is supposed to vary across cross-sections, or something about its behavior over
time, or interactions among these or other variables.

However, to get the usual Bayesian modeling technology to work, we ultimately
need priors expressed in terms of the coefficients since they are the parameters to be
estimated. We therefore propose the following two-step strategy, aimed at deriving a
prior density on the regression coefficients, but constructed from knowledge of priors
specified on the expected value of the dependent variable. First, we specify the prior
in terms of the expected value and then we add information about the functional
form and translate it into a prior on the coefficients.

The idea of putting a prior on the expected value of an outcome variable and then
deducing (either mathematically or qualitatively) the implied prior on the coefficients
has appeared in several literatures for single equation models. See for example work on
prior elicitation (see Ibrahim and Chen, 1997; Kadane et al., 1980; Kadane, 1980; Laud
and Ibrahim, 1996, 1995; Weiss, Wang and Ibrahim, 1997), the covariance structure
of wavelet coefficients (Jefferys et al., 2001), predictive inference (West, Harrison and
Migon, 1985; Tsutakawa and Lin, 1986; Tsutakawa, 1992), and logistic (Clogg et al.,
1991) and other generalized linear models (Oman, 1985; O’Hagan, Woodward and
Moodaley, 1990; Bedrick, Christensen and Johnson, 1996; Greenland and Christensen,
2001; Greenland, 2001). Our approach builds on these literatures by generalizing these
ideas to hierarchical models, where it turns out the benefits of the approach are even
greater. To our knowledge, these generalizationals and their additional benefits have
not been noted before in the literature.

4.4.1 Step 1: Specify a Prior for the Dependent Variable

We begin by thinking nonparametrically (i.e., qualitatively, before entertaining a spe-
cific parametric functional form) about the expected value of the dependent variable
as a function µit of the cross-sectional index i (i = 1, . . . , N) and time t (t = 1, . . . , T ).
Although µ is naturally thought of as an N × T matrix, it will be more convenient
to think of it as the column vector in R

T×N obtained by concatenating the N time
series corresponding to the different cross-sections one after the other. The experts’
knowledge can be seen as a set of L statements about properties of µ, and we assume
that it is possible to translate them into L formulas of the form:

Hl[µ] should be small l = 1, . . . L (4.10)
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where Hl are functionals of µ (a functional is a map from a set of functions into the
set of real numbers).3

Example 1 A simple example is the case where we believe µ varies very little
over time in each cross-section but the different cross-sections have no necessary
relationships. In this situation, we could have L = N , and Hi[µ] could be the average
rate of temporal variation of µ in cross-section i. If we think that this set of constraints
is too restrictive we may want to enforce our statements only on average, and then
replace the N functionals Hi with the single functional

∑

i Hi[µ]. ⊠

Example 2 Suppose we know that, for any given year t, the cross-sectional profile
of µit should be not too far from some specified profile gi over cross-sections, but
we have no prior beliefs about time series patterns. Then we could set L = T and
Ht[µ] =

∑

i(µit − gi)
2, for all t. Alternatively we may want to enforce our statements

only on average, and then replace the T functionals Ht with the single functional
∑

t Ht[µ]. ⊠

We now put the statements above in a probabilistic form. Think of µ as a random
variable, and define a normal probability density on µ as

P(µ | θ) ∝ exp

(

−1

2

∑

l

θlHl[µ]

)

≡ exp

(

−1

2
H[µ, θ]

)

, µ ∈ R
T×N (4.11)

where θ = (θ1, . . . , θl) is a set of positive parameters (often called hyper-parameters,
regularization parameters or smoothing parameters). The choice of the exponential
function in the equation above is a matter of convenience at this point and is in
line with practical applications, while the factor 1

2
is there only to simplify future

calculations. The probability density in Equation 4.11 assigns high probability only
to those configurations such that θlHl[µ] is small for all l, which is precisely what we
want in a formal version of Equation 4.10. The parameters θl control how small we
want Hl[µ] to be. A simple but important observation is that they control all the
moments of the prior density. Therefore if additional information is available about
some moments (for example we may have an idea of what the variance of µ might be)

3The idea that prior knowledge can be represented in statements like in Equation 4.10 is very old.
In its simplest form we see it in the method of graduation (Whittaker, 1923; Henderson, 1924), but
its broad and full formalization was given by Tikhonov in the framework of regularization theory
(Tikhonov, 1963; Tikhonov and Arsenin, 1977; Morozov, 1984), where the functionals Hl are usually
called stabilizers or regularization functionals. Similar ideas appear in the theory of splines, starting
with the seminal work of Schoenberg (Schoenberg, 1946; De Boor, 1978, Wahba, 1990) where the
functionals Hl are usually called smoothness functionals. The fact that we build a prior density
starting from a stabilizer is not by chance: there is a deep connection between regularization theory
and Bayesian estimation, which was first unveiled by Kimeldorf and Wahba (Kimeldorf and Wahba,
1971; Wahba, 1990), as well as one between the method of graduation and Bayesian estimation
(Taylor, 1992; Verrall, 1993).
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then these parameters could be determined from prior knowledge. In general they will
be known with some uncertainty, and therefore they are usually taken to be random
variables with known prior distributions. Since their precise value is not relevant in
this section we take them as user-specified for the moment, and will consider the
problems of their choice in Chapter 6 and estimation in Chapter 9.

4.4.2 Step 2: Translate to a Prior on the Coefficients

Equation 4.11 is a convenient and flexible way to summarize prior knowledge but it
only tells half of the story, the other half being told by the covariates. In fact, the
density in Equation 4.11 is defined over the entire space R

T×N , and assigns positive
probability to any realization of the vector µ. However, this does not take into account
the linear specification in Equation 4.1, which says that only the values of µ explained
by the covariates Z can be realized, that is µ must lie in some subspace SZ ⊂ R

T×N .
Therefore the prior 4.11 is only valid in the subspace SZ, and it should be set to 0
outside it.

To formalize this result, we rewrite the specification in Equation 4.1 in matrix
form as µ = Zβ, where β ∈ R

P

i ki is the column vector obtained by concatenating
the N vectors βi, ki is the number of covariates in cross-section i, and Z is block
diagonal, with the data matrices Zi forming the blocks. Then the set SZ is formally
defined as SZ ≡ {µ ∈ R

T×N | µ = Zβ for some β ∈ R
P

i ki}. We summarize this
information by writing:

P(µ | θ) ∝
{

exp
(

−1
2
H[µ, θ]

)

if µ ∈ SZ

0 otherwise
(4.12)

It is now clear that on the subspace SZ, that is on the support of the prior, the
relationship µ = Zβ is invertible by the usual formula β = (Z′Z)−1Z′µ (assuming
only that Z is of full rank). This result implies that we can use Equation 4.12 to
derive a probability distribution for β. Since the transformation µ = Zβ is linear its
Jacobian is an irrelevant constant (the tools to compute it are presented in Appendix
C), and we obtain the probability density for β by simply plugging µ = Zβ in
Equation 4.12. Therefore, we write Equation 4.12 in terms of the coefficients β as

P(β | θ) ∝
{

exp
(

−1
2
Hµ[β, θ]

)

if µ = Zβ ∈ SZ

0 otherwise
(4.13)

where

Hµ[β, θ] ≡ H[Zβ, θ] (4.14)

Equation 4.13 contains exactly the same amount of information as contained in Equa-
tion 4.12: The fact that P(µ | θ) is 0 outside of SZ is given by the expression µ = Zβ,
and the density of µ on SZ implied by the prior on the coefficients in Equation 4.13
is, by construction, Equation 4.12.
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For clarity of notation, we use the superscript µ in Hµ[β, θ] to remind us that,
unlike the version in Equation 4.4 used to smooth directly based on the coefficients,
this density has been derived using knowledge about µ. (Since in our formulation the
prior densities are always of the form 4.13 for some appropriate choice of the function
in the exponent, we will often refer to the function in the exponent as “the prior,”
without the risk of confusion.)

4.4.3 Interpretation

To make meaningful comparisons between any two units, they both need to be mea-
sured on a common scale. The difficulty in our problem is that the vectors of βs from
different equations, each with a different set of covariates, have different lengths and
meanings, and so each is associated with a distinct “metric space” (see Section B.1.2,
Page 257). Our approach takes advantage of the fact that µ from all cross-sections
form a natural (and single) metric space, and functionals defined on µ dictate rela-
tionships among the coefficients β due to the specification µ = Zβ. Although we still
cannot map β into a common metric space, µi controls βi for all i and so we can make
comparisons between µi and µj and, given the deterministic relationship between µ
and β, come up with an expression for how close βi and βj are.

We convey the math involved in this procedure via a simple analogy. Suppose
θ = β1 − β2 and P (θ) = N(θ|0, σ2). Then, the density P (β1, β2) ≡ N(β1 − β2|0, σ2)
is singular bivariate Normal defined over β1, β2 and constant in all directions but
(β1 − β2). In our more general case, we start with the one-dimensional P (µit), and
treat it as the multidimensional P (βi), constant in all directions except for Zitβi.

The final result, expressed in Equation 4.13, is important because it has the desired
property: It assigns high probability only to configurations of the coefficients β such
that the corresponding predicted values of the dependent variable µ = Zβ have high
probability, which conforms to our prior knowledge. Notice that the specification
µ = Zβ holds for the years for which we have observations as well as for the years for
which we need to make a forecast: this implies that the covariates in the expressions
above have a temporal range which extends into the future, and that prior knowledge
is enforced on both the past and the future of the expected value of the dependent
variable.4

After these steps have been performed, the rest is standard Bayesian analysis:
We plug the prior of Equation 4.13 into the expression for the posterior distribution
of Equation 4.2, leaving to be solved only the computational problem of calculating
Equation 4.3, which we address in Chapter 9.

Chapters 5 and 7 are devoted to showing how this approach works in practice by
deriving explicit expressions for priors on β in a diverse variety of important cases.
The pleasant surprise is that, for a wide choice of smoothness functionals H[µ, θ], the

4This implies that the notation
∑

t has different meanings when it appears in the likelihood and
in the prior, but for notational simplicity, we do not distinguish between the two.
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implied prior for β turns out to have a mathematical form very similar to the one in
Equation 4.5, which is well understood, but without the shortcomings discussed in
Section 4.3.

4.5 A Basic Prior for Smoothing over Age Groups

For expository purposes, we begin by detailing a very simple prior on µ, which,
although not sophisticated enough to be used in most applications, generates a prior
for the coefficients with all the relevant characteristics useful for understanding our
approach.

4.5.1 Step 1: a Prior for µ

We assume for the moment that there is only one country and A age groups, so that
the expected value of the dependent variable in age group a at time t is µat, with
a = 1, . . . A and t = 1, . . . , T . We consider a very simple form of prior knowledge:
At any point in time nearby age groups have similar values of µ. A simple way to
represent this kind of knowledge is based on the average squared difference of expected
log-mortality in adjacent age groups (averaged over time periods):

H[µ, θ] ≡ θ

T

∑

t

A−1
∑

a=1

(µat − µa+1,t)
2 , should be small.

This smoothness functional has two important properties:

1. It takes on small values only when nearby age groups have similar values of µ;

2. It is indifferent to arbitrary, time dependent, shifts constant across the age
profiles. More precisely, it is invariant with respect to the transformation:

µat Ã µat + ft ∀ft ∈ R

In other words, for any given year, the prior associated with the functional above
suggests we are ignorant with respect to the level of the dependent variable. (We
formalize and generalize this notion of prior indifference in Section 5.1.)

We now rewrite the functional above in a form more amenable to generalization.
First define the matrix s such that saa′ = 1 if and only if |a−a′| = 1, and 0 otherwise.
Using this notation the functional above can be written as:

H[µ, θ] ≡ θ

2T

∑

t

∑

aa′

saa′(µat − µa′t)
2 =

θ

T

∑

t

∑

aa′

Waa′µatµa′t (4.15)
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where we have defined the matrix W = s+−s (see Appendix B, Page 277). Therefore
the prior density for µ has the form

P(µ | θ) ∝ exp

(

− θ

2T

∑

t

∑

aa′

Waa′µatµa′t

)

. (4.16)

One feature of the prior density in Equation 4.16 is that it has zero mean and is
symmetric around the origin, so that the probability of an age profile and its negative
are the same. Depending on the application this may or may not be appropriate.
For example this is not realistic when analyzing logged mortality rates: In this case,
we know that, in any given year, the age profiles will look, on average, like some
cause-specific “typical” age profile µ̄ ∈ R

A. Fortunately, it is easy to modify the prior
to take this information in account, by letting the prior have mean µ̄ in any year:

P(µ | θ) ∝ exp

(

− θ

2T

∑

t

∑

aa′

Waa′(µat − µ̄a)(µa′t − µ̄a′)

)

(4.17)

One issue is where µ̄ comes from. One productive procedure is to have an expert
draw pictures of his or her expectations for average log-mortality age profile, µ̄. Al-
ternatively, a reasonable typical age profile µ̄ could be synthesized from the data, or
borrowed from other countries not in the analysis, possibly after some preprocessing
and smoothing, and subject to the “approval” of some expert. In this case it looks
like we have a data dependent prior, which of course would not seem “prior” and
so would not appear appropriate. However, this problem is easily solved by noticing
that using a prior which is not mean-zero is equivalent to using a mean-zero prior in
which we have replaced the dependent variable mat with mat − µ̄a. In the following,
therefore, we keep using Equation 4.16 rather than the more cumbersome Equation
4.17, where we keep in mind that, depending on the application, µ may either be the
expected value of the dependent variable or its deviation from the typical age profile
µ̄.

4.5.2 Step 2: from the Prior on µ to the Prior on β

We now proceed to the second step, and substitute our specification in the functional
in Equation 4.15. In this case the specification is simply µat = Zatβa, and substituting
it into Equation 4.15 we obtain:

Hµ[β, θ] ≡ θ

T

∑

aa′t

Waa′(Zatβa)(Za′tβa′)

= θ
∑

aa′

Waa′β′
aCaa′βa′ (4.18)

where the second line uses the fact that the coefficients β do not depend on time and
so the sum over time can be performed once for all, and where we have defined the
matrix:
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Caa′ ≡ 1

T
Z′

aZa′

so that Za is the usual data matrix of the covariates in cross-section a, which has Zat

for each row. Hence, the prior for β, conditional on the parameter θ, is now simply

P(β | θ) ∝ exp

(

−1

2
θ
∑

aa′

Waa′β′
aCaa′βa′

)

(4.19)

This gives the desired prior over the coefficients, which we have built using only prior
knowledge on the expected value of the dependent variable µ. Its key characteristics
are the facts that, (1) since the covariates Zat and Za′t are of dimensions ka and ka′ ,
respectively, then Caa′ is a rectangular ka×ka′ matrix, and it does not matter whether
we have the same number or type of covariates in the two cross-sections a and a′. In
addition, (2) the entire matrix of normalization coefficients Φ drops out and so need
not be specified or estimated.

4.5.3 Interpretation

While we postpone to Chapter 8 a thorough comparison between this prior and the
prior we would have obtained by imposing smoothness of the coefficients over age
groups, as described in Section 4.2, it is useful to write them side by side as follows:

P(β | θ) ∝ exp

(

−1

2
θ
∑

aa′

Waa′β′
aCaa′βa′

)

⇔ P(β | Φ) ∝ exp

(

−1

2

∑

aa′

Waa′β′
aΦβa′

)

This comparison helps us emphasize that focusing on the expected value of the de-
pendent variable allows us to solve two problems at the same time: (1) we replaced
an entire unknown matrix Φ with the quantities θCaa′ , which are known up to a
single scalar parameter; and (2) our formulation allows each cross-section to have its
own specification and therefore for different covariates in different cross-sections. In
addition, the new prior, although conceptually very different from the usual prior
over the coefficients, is computationally similar, and does not imply any additional
difficulties from the point of view of the implementation.

In addition, while having real prior knowledge about Φ is extremely rare, the one
remaining parameter in our formulation, θ, is directly linked to quantities which we
can directly interpret and on which we are likely to have prior information. Although
we put off a detailed exploration until Section 6.2, we report here a key result. If we
let µat = Zatβa, the quantity

1

T

∑

t

∑

aa′

saa′(µat − µa′t)
2 =

∑

aa′

Waa′β′
aCaa′βa′ ,
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which appears in the exponent of our prior, represents an average over time and in a
mean square sense how much the expected value of the dependent variable varies from
one age group to the next. Postponing some technicalities related to the fact that the
prior in Equation 4.19 is improper, the expected value of the quantity above under
the prior in Equation 4.19 is:

E

[

∑

aa′

Waa′β′
aCaa′βa′

]

=
K

θ
,

where K is a number that depends on W and the matrices Caa′ and that can be easily
computed. In most applications, we will have an idea of how much the expected log-
mortality rate varies between adjacent age groups, and so we could easily specify a
range of values for the left side of this equation. This then immediately leads to a
range of values for θ, and therefore to a prior density P(θ). This is a stark contrast
to putting priors on coefficients where the normalization matrix Φ is unknown but
still would need to be specified.

Before we proceed to analyze more sophisticated priors, two key remarks are in
order:

� As pointed out above, this prior is invariant with respect to the transformation
µat Ã µat + ft , ∀ft ∈ R. This implies that the prior is constant over an
entire subspace of its domain, and therefore its integral over the domain is
infinite: in other words the prior is improper. This causes no difficulties since
our likelihood is normal and proper, and therefore our posterior, is proper too.
It is also a highly desirable feature of a prior, smoothing expected values of the
dependent variable toward each other but without requiring one to specify at
what specific level they smooth toward. Note that this feature is distinct from
(proper) priors that are merely diffuse with respect to a parameter. This prior
will have no effect on constant shifts in the posterior, no matter how much
weight is put on it (or, correspondingly, how small we make its variance).

� We mentioned above that the prior presented is not necessarily what we recom-
mend in applications. The reason for this can be seen by rewriting it as:

P(µ | θ) ∝ exp

(

− θ

2T

∑

t

A−1
∑

a=1

(µat − µa+1,t)
2

)

(4.20)

This version illuminates the feature of this prior that increments in log-mortality
between adjacent age groups are independent, and therefore samples from this
prior will tend to look as a random walk (as a function of age, not time), and
therefore it will not be particularly smooth. In Figure 4.1, we present samples
from the prior above (with each draw an A× 1 vector represented by one line),
for a fixed time t. There are 17 age groups, at 5 years intervals, so that A = 17.
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The left graph gives the case of a zero mean, while in the right graph, we add
a mean to the prior, where the mean is a typical age profile for all-cause male
mortality. Each age profile is quite jagged over age groups, indicating that it is
not a very good representation of our prior knowledge. The reason for the lack
of smoothness is that the increments between nearby age groups are specified
to be independent. We will see in Chapter 5 that by introducing correlations
between the increments, much smoother and hence much more appropriate age
profiles can be obtained.
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Figure 4.1: Samples from the prior in Equation 4.20 with zero mean (for the left
graph) and non-zero mean (for the right graph). There are 17 age groups, at 5 years
intervals. For the right graph the mean µ̄ is the average age profile for all cause
mortality in males. The average has been computed over all the countries with more
than 20 observations and over all the available years. The value of θ has been chosen
so that the standard deviation of µa is 0.5, on average over the age groups. Notice
the jagged behavior of each line in the two graphs, making these priors undesirable
for most applications.

4.6 Concluding Remark

In the rest of this book, we develop specific models within the class of models defined
in this Chapter. In particular, Chapters 5 and 7 repeatedly use the two steps offered
in Section 4.4 for each of a variety of different data types to derive new models under
the framework of this chapter.
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Although we use the simple linear-normal likelihood throughout our work, nothing
in our approach would necessarily constrain one to that model. Our methods for
specifying the priors on the expected value of the dependent variable need not be
changed for other likelihood models, such as nonlinear functional forms or non-normal
densities. There would be different and more difficult computational considerations
of course, but the general approach offered here still applies.



Chapter 5

Priors Over Grouped Continuous
Variables

In this chapter, we define a prior for the similarity of a set of cross-sections ordered by
a discretized continuous variable, such as a set of age groups. From a practical point
of view, a key result given here is a method of defining the entire spatial contiguity
matrix that is a function of only a single adjustable parameter. We begin in Section
5.1 by developing a specific notion of prior indifference that we use in the rest of the
chapter and book. A detailed example of smoothing over age groups then appears in
Section 5.2. Chapter 6 follows this analysis with practical methods for making the
various necessary choices in using these priors, and Chapter 7 develops priors for the
similarity of vectors defined over time and geographical space, as well as combinations
of these dimensions.

5.1 Definition and Analysis of Prior Indifference

The task of choosing a prior density for a Bayesian model involves clarifying and
formalizing one’s knowledge about the likely values of and patterns in a set of pa-
rameters, but it also involves specifying what one is indifferent to. A good prior must
obviously be informative about the former but not about the latter. For example,
demographers and public health researchers are normally confident that the expected
log-mortality rate varies smoothly over age groups and is likely to stay that way in
the future, but they are normally less willing to offer an opinion about precisely what
level the rate will be at for any particular year, country, cause, or sex group.

A huge literature in statistics attempts to formalize what information, or lack of
it, is represented by a prior, and especially how we can write priors that are minimally
informative. Deep philosophical issues arise, primarily around how to represent com-
plete ignorance in the form of a specific probability density — a philosophical stance
sometimes known as “logical Bayesianism”. Numerous creative ideas have been sug-
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gested to try to achieve this goal in some part, such as making the prior invariant to
reparameterization (Jeffreys, 1961), but as is recognized the task is ultimately impos-
sible: Here, as everywhere, counting on scientific progress about purely philosophical
issues would not be prudent. As Dawid (1983, p.235) writes, “The formalization of
ignorance thus remains the central object of a continuing quest by the knights of the
Bayesian round table: inspiring them to imaginative feats of daring, while remaining,
perhaps, forever unattainable.”

The problem, from the perspective of the philosophy of inference, is that a prior
density is a specific probabilistic statement and thus represents considerable knowl-
edge, even if the density is described as “flat,” “diffuse,” or “noninformative.” Fol-
lowing a detailed review of the practical choices offered in this literature, Kass and
Wasserman (1996, p.1343) recommend the choice of “reference priors” for standard
problems, but nevertheless conclude that “it is dangerous to put faith in any ‘default’
solution” unless the prior is dominated by the data. Of course, if the prior is dom-
inated by the data, then likelihood inference will normally work well, most special
features of Bayesian inference vanish, and of course no prior needs to be specified in
the first place (except sometimes for computational reasons like MCMC algorithms).

In our work, we see no reason to subscribe to the Bayesian religion as a way to make
all inferences, but we do find its associated technology to be exceptionally useful when
prior knowledge is available, especially in complicated models. When prior knowledge
is not available, the likelihood theory of inference is a perfectly adequate approach
(Edwards, 1972; King, 1989b). We thus feel no driving normative need to state a
philosophical view on representing ignorance from a purely Bayesian perspective. If
we have a philosophical viewpoint, it is utilitarianism (or consequentialism), which
in our view is almost by definition the appropriate philosophy when the goal, as in
statistics, is to create something useful. Utilitarianism may not answer the desire
of philosophers of science for a self-contained, logically consistent, and normatively
satisfying theory of inference, but it works.

The main problem we tackle here is that we often know some things and not others
about the same set of parameters, and wish to write informative priors only for the
things we know. For the quantities we do not know we cannot write a proper prior,
and so we use a flat, constant (improper) prior. We see no need to justify the constant
prior by appeal to the “principle of insufficient reason” (Laplace, 1951, original: 1820)
or other such concepts (that themselves are based on insufficient reason!). Instead, we
view this choice as a simple combination of likelihood and Bayesian inference: When
we have information we use it and the likelihood; when we have no such information,
we use only the likelihood.

Our approach has much in common with the spirit of “robust Bayesian analysis”
(Berger, 1994; King and Zeng, 2002), although the technology is very different. More
relevant to our particular technical approach is the pioneering work of Julian Besag
and the literature on spatial smoothing (Besag, 1974, 1975; Besag and Kooperberg,
1995), as well as the work of Speckman and Sun (2001), and the literature on non-
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parametric regression and in particular the seminal work of Wahba (1978). In the
following, we define what we call prior indifference, or the indifference of a prior den-
sity to a specific set of patterns or values of a set of parameters. We borrow freely
from the authors cited above, and others, and combine and extend strands of liter-
ature from a diverse set of scholarly fields in order to present a simple but coherent
approach. (This chapter requires only some linear algebra and basic mathematical
concepts. For readers not familiar with the mathematical concepts we use, such as
vector spaces, subspaces, orthogonality, and null spaces, we provide a self-contained
review in Appendix B, and a glossary of our notation in Appendix A.)

We begin with an elementary observation about the simplest possible case and
build from there.

5.1.1 A Simple Special Case

Consider the problem of writing a prior for the d components µ1, . . . , µd of some
vector µ. If we know something about the first r components, but not about the last
n = d − r components, then we would write a prior which simply does not depend
on, or is indifferent to, the last n components. This prior would have the property:

P(µ1, . . . , µr, µr+1, . . . , µd) = P(µ1, . . . , µr, µ
′
r+1, . . . , µ

′
d) , ∀µi, µ

′
i ∈ R , i = 1, . . . , d

(5.1)

The dependency on the first r variables would be determined by what we know
about them. Notice that this prior is obviously improper, since the integral over
the last n variables is infinity. This will never be a problem in our applications,
since (because our likelihood is normal and proper) our posteriors will always be
proper. Improperness therefore is relevant only as a side-effect of the assumption of
indifference to some of the parameter space.

A good way to understand prior indifference in this simple special case, and indeed
in any more general specification, is to imagine weighting the prior as heavily as
possible (or, equivalently, letting its variance tend toward zero). Even in this extreme
situation, our prior will have absolutely no influence over the last n parameters. In
contrast, a proper prior in this situation would cause the estimation procedure to
ignore what the data (and likelihood) have to say about all the parameters; it would
force the posterior to degenerate to a spike over each parameter, thus allowing the
posterior to reflect only the single value for each parameter chosen by the investigator
in setting the hyperparameters. In contrast, our improper priors, when maximally
weighted, only constrain the posterior to a subset of the parameter space, known as
the null space. The null space in this example is a subset of parameters; in our other
more general priors, the null space reflects particular patterns in the parameters.

Simple as it is, the formula above can take us very far if properly applied. The
problem with it is that it seems unlikely that in our applications we can partition our
set of parameters in two nonoverlapping subsets, one over which we have knowledge,
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and one over which we do not. We emphasize seems because, as we will see shortly,
it is indeed the case that such a partition is always possible, although it may become
apparent only after an appropriate linear change of variables.

5.1.2 General Expressions for Prior Indifference

In order to understand prior indifference better we first rewrite Equation 5.1 in a
more abstract way. First define the following r-dimensional subspace of R

d:

S◦ ≡ {µ ∈ R
d | µ = (0, 0, . . . , 0, µr+1, . . . µd)} (5.2)

Its r-dimensional orthogonal complement, that is the set of vectors in R
d which are

orthogonal to all the elements of S◦ (See Appendix B.1.11, Page 263), is then

S⊥ ≡ {µ ∈ R
d | µ = (µ1, µ2, . . . , µr, 0, . . . , 0)}.

Clearly any vector µ ∈ R
d can be uniquely decomposed into the sum of two vectors,

one in S◦, which we denote by µ◦, and one in S⊥, which we denote by µ⊥. The vectors
µ◦ and µ⊥ can be obtained as linear transformations of the vector µ, that is µ◦ = P◦µ
and µ⊥ = P⊥µ, where the matrices P◦ and P⊥ are called the projectors onto S◦ and S⊥
respectively. The projector onto a subspace is uniquely determined by the subspace;
that is for any given subspace we can easily derive the corresponding projector (as
described in Appendix B.1.13, Page 264). Thus, in the present case, it is easy to see
that:

P◦ =

(

0r×r 0r×d

0d×r Id×d

)

, P⊥ =

(

Ir×r 0r×d

0d×r 0d×d

)

.

Using this notation we rewrite our expression of prior indifference in Equation 5.1 as

P(µ) = P(µ + µ∗) , ∀µ ∈ R
d , ∀µ∗ ∈ S◦. (5.3)

We read this equation by saying that the prior P is constant over the subspace S◦,
or is indifferent to S◦. Another way of rewriting this equation is as follows:

P(µ) = P∗(P⊥µ) , for some probability density P∗ (5.4)

The last equation makes clear that P(µ) does not depend on µ◦, the part of the vector
µ which is in the subspace S◦.

5.1.3 Interpretation

The reason for rewriting Equation 5.1 as Equation 5.3 or 5.4 is that the latter two
hold independently of the particular choice of coordinate system, and even if µ cannot
be uniquely partitioned into nonoverlapping subsets. In fact, suppose we want to
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describe our system in terms of the random variable ν = Bµ, for some invertible
matrix B: The prior density of ν will not in general satisfy any equation of the form
5.1. However, an equation of the type 5.3 will still hold, where µ has been replaced
by ν and S◦ has been replaced with its image under the transformation B.

While it is rarely the case that we can naturally express our ignorance in the form
of Equation 5.1 at first, it happens often that we can express it in the form 5.3, for
appropriate choices of the subspace S◦. In general the subspace S◦ will be written in
a different form from Equation 5.2, but this is irrelevant: all that matters is that any
vector µ ∈ R

d can be written as the sum of two orthogonal parts, µ◦ and µ⊥, such
that we only have knowledge about µ⊥.

Since P⊥µ is a linear combination of the elements of µ, one way to interpret
Equation 5.4 (and therefore Equation 5.3) is by saying that we have prior knowledge
only about some particular linear combinations of the elements of µ. Notice also that,
given any subspace S◦, we could always find a change of variable ν = Bµ such that
our notion of indifference, expressed in terms of ν, will take a form like the one of
Equation 5.1. However, although it is good to know that this can be done, since it
helps to clarify the fact that all we are doing is making separate lists of things we
know and do not know, this exercise is not of practical interest, since Equations 5.3
and 5.4 can be used directly.

Example 1 Let µ ∈ R
d be a vector of random variables. Assume, for example, that

they represent the expected values of log-mortality in d different countries, for a given
year. We refer to the set of d countries as the world. Suppose we have knowledge
about some properties of µ but not about others. For example, we may not have any
idea of what the world mean µ̄ ≡ d−1

∑

i µi of log-mortality should be, since data
in some countries have never been collected. Hence, given two configurations whose
elements differ by the same constant c we cannot say which one is most likely. This
is equivalent to saying that, whatever prior density for µ we choose, it should have
the property that

P(µ1, µ2, . . . , µd) = P(µ1 + c, µ2 + c, . . . , µd + c) , ∀c ∈ R

We now rewrite this expression by introducing the one-dimensional subspace

S◦ ≡ {µ ∈ R
d | µ = (c, c, . . . , c) , c ∈ R} (5.5)

Thus, the equation above is equivalent to:

P(µ) = P(µ + µ∗) , ∀µ∗ ∈ S◦ (5.6)

This suggests that the prior density should only be a function of µ⊥ = P⊥µ, where
P⊥ is the projector onto the subspace of Equation 5.5.

What are the orthogonal complements, µ⊥ and µ◦, in this case? It is easy to see
that:
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µ◦ = µ̄ (1, 1, . . . , 1) , µ⊥ = (µ1 − µ̄, µ2 − µ̄, . . . , µd − µ̄)

This result is intuitive: µ◦ contains all the information about the global mean of µ,
while µ⊥ contains all the remaining information, but no information about µ̄. In
other words, if we are given µ⊥ we could reconstruct µ up to an additive constant,
while if we are given µ◦ we could only reconstruct its global mean. Given our (lack
of) knowledge it is therefore to be expected that the prior should only depend on µ⊥.

Now that we have identified the subspace S◦, and we know that the prior should
be a function of P⊥µ, we could proceed to use additional pieces of information to
constrain the prior further. A typical step would be to assume that it is normal and
write,

P(µ) ∝ exp

(

−1

2
θ(P⊥µ)′B(P⊥µ)

)

for some positive definite matrix B and some positive parameter θ which controls the
size of the overall variance. In this expression, B represents our knowledge, and P⊥
our ignorance. That is, P⊥, when multiplied into µ, wipes out the piece of µ about
which we wish to profess our ignorance (i.e., the null space). This expression can be
rewritten as

P(µ) ∝ exp

(

−1

2
θµ′Wµ

)

, (5.7)

where we have defined the matrix W ≡ P⊥BP⊥ (remember that P⊥ is symmetric).
The only difference between this prior and a regular normal prior is that here, since
P⊥ is singular, the matrix W is singular and admits a non-trivial null space N(W ).
Recall that the null space of a matrix W is the set of vectors µ such that Wµ = 0
(see Appendix B.2.1, Page 267 for more detail). In this case the null space N(W )
coincides with S◦, from Equation 5.5. Since W is singular, the prior is improper, as
expected. The improperness comes only from the existence of the null space, which
is the set of vectors “invisible” to W ; that is, Wµ = W (µ + µ∗) for any µ∗ ∈ N(W ).

Although improper, the prior is still meaningful, as long as we think of a vector µ
not as an individual element of R

d, but as an equivalence class, obtained by adding
to µ the arbitrary constants c to all its elements. Under this view, all the usual
operations performed on prior densities, such as computation of the moments, can be
performed on this prior (see Appendix C for details). For example, when we say that
the prior above has zero mean what we are really saying is that the mean of the prior
is known to be zero up to the addition of an arbitrary element of N(W ). ⊠

Although the example presented above is very simple, the final form in Equation
5.7, with W singular and positive semi-definite, closely represents all the priors we
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consider in this book.1 The advantage of priors of this form is that the matrix W
not only encodes information about the quantities we know (their correlations, for
example), but also, through its null space, defines the subspace to which the prior is
indifferent.

Our approach then follows two steps.

� First, we use the concept of the null space of a matrix to analyze W , the
advantage of which is that the tools in linear algebra to characterize and analyze
null spaces are well developed.

� Second, we note, that when a pattern in or values of the parameters µ are in
the null space of W , then the prior in Equation 5.7 has the property of prior
indifference given in Equation 5.6.

To understand prior indifference, then, we only need to understand the null space of
W .

We also add slightly novel terminology by referring to the null space N of the
matrix W in Equation 5.7 as the null space of the prior. Since the expression µ′Wµ,
with W singular and positive semi-definite, defines a semi-norm (see Appendix B,
page 257), it would be more appropriate, and more in line with some literature, to
refer to N as “the null space of the semi-norm associated with the prior,” but this
terminology seems unnecessarily complicated and so we do not adopt it here.

Before proceeding to a full analysis of several classes of priors, we point out the key
point that partially informative priors can also be used to force the random variables
to assume a certain class of configurations with high probability, without requiring
them to take on any one configuration as would be the case with a proper prior.
To see this, consider the prior in Equation 5.7, with its null space N(W ), and let θ
assume larger and larger values. This will force the proper part of the prior to become
increasingly concentrated around µ⊥ = 0, but still leave µ◦ unaffected. Plugging such
a prior in the posterior is then equivalent to constraining the solution to the entire null
space rather than to a point, as would be the case for a proper prior. Which element
of the null space corresponds to the solution will then be determined by the data
through the likelihood. If we built the prior in such way that the null space is a set of
configurations with “desirable” properties, then we will have found the configuration
with these properties that best fit the data. We explore this observation more in
detail in the following example.

1Priors similar to that in Equation 5.7, often defined over an infinite set of random variables, are
commonly called “partially improper” or “partially informative” priors. They play a fundamental
role in nonparametric regression (Speckman and Sun, 2001; Wahba, 1975, 1978, 1990), where, among
other things, they provide the link, originally unearthed by Kimeldorf and Wahba (1970), between
spline theory and Bayesian estimation. The importance and usefulness of the prior being improper
was stressed by Wahba (1978), who pointed out that it can be used as a mechanism to guard against
model errors. Priors similar to this form also appear in the spatial statistics literature often under
the name of “(conditionally) intrinsic autoregressive” priors.
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Example 2 Let µt be a random variable representing the expected value of log-
mortality in a given cross-section. We take t to be a continuous variable for the
purpose of explanation, and discretize it later. Consider the case in which we know
that the time series describes a seasonal phenomenon and must have (approximately)
the following form:

µt = γ1 sin(ωt + γ2)

where we know ω but we have no idea about the parameters γ1 and γ2 (higher
frequencies could be included, but exclude them for simplicity). Now notice that
the time series above satisfies the following differential equation, independently of the
value of the parameters γ1 and γ2:

(

d2

dt2
− ω2

)

µt ≡ Lµt = 0

where the differential operator L is defined by the parenthetical term on the left side
of the equation. The set of solutions of this differential equation is the subspace of
the set of all possible time series, defined as the null space N(L) of the operator L,
an analogy with the definition of the null space for matrices. Our ignorance over the
possible values of γ1 and γ2 implies that we are indifferent over the null space of L.
However, we also know that the time series must lie, approximately, in N, since it
must have that particular form.

Now discretize the time series so that it has length T and replace the differential
operator L with the corresponding T × T matrix L. An appropriate prior for this
problem could have the following form:

P(µ) ∝ exp
(

−θ‖Lµ‖2
)

where θ is some large number. This prior will assign high probability only to those
configurations such that Lµ is approximately 0, but will not specify, among those,
which are the most likely. Notice that since Lµ = Lµ⊥ this prior is written as a
function of µ⊥ only, as expected. ⊠

5.2 Step 1: A Prior for µ

In this section we consider the case in which the cross-sectional index is a variable
like age, which is intrinsically continuous, although it is discretized in practice. We
proceed in two distinct steps, as outlined in Section 4.4: In this Section, we build a
nonparametric (qualitative) prior for the expected value of the dependent variable,
and then, in Section 5.3, use it along with an assumption about the functional form
to derive a prior for the regression coefficients β.
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Begin by setting the index i = a and think of age as a continuous variable for the
moment, so that the expected value of the dependent variable is a function µ(a, t) :
[0, A]× [0, T ] → R. The reason for starting from a continuous variable formulation is
that in so doing we can borrow from the huge literature on nonparametric regression
and splines, where smoothness functionals are commonly used. A potential problem
of such an approach is that when µ is a function it is more difficult to give rigorous
meaning to expressions such as P(µ | θ) ∝ exp(−H[µ, θ]), since there are some
non-trivial mathematical technicalities involved in defining probabilities over sets of
functions. We need not to worry about this issue, though, since we will discretize
the function µ and the smoothness functional H[µ, θ] before defining any probability
density, which will therefore always be defined in terms of a finite number of variables.

We assume that we have the following prior knowledge: At any point in time the
expected value of the dependent variable µ is a smooth function of age. By this we
mean that adjacent age groups have similar values of µ. We now formalize this idea.

5.2.1 Measuring Smoothness

Our immediate goal is to find functionals Ht[µ] defined for any time t which are small
when µ is a smooth function of a (remember that a functional is a map from a set of
functions to the set of real numbers; See Appendix B.1.6, Page 260). Functionals of
this type are easily constructed using the observation that the oscillating behavior of
a function is amplified by the application of any differential operator to it. Therefore
an initial candidate for Ht[µ] could be:

Ht[µ] ≡
∫ A

0

da

(

dnµ(a, t)

dan

)2

should be small ∀t ∈ [0, T ] (5.8)

where n is an arbitrary integer which will be referred to as the degree of smoothness,
for reasons that will become clear shortly. The parenthetical measures the slope (or
higher derivatives) of µ(a, t) as a function of age for any time t. The squared term
recognizes that “smoothness” is unaffected by the sign of the slope. Finally, the inte-
gral computes the average (of the squared slope) over different ages. In other words,
Equation 5.8 is the expected value of the squared derivative, taken with respect to the
uniform probability density (with the constant factor 1/A representing the uniform
density omitted for simplicity). For related ideas in spline theory, see Schoenberg
(1946), de Boor (1978), and Wahba (1975, 1990).

Example In order to convince ourselves that this functional does what we expect it
to do we compute it for a family of wiggly functions and check that it gets larger if we
make the functions more wiggly. Fix t = 1 and take the family µk(a, 1) = sin(2πka

A
),

indexed by the integer k. These are sin waves of frequency proportional to k, so k
is a measure of how wiggly these functions are. First notice that, taking n even for
simplicity, we have:
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dnµk(a, 1)

dan
=

(

2πk

A

)n

sin

(

2πka

A

)

Therefore taking the derivative of order n amplifies the magnitude of the function of
a factor kn. This is easily seen in Figure 5.1, where we show the function above and
its derivative of order n = 2 for the values k = 2 and k = 5: While the amplitude of
the sin function is independent of k, the derivative corresponding to k = 5 has much
larger amplitude than the derivative corresponding to the value k = 2. Then a simple
computation shows that:

H1[µ] ≡ A

4

(

2πk

A

)2n

Now it is clear that as k increases the functions µk oscillate more and the smoothness
functional gets larger, as desired. ⊠
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Figure 5.1: The sin function and its 2nd derivative, for different frequencies. On the
vertical axis we have both the function µk(a) = sin(2πka

A
) and its 2nd derivative. Here

A = 20 and k takes on the values 2 and 5.

For a given k the value of the functional is increasing with n. Therefore large
values of n correspond to functionals which are very restrictive, since in these cases
even small values of k can lead to a large value for the smoothness functional. This
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justifies calling n the degree of smoothness (other justifications for this terminology lie
in spline theory and in some other important properties of the smoothness functional
above but we will not discuss them here). For further information see Wahba (1990),
DeBoor (1978a), Schumaker (1981), or Eubank (1988).

Since every function on [0, A] can be written as a linear superposition of sine
and cosine waves, this example turns out to be completely general, and shows that
the functionals defined above are indeed always a measure of smoothness. We shall
therefore use them and our method of deriving them quite generally, even, in Chapter
7, for priors defined over units that are not inherently continuous.

5.2.2 Varying the Degree of Smoothness over Age Groups

Before proceeding we point out that the smoothness functional in Equation 5.8 can
be generalized in a way that can be very useful in practice. It is often the case that,
while µ(a, t) is a smooth function of a, it can be smoother in certain regions of its
domain than in others. For example, if µ(a, t) is the expected value of log-mortality
from all causes we know that it will have a fairly sharp minimum at younger ages
(and therefore be less smooth), but it will be almost a straight line at older ages
(i.e., where it is more smooth). (For example, see Figure 2.1, Page 27.) Therefore,
penalizing the lack of smoothness uniformly across age groups would misrepresent our
prior knowledge: Younger ages should be penalized relatively less than older ages.
This problem is easily fixed by replacing the Lebesgue measure da in the integral
in Equation 5.8 with a more general measure dwage(a).2 For example we may set
dwage(a) = alda for some l > 0 in order to penalize older ages more.

Thus, we represent prior knowledge about smoothness of the expected value of
the dependent variable over ages, with the additional information about where in the
age profile different levels of smoothness will occur, as follows:

Ht[µ] ≡
∫ A

0

dwage(a)

(

dnµ(a, t)

dan

)2

should be small ∀t ∈ [0, T ]. (5.9)

However, enforcing this constraint above for every time t can be difficult or unrealistic,
and therefore it may be preferable to have a slightly different formulation, where the
functionals Ht[µ] are averaged over time according to a measure dwtime(t). If the
“small” in Equation 5.9 is the same for all times t the measure dwtime(t) will be
the uniform Lebesgue measure, otherwise it can be chosen to enforce the constraint
more in certain years than in others. Therefore instead of Equation 5.9 we consider
smoothing only the average over time rather than at each time point, and represent
our prior knowledge as follows:

H[µ, θ] ≡ θ

∫ T

0

dwtime(t)

∫ A

0

dwage(a)

(

dnµ(a, t)

dan

)2

should be small (5.10)

2The “Lebesgue measure” means that the integral is performing an average of a quantity over
the uniform density.
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where we have also added the fixed positive parameter θ, to control how small (or
influential) the functional should be. It is important to notice that the integration
interval [0, T ] can include future values as well as past ones, allowing one to impose
prior knowledge on in and out of sample predictions. Obviously more complicated
choices than Equation 5.10 can be made, and we will indeed discuss some of them in
Section 6.1, but for the moment Equation 5.10 is sufficient to explain both the idea
and the formalism.

5.2.3 Null Space and Prior Indifference

Putting aside for the moment technical issues involved in giving a precise meaning to
a probability density defined over a function space, we define from Equation 5.10 a
prior density over µ as follows:

P(µ | θ) ∝ exp

(

−θ

2

∫ T

0

dwtime(t)

∫ A

0

dwage(a)

(

dnµ(a, t)

dan

)2
)

One reason for which such a prior is useful is that it is indifferent to a specific rich class
of patterns of the expected value of the dependent variable. The key observation is
that the derivative of order n is an operator whose null space is the set of polynomials
of degree n− 1. To clarify, denote by pn the set of polynomials in a of degree at most
n− 1, that is the set of functions of the form:

f(a, t) =
n−1
∑

k=0

bk(t)a
k.

These functions have the property that

dn

dan
f(a, t) = 0 , ∀a, t ∈ R

Therefore the prior above has the indifference property:

P(µ | θ) = P(µ + f | θ) , ∀f ∈ pn

This implies that, at any point in time t, we have no preference between two functions
that differ by a polynomial of degree n in age, or, in other words, we consider the two
functions equiprobable. The polynomials we are indifferent to have coefficients that
are arbitrary functions of time.

Example: n = 1 Consider the simplest case, in which n = 1. The first derivative
is indifferent to any constant function, and therefore our notion of prior indifference
here is expressed by saying that:

P(µ | θ) = P(µ + f(t) | θ) , for any function f(t)
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Therefore, while we know something about how the dependent variable µ varies from
one age group to the next, we declare ourselves totally ignorant about the absolute
levels it may take. ⊠

Example: n = 2 The second derivative is indifferent to constant and linear func-
tions, and therefore our version of prior indifference is expressed by saying that:

P(µ | θ) = P(µ + f(t) + g(t)a | θ) , for any function f(t), g(t)

In this case we are indifference to a larger class of patterns then the one in Example
1: Not only do we have no preference over two age profiles that differ by a constant,
we also we do not distinguish between age profiles differing by a linear function of
age. Put differently, we declare ourselves ignorant of the mean and linear age-trend
of the age profiles.⊠

In both of these examples we impose no constraints on the functions f(t) and g(t)
which appear in the null space of the prior. In real applications, this is of course
unrealistic, since although we are ignorant about the levels of the age profiles we
expect them to move smoothly as a function of time. (We address this issue below by
using another smoothness functional, which explicitly encourages the expected value
of the dependent variable to vary smoothly over time.)

5.2.4 Nonzero Mean Smoothness Functional

As pointed out in Section 4.5.1, the functional in Equation 5.10 is symmetric around
the origin: It assigns the same value, and therefore the same probability, to µ and
−µ, which may be undesirable. If a “typical” age profile µ̄(a) is available it may be
more appropriate to use the following smoothness functional instead:

H[µ, θ] ≡ θ

∫ T

0

dwtime(t)

∫ A

0

dwage(a)

(

dn

dan
(µ(a, t) − µ̄(a))

)2

(5.11)

This smoothness functional represents a different kind of prior information: Now the
deviation of the dependent variable from the mean age profile varies smoothly across
age groups.

This is an important distinction: It may happen that the age profiles them-
selves are not particularly smooth (for example there may be a huge variation in
log-mortality from age group 0-4 to age group 5-9) and therefore it would not be
appropriate to use the prior associated with Equation 5.10. However, we may still
expect them to look like “smooth variations” of the typical age profile µ̄, and therefore
the smoothness functional in Equation 5.11 may be more appropriate. Since using
the smoothness functional in Equation 5.11 is equivalent to that in Equation 5.10 in
which the dependent variable has been redefined as µ Ã µ − µ̄, we only use, unless
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otherwise noted, the simpler form 5.10 in the following. This implies that when we
refer to the dependent variable as “log-mortality”, we might also be referring to its
deviation from µ̄, depending on whether we have set µ̄ = 0 or not.

5.2.5 Discretizing: From Age to Age Groups

Now that we have a generic smoothness functional given by Equation 5.10 the next
step is computational: both the age and time variable are discrete in practice, so that
the function µ(a, t) should be replaced by an A×T matrix with elements µat, the n-th
derivative should also be replaced by a matrix, and the integral by a weighted sum.
We develop discrete versions of the n-th derivative in Appendix D; for the moment
all we need to know is that this appendix provides well-defined matrices Dage,n which
approximate the derivative of order n with respect to age. Therefore we should make
in Equation 5.10 the replacements:

µ(a, t) Ã µat
dnµ(a, t)

dan
Ã

∑

a′

Dage,n
aa′ µa′t

∫

T

dwtime(t)

∫

A

dwage(a) Ã

∑

at

wtime
t wage

a

where wtime
t and wage

a are vectors of positive weights, summing up to 1, that correspond
to the measures dwtime(t) and dwage(a). In order to keep the notation simple we
assume here that dwtime(t) and dwage(a) are simply normalized Lebesgue (uniform)
measures, and therefore we set wtime

t = T−1 and wage
a = A−1. The smoothness

functional above can now be redefined in its discretized form:

H[µ, θ] ≡ θ

TA

∑

at

(

∑

a′

Dage,n
aa′ µa′t

)2

.

Introducing the matrix W age,n ≡ A−1(Dage,n)′Dage,n we rewrite the expression above
in simpler form as

H[µ, θ] =
θ

T

∑

aa′t

W age,n
aa′ µatµa′t ≡

θ

T

∑

t

µ′
tW

age,nµt (5.12)

where µt is an A× 1 vector whose elements are µat, also referred to as the time series
age profile at time t. This implies that the prior for µ has the form:

P(µ | θ) ∝ exp

(

−θ

2

∑

t

µ′
tW

age,nµt

)

. (5.13)

5.2.6 Interpretation

We now further interpret the smoothness functional in Equation 5.12. First, we
have seen in Section 5.2.3 that the prior associated with the smoothness functional in
Equation 5.10 is indifferent to polynomials of degree n−1 in age, with time-dependent
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coefficients. This important and useful property was derived in the continuous setting,
and it also holds in the discretized setting if the derivative operator is discretized
properly. In fact, any discretized form of the derivative of order n should have the
property that Dage,nν = 0 for any vector ν of the form νa = ak, k = 0, 1, . . . ,n − 1
(and any linear combination of such vectors). This means that the matrix Dage,n has
nullity (see Section B.2.1) equal to n and rank equal to A − n. Since the matrix
W age,n is proportional to (Dage,n)′Dage,n, its eigenvalues are simply the squares of the
singular values of Dage,n (see Section B.2.4, Page 272). As a result, W age,n has the
same rank and nullity as Dage,n:

rank(W age,n) = A − n , nullity(W age,n) = n.

Therefore the prior specified by Equation 5.13 is improper, since W age,n is singular.
The improperness comes from the fact that we do not want to commit ourselves to
specify a preference over some properties of the age profiles, such as the mean (when
n = 1) or the mean and trend over ages (when n = 2). However the prior, unlike
improper flat priors, does represent some genuine knowledge: In fact, the prior is
proper and informative once we restrict ourselves to the age profiles that lie in the
subspace orthogonal to the null space.

Take for example n = 1, so that the null space is the set of constant age profiles.
The space of age profiles orthogonal to the null space is the space of age profiles with
zero mean. In this space, the prior is proper, and we can, for example, draw samples
from it. In general the prior in Equation 5.13 is proper once we restrict ourselves
to age profiles whose moments of order up to n− 1 are zero (ensuring that they are
orthogonal to the null space of the prior). (The technical details of how to draw
from prior 5.13 and compute associated expected values are described in Appendix
C.) Obviously once we have a sample from the prior we can add arbitrary elements
of the null space and obtain random draws that have exactly the same probability as
the original sample under the improper prior. Thus, one question is which samples
should we show? We adopt the convention that when we sample from an improper
prior, we only show the samples whose projection on the null space is 0 (because this
is actually how the samples are obtained), and leave to our imagination the task of
adding arbitrary elements of the null space in order to visualize the prior indifference.
This is usually easy when the null space consists of constant or linear functions.
However, in order to aid this process, before showing samples from different kinds of
priors, we now show what samples look like when we add an arbitrary member of the
null space.

Consider the cases n = 1 and n = 2, with µ̄ = 0 (zero mean) and µ̄ set to some
typical age profile (in this case the one for all-cause male log-mortality). For Figure
5.2 we drew three samples from the proper portion of the prior in Equation 5.13.
Then we added to each an arbitrary element of the null space. Notice that we say an
“arbitrary” and not a “random” element of the null space because we cannot draw at
random from the null space since the density over it is improper. Hence, we selected
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the particular elements here for visual clarity. In the top left panel we have set n = 1
and µ = 0: The prior has zero mean and the null space is the space of constant
functions. Each of the three random samples from the proper portion of the prior
is color coded (red, green, or blue). We then repeat each of the three samples three
times by adding to the sample three arbitrary elements of the null space. Hence, in
this graph, we can see three red curves, that differ only by a constant. Our prior
is indifferent to the choice among these three red curves, in that they have identical
prior probabilities. The same holds for the three green curves and three blue curves
in the top left graph of the figure. (The samples originally produced by the algorithm
which samples from the proper prior are the ones in the middle, which have zero mean
over age groups, but this of course is a minor technical point about how we happen
to choose to draw priors.)

In the top right panel we show a similar graph, but with a nonzero mean prior, for
which we set µ̄ to some typical shape for the age profile of male all-cause log-mortality.
In the bottom left panel we give samples from a zero-mean prior with n = 2, whose
null space consists of the space of linear functions. The original samples are again the
ones in the middle (zero mean and zero trend). We have added constant positive and
negative shifts and linear terms with positive and negative slopes to form the other
two sets of three curves in this graph. The bottom right panel has been obtained in
the same manner of the bottom left panel, but with a non-zero mean prior (same µ̄
as in the top right panel).

Of course, whenever we talk about null space and prior indifference we are always
idealizing the situation somewhat: obviously it is not true that we are totally ignorant
about the levels of the age profiles (for example we have the constraint that log-
mortality is a negative number, and some of the values in the figure are positive!).
What we mean by “ignorant” is that we think that the prior knowledge is sufficiently
less important than the knowledge contained in the data that it should be ignored.
In this situation, we might as well pretend we do not have any such prior knowledge
and take advantage of the nice properties of the null space of the prior.

We now proceed to analyze in more detail what samples from the improper priors
described in this section look like when we ignore the null space. To this end we
show in Figure 5.3, samples from the proper part of the prior in Equation 5.13 for
n = 1, 2, 3, 4.

An obvious feature of these graphs is that the samples become less and less
“jagged” (or locally smooth) as n increases: This is what we should expect, since
the smoothness functional is built to penalize an average measure of local “jagged-
ness”. (The same pattern can also be seen in Figure 5.2, which we constructed to
focus on the null space.) Another way to say this is that as n increases, the values of
µ at different ages become more and more correlated with each other.

Another very evident feature of these graphs is that, as n increases, the samples
acquire more and more large “bumps” (or global changes in direction). If we think of
the number of bumps as a measure of oscillation then this implies that as n increases
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Figure 5.2: Age profile samples from smoothness priors with added arbitrary elements
of the null space. For each panel, different colors correspond to different samples, while
curves of the same color differ by an element of the null space. Top left: n = 1 and
µ̄ = 0; Top Right: n = 1 and µ̄ 6= 0; Bottom left: n = 2 and µ̄ = 0; Bottom right:
n = 2 and µ̄ 6= 0. These graphs have data with 17 age groups, at 5 years intervals,
labeled 0, 5, . . . , 80. The value of θ has been chosen so that the standard deviation of
µa is 0.3, on average over the age groups, and the scale is the same in all graphs.
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Figure 5.3: Age profile samples from the smoothness prior 5.13 for n = 1, 2, 3, 4. Here
A = 80, and there are 81 age groups, from 0 to 80. The value of θ has been chosen
so that the standard deviation of µa is 0.3, on average over the age groups, and the
scale is the same in all graphs.
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the samples oscillate more. This sounds like a contradiction: the point of building
smoothness functionals is to penalize functions which oscillate too much, and we have
been claiming all along that as n increases, the functionals become more restrictive
and therefore their samples should oscillate less. The contradiction is only apparent,
however, because we have been mixing two kinds of oscillations: one is local oscilla-
tion, measured locally by the derivative of order n, and the other is global oscillation,
measured by the number of bumps, or, better, by the number of zero-crossings. The
smoothness functional in Equation 5.10 is built to penalize the local amount of oscil-
lation, on average, and it does not care about the global shape of a function. In fact,
we can dramatically alter the global shape of a function by adding to it a polynomial
of degree n− 1 without changing the value of the smoothness functional at all. Take
for example n = 4, so that the null space is the 4-dimensional space of polynomials
of degree 3. Polynomials of degree 3 can have 2 “bumps”, but they are the smoothest
possible curve according to this smoothness functional. Therefore, it should not be
surprising that samples from the prior often have one more bump, as is the case for
most of the samples in the bottom/right panel of Figure 5.3.3

The samples we show in Figure 5.3 are all for the zero-mean prior. In order to give
an idea of how the samples look like when the prior is not zero mean, like in Equation
5.11, we repeated the same experiment centering the prior around µ̄, where µ̄ has been
chosen as the average age profile of all-causes log-mortality in males (the average is
over all years and all 67 countries with more than 20 observations). The results are
reported in Figure 5.4. The most “reasonable” age profiles are those obtained with
n = 2, for which the null space is the set of linear functions of age. If this null space
is too large we can combine the priors for n = 1 and n = 2 in order to reduce the
size of the null space but retain smooth age profiles. We address this issue in more
detail in Section 6.1.

Finally, we compare the smoothness functionals in Equation 5.12 derived in this
section with the “bare bones” smoothness functional in Equation 4.15 (Page 81).
Since n ≥ 1, the constant vector ν = (1, 1, . . . , 1) is always in the null space of
W age,n, implying that the rows and columns of W age,n always sum to 0. In turn, this
implies (via the result in Appendix B.2.6, Page 277) that it is always possible to find
a matrix sage,n such that we can write the smoothness functional in Equation 5.12
(Page 100) in the same form as Equation 4.15 (Page 81):

H[µ, θ] =
θ

T

∑

t

∑

aa′

sage,n
aa′ (µat − µa′t)

2. (5.14)

Since the derivative is a local operator, the matrix W age,n will usually have a
“band” structure, such that W age,n

aa′ is different from 0 only if a and a′ are “close” to

3Another noticeable feature of these graphs is that the variance of the samples for the first and last
age group becomes larger with n. This is partly due to the difficult of writing a good discretization
of the derivative operator near the edges of the domain (for age group 0 and 80 only “one-sided”
information can be used), and it is sensitive to choices we make in this regard.
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Figure 5.4: Age profile samples from the smoothness prior 5.13 for n = 1, 2, 3, 4 and
a typical age profile for all-causes log-mortality in males. There are 17 age groups
(A = 17), at 5 years intervals, labeled 0, 5, . . . , 80. The value of θ has been chosen
so that the standard deviation of µa is 0.3, on average over the age groups, and the
scale is the same in all graphs.
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each other (although not necessarily first neighbors). This structure is reflected in
the matrix sage,n, which makes clear that the smoothness functional in Equation 5.12
is a sum of “local” contributions, obtained by comparing the value of µ in a certain
age group with the values in nearby age groups. In this respect the smoothness
functional in Equation 5.12 is like the one in the previous chapter, which resulted
from pairwise comparisons between neighboring age groups. An important difference
between Equations 5.14 and 4.15, however, is that in Equation 4.15 the “weights” saa′

were chosen to be positive: This allows us to interpret the smoothness functional as a
way to penalize configurations in which similar age groups do not have similar values
of µ. However, as soon as n becomes larger than 1, many of the elements of sage,n

become negative, which may appear counterintutitive. However, this must be the case
since if the elements of sage,n were all positive then the null space of the functional
could only be the set of constants, independent of the values of sage,n, while we know
that the size of the null space increases with n. In other words, the elements of sage,n

become negative in order for some cancellations to occur, cancellations necessary to
ensure that the null space has the correct structure.

Thus, it may be tempting to build priors “by hand” starting from the intuitive
formula in Equation 5.14, where the elements of sage,n are chosen to be positive, since it
easy to understand its meaning in this case. In some cases this is appropriate, and we
shall do so when we will consider smoothness functionals over discrete variables, such
as countries, in Chapter 7. In other cases, however, following the approach of Equation
5.14 would probably cause us to miss a richer class of smoothness functionals, and so
it is more appropriate to start from the more formal notions of smoothness we offer
here, such as the one expressed by Equation 5.10. Such an approach has a tremendous
practical advantage in that we do not have to choose the elements of the matrix sage,n:
They are provided to us from the discretization of the derivative operator, so that the
only choice we have to make is about the parameter θ and the degree of smoothness
n.

5.3 Step 2: From the Prior on µ to the Prior on β

5.3.1 Analysis

Now that we have a better understanding of the meaning of the prior on µ in Equation
5.12, we proceed to Step 2 of our strategy and derive a meaningful prior in terms of
β by using our prior for µ constrained to fit the specification µat = Zatβa. One way
to think about this procedure is as another way to add information, by restricting
ourselves to patterns for the expected value of the dependent variable that can be
explained by a set of covariates. Formally this is done by projecting the prior implied
by Equation 5.12 on the subspace spanned by the covariates. Substituting µat = Zatβa

into Equation 5.12 we obtain:
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Hµ[β, θ] ≡ θ

T

∑

aa′t

W age,n
aa′ (Zatβa)(Za′tβa′)

= θ
∑

aa′

W age,n
aa′ β′

aCaa′βa′ (5.15)

where the second line uses the fact that the coefficients β do not depend on time and
so the sum over time can be performed once for all, and where we have defined the
matrix:

Caa′ ≡ 1

T
Z′

aZa′

so that Za is the usual data matrix of the covariates in cross-section a, which has Zat

for each row. Hence, the prior for β, conditional on the parameter θ, is now simply

P(β | θ) ∝ exp

(

−1

2
θ
∑

aa′

W age,n
aa′ β′

aCaa′βa′

)

(5.16)

5.3.2 Interpretation

We now make three brief but critical observations. First, the vectors of covariates
Zat and Za′t are of dimensions ka and ka′ , respectively, and so Caa′ is a rectangular
ka × ka′ matrix, and it does not matter whether we have same number or type of
covariates in the two cross-sections.4 That is, this result enables us to include all
available covariates in the time series regression in each cross-section, even if they
differ from cross-section to cross-section in number, content, or meaning.

Second, the weights W age,n
aa′ in Equation 5.16 are fully specified once we choose,

from prior information, the order n of the smoothness functional in Equation 5.10 (see
Section 6.1). That is, all A2 elements of this matrix — all elements of which, under
previous approaches, would need to be specified by hand — are uniquely determined
by the single scalar n.

Third, the form of the prior in Equation 5.16 depends on the fact that the cross-
sectional index can be thought of as a (possibly discretized) continuous variable, so
that we can define the fundamental notion of smoothness with respect to a continuous
variable in terms of derivatives. We show in Section 7.2 that when the cross-sectional
index is a label, like a country name, a formally similar approach is viable and leads
to a prior of the same form as the one in this section.

4This last statement is true even if the age groups indexed by a are not equally spaced. In
this case it is somewhat more complicated to build the matrix W

age,n
aa′ , since one is required to

approximate the n-derivative of µ using unequally spaced points: This task goes beyond the simple
rules explained in Appendix D, but straightforward methods can be found in standard numerical
analysis textbooks.



Chapter 6

Model Selection

Like any statistical method, and especially any Bayesian method, our approach comes
with a variety of adjustable settings and choices. As discussed in Chapter 1, however,
we needed to make so many forecasts for our application that we had to limit these
choices as much as possible. Of course, limiting choices is almost the same process
as ensuring that the choices made were based on readily available knowledge. This
is often not the case in Bayesian modeling, where hyperparameter values and other
choices are based on guesses, default settings, “reference priors,” or trial and error.

Thus, in this chapter we try to connect every adjustable setting to some specific
piece of knowledge that demographers others have readily available from their em-
pirical analyses. For example, at no point should users need to set the value of an
important hyperparameter that has no obvious meaning or connection to empirical
reality. Our job in developing these methods, as we see it, is to bring new informa-
tion to bear on the problem of demographic forecasting, and so we put in considerable
effort into taking existing qualitative and quantitative knowledge bases in demogra-
phy and the related social sciences and providing easy and direct connections to the
choices necessary in using our methods.

In this chapter, we discuss choices involving the degree of smoothness (Section 6.1),
the prior for the smoothing parameter (Section 6.2), where in the function to smooth
(Section 6.3), covariate specification (Section 6.4), and variance function specification
(Section 6.5). The results of this chapter made it possible for us to design easy-to-use
software that implements our methods, since we were able to translate apparently
arcane choices into substantively meaningful decisions about which much is known.

6.1 Choosing the Smoothness Functional

In Chapter 5, we considered a family of smoothness functionals based on the derivative
of order n. The parameter n plays multiple roles in the smoothness functionals of
the type of Equation 5.10:

109
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1. It determines the local behavior of the function, that is how the functions looks
on a small interval of the domain. Increasing values of n correspond to samples
that are locally more and more smooth.

2. It determines the size of the null space of the functional, which consists of the
n-dimensional space of polynomials of degree n− 1.

3. It also determines the global shape of the samples, that is how many global
“bumps” (or changes of direction) it has, and also how many zeros. This is
a side effect of controlling the size of the null space: When n increases, the
polynomials in the null space have more and more bumps. Therefore we can
have functions with many bumps, similar to polynomials, with very small values
of the smoothness functional: these functions will appear with high probability,
which explains why samples from the prior with large n display, over the whole
domain, a high degree of oscillation even if they are locally very smooth.

Reducing an entire proximity matrix to one parameter n is tremendously conve-
nient, but the fact that only one parameter controls different characteristics of the
samples drawn can sometimes be a disadvantage in practical applications. We show
how to avoid this disadvantage now. Suppose, for example, that we wish our samples
to be locally very smooth, with the kind of local smoothness associated with n = 4.
However, we may not want the global behavior associated with n = 4 (see Figure
5.3, Page 104), because it has many bumps, and we may not want as a null space
the space of polynomials of degree three, because it is too large (i.e., it may exclude
constrants we wish to impose). Suppose instead we want the null space to consist of
the space of linear functions. As it turns out, we can have the best of both worlds by
considering a larger class of smoothness functionals that includes mixtures of those
we have considered until now:

H[µ, θ] ≡
K

∑

i=1

θi

∫ T

0

dwtime(t)

∫ A

0

dwage(a)

(

dniµ(a, t)

dani

)2

, (6.1)

where θi ≥ 0 and we use the convention that the numbers ni are listed in ascending or-
der. We refer to smoothness functionals of this form as mixed smoothness functionals,
while we refer to a smoothness functional of the form 5.10 as a standard smoothness
functional.

The reason mixed smoothness functionals are useful is that they enable separate
control over the size of the null space and the degree of local smoothness. The size of
the null space is controlled by n1, the lowest order of derivative in the functional, since
in order for the smoothness functional to be zero all the terms of the sum in Equation
6.1 must be 0. The degree of local smoothness is controlled by nK , the highest order
of derivative in the functional. In order for the smoothness functional to have small
values, all the individual smoothness functionals in the sum must assume small values,
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and if the term with nK does not assign a small value the smoothness functional will
not assume a small value. This makes clear that what is really important in the
mixed smoothness functional is the choice of n1 and nK , which suggests that we can
probably limit ourselves in most applications to the case K = 2.

Example We now return to the example at the beginning of this Section where we
desire a smoothness functional with samples that look locally very smooth, do not
have many global bumps, and have a null space consisting of the set of linear functions.
The local smoothness could be obtained from a standard smoothness functional with
n = 4, but this will have a null space that is too large and will also have samples
with many bumps. If we use a standard smoothness functional with n = 2 we get
the right null space, but the samples might not be smooth enough for our purposes.

Therefore we use a mixed smoothness functional with K = 2. The fact that the
null space must be the set of linear functions immediately determines that n1 = 2.
Since we want samples which look locally very smooth we choose n2 = 4. The last
thing we need to choose is the size of the parameters θ1 and θ2. For the purpose of
this illustration, all that matters is the relative size of these two numbers, so we fix θ1

to an arbitrary number, say 1. Obviously if we want the samples to look very smooth
we should give much more importance to the prior with the highest derivative. Figure
6.1 gives samples from the “mixed” prior for θ1 = 1 and for 4 different values of θ2:
0, 1, 100, 1000.

Notice how increasing the value of θ2 leaves the “global” shape of the samples and
the number of bumps unchanged (since they do not depend on the part of the prior
with higher derivative), while the local smoothness steadily increases.⊠

Thus, in a mixed smoothness functional, what determines the qualitative behavior
of the samples from the prior are the lowest and highest degrees of the derivative, n1

and nK . Thus, in practice we usually limit ourselves to K = 2. Although results are
sensitive to the choice of the prior, it is unlikely that they are that sensitive: If we
also added to Figure 6.1 a smoothness functional with n = 3, we would not see major
changes in the samples from the prior.

In practice many users will never need a mixed smoothness functional, and in fact
a standard smoothness functional with n = 2 will give reasonable results in most cases.
This is consistent with experience from the literature on nonparametric regression,
where cubic splines, or thin plate splines (which are related to our prior with n = 2)
are used most of times. The point of this section is that if we need something more
sophisticated, it is readily available, and no additional concepts are required. From a
computational point of view, since mixed functionals are sums of standard functionals,
and since a linear combination of quadratic forms is also a quadratic form, the priors
determined by both standard and mixed smoothness all have exactly the same general
mathematical form as Equation 5.12.

It is true that mixed smoothness functionals have more parameters than stan-
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Figure 6.1: Age profile samples from “mixed” smoothness priors with K = 2, for
different values of θ2. Here A = 80, and there are 81 age groups, from 0 to 80. The
graphs are on the same scale. In order to make the graphs comparable the values of
θ1 and θ2 have been scaled, in each graph, by a common factor, so that the standard
deviation of µa is 0.3, on average over the age groups.
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dard smoothness functionals, but the relative size between the parameters can be
determined in advance and kept fixed, leaving only one global hyperparameter. For
example, with K = 2, we suggest parameterizing the prior as follows:

H[µ, θ] ≡ θ

∫ T

0

dwtime(t)

∫ A

0

dwage(a)

[

(

dn1µ(a, t)

dan1

)2

+ λ

(

dn2µ(a, t)

dan2

)2
]

where the parameter λ is easily chosen by drawing from the mixed prior and selecting
the value which leads to the “best” looking samples (that is by making graphs like
the ones in Figure 6.1, a step our software automates). With this parametrization ev-
erything we say about the smoothing parameter for standard smoothness functionals
in the next Section also applies to θ in the mixed functional above.

6.2 Choosing a Prior for the Smoothing Parameter

All priors introduced thus far come with a smoothness parameter, which we denote
by θ. If we assume θ is known, then its effect on the forecast is qualitatively clear:
Larger values of θ correspond to smoother predictions, which pay correspondingly less
attention to the data. In the limit, with θ going to infinity, our Bayesian estimate
leads to a projection which lies in the null space of the prior — the specific element
of which is chosen by the likelihood — since the only configuration of coefficients
with nonzero probability are those for which the smoothness functional is zero. (This
contrasts with proper priors which return a single point, such as the prior mean, when
θ goes to infinity.) If we treat θ as a random variable then this point is still valid
when we replace θ with its expected value.

The parameter θ can be viewed in two ways, each leading to a different type
of procedure for choosing it. The first is to consider θ as a free parameter of the
theory, for which we happen to have no direct information. In this situation, we
could use relatively automated algorithms to choose θ’s optimal value. In our case
the optimal value is the one that minimizes an estimate of the forecast error. Usually
these algorithms rely on the idea of cross-validation: one or more data points are
left out of the data set and used as a “test set” to estimate the accuracy of the
forecast on new, unseen data. By repeating this procedure many times over different
definitions of the test set, one can construct reasonable estimates of the forecast
error, and choose the value of θ that minimizes it. One method based on this idea
is Generalized Cross-Validation, pioneered by Grace Wahba and her associates (See
especially Golub, Heath and Wahba, 1979, and Wahba, 1980, 1990). Another set of
techniques based on a similar idea goes under the generic name of “bootstrapping”
(see Efron, 1979, 1982, and the lengthy review in Efron and Tibshirani, 1993). A
third approach to the choice of the optimal smoothness parameter is Structural Risk
Minimization, which is a very general approach to statistical inference and model
selection (Vapnik, 1998; Hastie, Tibshirani and Friedman, 2001).
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A second way to look at the smoothness parameter is to consider it at the same
level of other quantities, such as β and σ, and treat it as a random variable with its
own proper prior distribution P(θ). (However, unlike β and σ, the prior for θ must
be proper since the likelihood contains no information about it.) This implies that we
must have an idea of what the mean and the variance of P(θ) should be. While such
information is often not available in many applications where smoothness functionals
are typically used, as in pattern recognition, it is usually available for the applica-
tions described in this book. The main observation is that, although demographers
do not have direct prior knowledge about θ in those terms, they typically do have
knowledge about quantities determined by θ. Therefore, if the relationship between
these quantities and θ can be inverted, knowledge about these quantities translates
into knowledge about θ.

We formalize this idea in two stages. First we consider a nonparametric prior
for the age profiles, of the type discussed in the previous chapters, ignoring the co-
variates and the time dimension. Then we introduce covariates and show how the
nonparametric approach can be modified in order to be used in practical applications.

6.2.1 Smoothness Parameter for a Nonparametric Prior

In this section we disregard our linear specification and the time dimensions, and
simply the following smoothness prior for the age profiles:

P(µ) ∝ exp

(

−1

2
θ(µ − µ̄)′W age,2(µ − µ̄)

)

, (6.2)

where µ is an A × 1 age profile vector, W age,2 is the matrix which corresponds to
a smoothness functional of the form in Equation 5.8 (Page 95), with a derivative of
order n = 2, and µ̄ is a “typical” age profile for other infectious diseases in males.
The question we address here is: what is a reasonable value for θ? The answer to this
question is, simply put, “a value which produces reasonable sample age profiles”. An
example of reasonable and unreasonable age profiles is shown in Figure 6.2, where we
plot two sets of twenty age profiles, each sampled from the prior in Equation 6.2. The
only difference between the left and right graphs (other than the randomness of the
sampling process), is the value of the smoothness parameter θ, which is larger in the
right than left graph. Even to the untrained eye, the graph on the right would seem to
correspond to an unlikely choice for the smoothness parameter, since each age group,
except maybe age group 70, exhibits an unacceptably large variance. Those who study
mortality age profiles typically have exactly this type of information. Therefore if we
had to choose between the two figures we could easily choose the one on the left.
The fact that we are not indifferent between these two figures shows that we are not
indifferent to different values of θ, and therefore that prior knowledge about θ exists,
and could be used to define at least a range in which θ should lie.

In principle, we could apply this strategy: For many values of θ > 0, sample from
the prior and draw graphs like the ones in Figure 6.2. Then let subject matter experts
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Figure 6.2: Samples from the prior in Equation 6.2 corresponding to different values
of θ. In the text, we show how the standard deviation (“sd” in the figure) of log-
mortality across samples at each age determines θ.

choose a prior representative of their prior knowledge. The range of smoothness
parameters θ associated with the selected figures will give us a range of acceptable
values of θ, which we use to build a reasonable probability distribution P(θ).

Of course, this approach in practice is too time consuming, and fortunately easier
ways to achieve the same result exist. As it turns out, the only fact we need to
know is the basis of the experts judgment about the samples. For example, we may
postulate that experts judge the different figures according to the overall degree of
variability of the age profiles, measured by the average of the age-specific variance
of the age profiles. Alternatively, it is possible that experts are confident that, in a
certain age range, say 20 to 75, log-mortality does not increase more (or less) than
a certain amount going from one age group to the next, and therefore judge the age
profiles accordingly.

We now formalize this approach. We assume that experts’ opinions can be sum-
marized by a statement of the following form: “on average, the value of F (µ) is F̄”,
where F (µ) is the function of the age profiles that experts implicitly use as basis for
their judgment. For example, if experts judge samples from the priors by the overall
degree of variability of the age profiles, we could set F (µ) to be the average (over age
groups) of the age-specific variance of the prior:

F (µ) ≡ 1

A

A
∑

a=1

(µa − µ̄a)
2, (6.3)

The expected value of F (µ) is clearly a function of the parameter θ, and therefore
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setting the expected value F (µ) to the experts’ value F̄ uniquely determines θ, by
the following equation:

E⊥[F (µ)|θ] = F̄ (6.4)

where the subscript ⊥ reminds us that the prior in Equation 6.2 is improper and
all expected values must be taken with respect to the subspace orthogonal to the
null space of the prior (see Appendix C). Equation 6.4 can be solved for θ either
numerically or analytically, depending on the choice of F , and therefore used to set
the mean of the prior P(θ). Since the value F̄ will always be provided with an
uncertainty interval, the uncertainty on F̄ can be easily translated in uncertainty on
θ, and therefore used to estimate the variance of P(θ).

The relationship between F̄ and θ is easily seen for the choice of F (µ) shown in
Equation 6.3, which corresponds to the average of the age-specific variance of the
prior. Experts are more likely to think in terms of standard deviations, rather than
variance, and therefore it is convenient to define F̄ in this case as σage, and refer
to σage as the standard deviation of the prior. Using this definition, and using the
formulas of Appendix C to perform the calculation in Equation 6.4, we obtain the
following:

E⊥[F (µ)|θ] ≡ 1

A

A
∑

a=1

E⊥[(µa − µ̄a)
2] =

1

Aθ
tr

(

W age,2
)+

= F̄ = σ2
age (6.5)

where the superscript + stands for the generalized inverse (Appendix B.2.5, Page
275), and the matrix W age,2 is known (see Section 5.2.5). Equation 6.5 can now be
solved for θ as:

θ =
tr (W age,2)

+

Aσ2
age

(6.6)

In fact, this is the expression we used to produce Figure 6.2: The graph on the left
used a value of σage = 0.3, which seems, a priori, an empirically reasonable number
(this is the quantity “sd” reported in the top left corner of the figure). Plugging
this number in the equation above we obtained a value of θ to use in our simulation.
Similarly, for the graph on the right, we choose θ such that σage = 1, which based on
our experience with age profiles seems unrealistically large.

6.2.2 Smoothness Parameter for the Prior over the Coeffi-
cients

The formulas reported in the previous section are not what we use for forecasting
(although they would be appropriate for simple univariate smoothing). In fact, in
practical applications our age profiles can only lie in the span of the covariates, and
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the priors we use are defined over the set of coefficients β. In order to simplify some
of the formulas, it is convenient to re-write our linear specification as µ = µ̄ + Zβ,
where we have defined:

β ≡

∣
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∣

∣
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∣

∣

∣

∣

µ̃1

µ̃2
...

µ̃A

∣

∣

∣

∣

∣

∣

∣

∣

∣

(6.7)

In other words, in this section the specification Zβ refers to the centered age profiles,
µ̃ = µ − µ̄. Under this definition the prior over the coefficients β corresponding to
the nonparametric prior in Equation 6.2 has zero mean and can be written as:

P(β | θ) ∝ exp

(

−1

2
θ
∑

aa′

W age,2
aa′ β′

aCaa′βa′

)

(6.8)

Introducing the matrix Dage:

Dage ≡

∣

∣

∣

∣

∣

∣

∣

∣

W age
1,1 C1,1 W age

1,2 C1,2 . . . W age
1,AC1,A

W age
2,1 C2,1 W age

2,2 C2,2 . . . W age
2,AC2,A

. . . . . . . . . . . .
W age

A,1CA,1 W age
A,2CA,2 . . . W age

A,ACA,A

∣

∣

∣

∣

∣

∣

∣

∣

(6.9)

the prior for the coefficients takes the form:

P(β | θ) ∝ exp

(

−1

2
θβ′Dageβ

)

(6.10)

For a given set of covariates Z, a sample of log-mortality age profiles is obtained by
sampling the prior in Equation 6.10, obtaining a random set of coefficients β and
plugging β in the specification µ = µ̄ + Zβ. Notice that this procedure generates T
age profiles, which are linked over the time-dimensions by the time variation of the
covariates Z.

The discussion of Section 6.2.1 still applies, except for the fact that the functions
F (µ) will contain an average over time, in addition to the average over age groups.
For example, if we think that experts have knowledge about the standard deviation
of the prior, we set:

F (µ) ≡ 1

AT

A
∑

a=1

T
∑

t=1

(µat − µ̄a)
2, (6.11)

where µ = µ̄ + Zβ. Equation 6.4 is therefore replaced by:

E⊥[F (µ)|θ] = E⊥[F (µ̄ + Zβ)|θ] = F̄ (6.12)



118 CHAPTER 6. Model Selection

where the expected value is now taken over β using the prior 6.8. In order to see how
this can be used in practice we explicitly perform the calculation in Equation 6.12
with F (µ) given by Equation 6.11. Using the formulas of Appendix C we show that

E⊥[F (µ)](θ) ≡=
1

AT

A
∑

a=1

T
∑

t=1

E⊥[(Zatβa)
2] =

1

AT
E⊥[β′Z′Zβ] =

1

ATθ
Tr

(

ZD+Z′)

Therefore Equation 6.12 now reads:

1

ATθ
Tr

(

ZD+Z′) = F̄ = σ2
age (6.13)

and solving for θ we obtain:

θ =
Tr (ZD+Z′)

ATσ2
age

(6.14)

Equation 6.14 is ready to be used in practical applications: It says that all we need to
know in order to set a reasonable value for θ is an estimate of the standard deviation
of the prior σage, a quantity which is easily interpretable, and in our experience is
easy to elicit from subject matter experts.

But what specific numbers for σage should one choose? In our application, the scale
of log-mortality means that a standard deviation of about 0.1 is usually a reasonable
starting point, and it implies excursions of about plus or minus 0.3 (three standard
deviations) around the prior mean. Obviously each case is different and there is no
substitute for good judgment. Therefore our general recommendation at least in our
mortality data is to start with 0.1 and try other values near 0.1. For example, since
the effect of the smoothing parameter operates on a logarithmic scale, we usually
also try values 0.05 and 0.2 (or sometimes as high as 0.3, as in the figure). If the
highest value gives reasonable results there is no reason to move to lower values, with
the risk of introducing unnecessary bias by restricting likelihood too much. In many
examples, a range of values for σ gives similar results.

A key point is that setting θ, or equivalently the standard deviation of the prior
σage, sets all the other “summary measures” of the prior. Therefore, if we have
knowledge of several summary measures, a good strategy is usually to study the
behavior of all of them as a function of the smoothness parameter of the prior. If
each summary measure suggests different values for θ, then our prior “knowledge”
may well be logically inconsistent and should be reconsidered.

Consider for example the case in which experts know that, in a certain age range
A, the change in log-mortality from one age group to the next is expected to remain
around a certain level, or that, on average over time, is not expected to exceed a
certain level. This information could be captured respectively by the following 2
summary measures:



6.2. CHOOSING A PRIOR FOR THE SMOOTHING PARAMETER 119

Figure 6.3: The expected value of the summary measures F1 and F2 defined in Equa-
tion 6.17 as a function of σage. This example refers to mortality from all causes in
males, and the typical age profile µ was obtained by averaging the age profile of
log-mortality of all countries in our data base with more than 15 observations. The
country of interest is the US, and the covariates are a linear trend and GDP.

F1(µ) ≡ 1

T#A
T

∑

t=1

∑

a∈A
|µat − µa−1,t| (6.15)

F2(µ) ≡ 1

T

T
∑

t=1

max
a∈A

|µat − µa−1,t| (6.16)

(6.17)

where A could be, for example, age range 20 to 80. The reason for restricting age
groups to the range A could be that for many causes of death log-mortality varies
much more in younger age groups, and deviates from the common, almost linear,
pattern observed in older age groups.

The expected values of F1 and F2 depend on θ, and therefore on σage. In Figure
6.3 we report the expected values of F1 and F2 as a function of σage for a wide range
of values of σage.

For very small values of σage, the prior is concentrated around the typical age
profile µ̄, and therefore the expected values of F1 and F2 reflect the properties of µ.
As expected, the expected value of both F1 and F2 increase with σage. Especially
interesting in Figure 6.3 is that for both summary measures the expected value does
not depend strongly on σage for small values of σage (say σage < 0.5): In this region the
properties of the samples from the prior, measured by F1 and F2, reflect quite closely
the properties of the typical age profile µ̄, and are therefore within very reasonable
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limits. Only after a threshold is reached does increases in σage begin to produce
noticable increases in the summary measures.

The shape of the curve corresponding to the summary measure F1 is quite typical,
in our experience. In fact this summary measure is closely related to another summary
measure:

F3(µ) ≡ 1

T#A
T

∑

t=1

∑

a∈A
(µat − µa−1,t)

2

and we expect that

√

E⊥[F3(µ)|θ] ≈ E⊥[F1(µ)|θ]

Note that F3 is a quadratic in µ, and therefore in β. Furthermore, using the formulas
of Appendix C the expected value of any quadratic form in β is a linear function of
1
θ
, and therefore a linear function of σ2

age. This implies the following dependency of
E⊥[F1(µ)|θ] on σage:

E⊥[F1(µ)|θ] ≈
√

k1 + k2σ2
age

which is precisely the behavior shown in the left panel of figure 6.3.
The fact that a single parameter, σage determines all the properties of the samples

of the prior is both an advantage and a disadvantage. It certainly simplifies our
task of chosing θ, but it may also create problems: In the example shown above the
summary measures F1 and F2 assumed reasonable values, but what if the samples
from the prior have the desired standard deviation but not the desired values of other
summary measures? This is possible, especially if the summary measures involve
dimensions on which the prior does not have much control, such as the time behavior.
Therefore in these cases additional priors must be used, increasing the number of
smoothness parameters and therefore the number of summary measures over which
we have control. This issue will be discussed in chapter 7.

6.3 Choosing Where to Smooth

In Chapter 5, we considered smoothness functionals of the form

H[µ, θ] ≡ θ

∫ T

0

dwtime(t)

∫ A

0

dwage(a)

(

dnµ(a, t)

dan

)2

,

where the measure dwage(a) allows us to enforce a varying degree of smoothness
for different age groups. In this section, we elaborate on this point and offer some
practical examples of the effect of making different choices for dwage(a).
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The choice of dwage(a) is related to the meaning of the dependent variable µ. As
mentioned in Chapter 5, µ could be the expected value of log-mortality, or its devia-
tion from some “typical” age profile µ̄. To clarify, we use µ to refer to the expected
value of log-mortality, and introduce µ̄ explicitly for prior’s mean for expected mortal-
ity. Since we are interested in the behavior over age groups, at any fixed point in time,
we drop the time variable, so that µ is only a function of age, and the smoothness
functional becomes:

H[µ, θ] ≡ θ

∫ A

0

dwage(a)

(

dn

dan
(µ(a) − µ̄(a))

)2

(6.18)

If we choose µ̄ = 0, and therefore a prior with zero mean, a non-uniform measure
dwage(a) penalizes the variation in log-mortality from one age group to the next more
in certain age groups and less in others. For example, suppose dwage(a) is such that
it weights older age groups more than younger ones. Samples from such a prior will
oscillate more and exhibit more variation at younger age groups, while they will be
“stiffer” at older age groups.

We illustrate this idea in Figure 6.4, where each graph displays 100 samples from
the prior associated to the smoothness functional in Equation 6.18. For these figures,
we have chosen µ̄ = 0, n = 2, and a measure of the form dwage(a) = alda, l ≥ 0.
The graph on the left corresponds to l = 0, that is to a uniform measure, and the
one on the right to l = 3. Notice that the graphs differ in two respects. First, when
l = 3 the variation in log-mortality from one age group to the next, in each sample,
is much larger for younger age groups than for older ones, as expected. And second,
within each age group, the variance of log-mortality is, on average, higher in younger
age groups (compare the huge variation observed at age 0 with the smaller variation
observed at age 80).

In order to get an idea of how the parameter l can affect the result we introduce
a different way of looking at a smoothness functional: Instead of looking at samples
from the prior we use it to smooth the data in a classic nonparametric framework,
and plot the results for different values of θ which indexes how much effect the prior
has. A large class of nonparametric smoothers is the one defined by the following
minimization problem:

min
µ

‖µ − m‖2 + θµ′Wµ (6.19)

where m is an observed age profile m = (m1, . . . ,mA) and µ′Wµ is the discretized
version of the smoothness functional 6.18. Smoothers of this type are common in
regularization and spline theory, and can be interpreted as Bayes estimates, as shown
by Kimeldorf and Wahba (1970). For our purposes the only thing we need to know
about the problem 6.19 is that its solution is given by:

µ(θ) = (I + θW )−1m (6.20)
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Figure 6.4: 100 random draws from the smoothness functional in Equation 6.18, with
µ = 0, n = 2, and measure dwage(a) = alda. For the graph on the left l = 0 (a
uniform measure) and for the graph on the right l = 3. The standard deviation,
averaged over age groups is the same in both graphs and equal to 0.3.

and that it has the following special cases:

µ(0) = m , lim
θ→∞

µ(θ) = P◦m

where P◦ is the projector onto the null space of the smoothness functional in Equation
6.18. The last identity is easily derived using the eigenvector/eigenvalue decomposi-
tion of W and partitioning the eigenvectors into a basis for the null space and a basis
for its orthogonal complement. Its interpretation is simple: When θ goes to infinity
the smoothed version of m is its best approximation from the null space of W . For
example if we choose n = 2, so that the null space consists of the linear functions,
when θ goes to infinity the smoothed version of the data is the straight line which
best fits m.

In Figure 6.5 we report the result of the smoother in Equation 6.20 for different
values of θ and for different choices of l. The data in the two graphs are the same (the
red dots), and correspond to the age profile of log-mortality for respiratory infectious
disease in Sri Lankan males in year 2000. In each graph we have plotted the smoothed
version of the data for 12 values of θ from 1,000 to 0 (the value 1,000 is for all practical
purpose equal to infinity). The smoothed curves are color-coded along the rainbow
colors: the lines in red to yellow correspond to very large values of θ, while those in
blu-violet to very small values of θ. The only difference between the graphs is the
value of l, which is 0 in the left graph and l = 4 in the right graph. Notice that when
l = 0 too much smoothing occurs at younger age groups, and it is difficult to find a
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value of θ which smooths the data well. When l = 4, instead, the smoothed curves are
allowed to remain fairly steep and to “bend” of a considerable amount at young ages,
even for relatively large values of θ, producing a better range of smoothing curves.

Notice also how the smoothed curves become a straight line when θ becomes very
large: This is an undesirable feature of this smoothness functional, and a consequence
of having chosen µ̄ = 0 and a null space consisting of straight lines. If a “typical”
age profile µ̄ is available much better results can be obtained, as we will now show.
For the purpose of this experiment we have synthesized a profile µ̄ by averaging
the age profiles of the 50 countries (not including Sri Lanka) for which at least 20
observations are available (this criterion aims to select countries with “good” time
series). Alternatively, we could have chosen to average only the countries which are
“neighbors” of Sri Lanka.
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Figure 6.5: Smoothed versions of the age profiles of respiratory infectious disease in
Sri Lankan Males (data from year 2000). Here we use prior 6.18 with zero mean, and
report in each figure the results for θ from 0 to 1000. For the graph on the left l = 0
(uniform measure) and for the graph on the right l = 4.

We now show in Figure 6.6 the same kind of graphs we showed in Figure 6.5, with
the only difference being that µ̄ is no longer zero. Now there is much less difference
between the two graphs, since the mean of the prior is responsible for explaining most
of the large variation between age groups at younger ages. This could be expected:
using a prior with non-zero mean is in fact equivalent to using a prior with zero mean
where the dependent variable is the deviation of log-mortality from the typical age
profile. While for log-mortality there is a strong argument for penalizing non-smooth
behavior less at younger age groups, a similar argument is less clear if the dependent
variable is the deviation of log-mortality from the typical age profile. In this case
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Figure 6.6: Smoothed versions of the age profiles of respiratory infectious disease in
Sri Lankan Males (data from year 2000). Here we use prior 6.18 with mean µ̄ different
from 0, and report in each figure the results for θ from 0 to 1000. For the graph on
the left l = 0 (uniform measure) and for the graph on the right l = 4.

the reason for having l 6= 0 is slightly different: in some cases knowledge about the
shape of the age profiles could be more accurate in older age groups than in younger
age groups, and therefore we would like to have a prior whose variance is higher in
younger age groups. By smoothing less at younger age groups we are also allowing
the variance within each of the young age groups to be higher. Therefore, even if the
prior has non-zero mean we may still want to use a value of l different from 0. We
illustrate this effect in Figure 6.7, which is the counterpart of Figure 6.4, but with µ̄
chosen as in Figure 6.6. Now the samples from the prior are quite similar: the main
difference between the two graphs is that, within each group, the variance of the
samples is higher at younger age groups. Since the graphs in Figure 6.6 correspond
to the priors whose samples are represented in Figure 6.7, it is not surprising that the
results with l = 0 and l = 3 are fairly similar.

Obviously other forms of prior knowledge on the shape of age profiles could be
available, which may not be represented by the simple choice dwage(a) = alda (for
example, one may want to allow more variation both in young and old age groups,
but not in the middle ones). We suggest that, in any case, researchers study graphs
of the kind we have produced here in order to understand what is the prior which
best represent their knowledge.
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Figure 6.7: 100 random draws from the smoothness functional in Equation 6.18, with
a non-zero mean µ̄, n = 2, and measure dwage(a) = alda. For the graph on the
left l = 0 (a uniform measure) and for the graph on the right l = 3. The standard
deviation, averaged over age groups is the same in both graphs and equal to 0.3.

6.4 Choosing Covariates

The choice of covariates in regression models is normally a major decision, as or more
important than most of the other statistical issues that often arise. And indeed, the
same rules apply in forecasting with our models as with any other use of regression
for forecasting: Choose covariates that pick up on systematic patterns that are likely
to persist, rather than idiosyncratic features likely to overfit in-sample data only.
Reduce the chances of overfitting by using priors to reduce the effective sample space,
or if necessary drop covariates. Et cetera. The importance of these usual cautions
are hard to overestimate, since even well-designed priors will not always avoid the
bias induced by misspecifying covariates. But our procedure involves an additional
factor that is implied by everything that has come before in this book and that we
now make explicit.

The second step of our two-step procedure in Section 5.2 is to project the prior
specified in terms of the expected value of the dependent variable µ on the subspace
spanned by the covariates Zat into the lower-dimensional vector of coefficients β.
Effectively, we are able to invert what would be a non-invertible (many-to-one) re-
lationship by restricting the full prior on µ to the subspace that spans Z, for which
the equation µat = Zatβa, is invertible. The key to the whole procedure, however,
is having a set of covariates that makes it possible to express the relationships of
interest specified under the prior for µ. The danger is that a rich prior for µ could
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be matched with an impoverished set of covariates such that the resulting prior re-
stricted to the subspace spanned by the covariates is not able to reflect most of the
interesting patterns allowed under the original unrestricted prior for µ.

Thus, we now provide tools with which one can check to see that important
characteristics of the prior are not lost when we take the projection. We focus in
particular on the null space, since when we project the nonparametric prior on the
space spanned by the covariates we also project its null space, and in principle it is
even possible for this operation to cause the null space to disappear or at least to be
greatly reduced. For example, if we impose a prior that says µ is smooth over age
groups, but include covariates that are not smooth, then it could be that the only
way the prior could produce smoothness is to set the slope coefficients to zero. For
other examples, no values of the β parameters can produce forecasts consistent with
the qualitative prior on µ. Since this would be an undesirable feature, we need to
understand the conditions under which this could happen and how to avoid it.

6.4.1 Size of the Null Space

We denote by µt ∈ R
A an age profile in year t, and write the nonparametric prior on

µ as

H[µ, θ] =
θ

T

∑

t

µ′
tWµt (6.21)

where W = W age,n (the squared discretized derivatives of µ with respect to age) in
the rest of this section. We assumed a zero mean for this prior, since the mean is
irrelevant for the computation of the dimension of null space. This prior is defined
over µ in H[µ, θ], which represents the A×T dimensional space of the T age profiles.
Let N(W ) denote the null space of W (which, as per Section 5.1, determines what
patterns of µ the prior is indifferent to), and let dim(N) ≡ nullity(W ) denote its
dimensionality.

The null space of the nonparametric prior in Equation 6.21 is obtained by allowing
the age profile of each year to vary independently from the other years, in N. This
implies that the dimensionality of the null space of the prior 6.21 is T × nullity(W ).
When we project the prior on the space spanned by the covariates we obtain the
following:

H[β, θ] =
θ

T

∑

aa′

Waa′β′
aCaa′βa′ . (6.22)

This prior is defined on a much smaller space than Equation 6.21. Or, in other words,
the prior in Equation 6.21 on µ, restricted to the space where µ = Zβ holds, has a
much smaller null space than before imposing the restriction.

In order to fix ideas, assume 17 age groups and 60 years of observations for a set of
7 covariates, with a nonparametric prior involving the second derivative only, so that
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nullity(W ) = 2. The prior for µ is defined over R
1020 (1020 = 60 × 17), and its null

space has dimension 120 (120 = 60 × 2). The prior on the coefficients in Equation
6.22 is defined over R

119 (119 = 7 × 17), which is less than the dimensionality of the
whole null space of the nonparametric prior!

In order to study the dimensionality of the null space of the prior on the coefficients
in Equation 6.22, it is convenient to start from the simple case in which the covariates
do not vary across age groups (like GDP, for example). Therefore the number of
covariates in age groups 1 to A is the same, and we denote it by k. In this case we
have:

Caa′ ≡ C ∀a, a′

where C is a symmetric k × k matrix and the prior has the form:

H[β, θ] =
θ

T

∑

aa′

Waa′β′
aCβa′ (6.23)

Since the dimensionality of the null space obviously does not depend on the particular
coordinate system we use to compute it, we perform a convenient change of variables.
We assume, without loss of generality, that the covariates are orthogonal. Therefore
the substitution

√
Cβa → βa (6.24)

is an invertible transformation (i.e., C−1 will exist because of the absence of collinear-
ity among the covariates), and we can study the prior in Equation 6.23 in the new
system of coordinates:

H[β, θ] =
θ

T

∑

aa′

Waa′β′
aβa′ .

Now denote by βq
a the q-th component of the vector βa, so that q = 1, . . . , k, and

the A × 1 vector βq whose elements are βq
a. Then we rewrite the expression above,

which sums over age groups, as one which sums over covariates:

H[β, θ] =
θ

T

k
∑

q=1

(βq)′Wβq. (6.25)

where recall that k = 7 in our running numerical example. In order for H[β, θ] to
be zero each vector βq, with q = 1, . . . , k, must be in the null space of W , which has
dimension nullity(W ). Therefore, the null space of the prior in Equation 6.23 has
dimension nullity(W ) × k. Using the numbers in the example above we would have
that the prior over the coefficients, which is defined over R

119, has a null space of
dimension 14 (14 = 2 × 7).
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6.4.2 Content of the Null Space

Expression 6.25 also allows us to identify the exact content of the null space. Let
us choose all the βq to be 0 except for q = q∗, and let us assume that the prior
over age groups is a standard smoothness prior with derivative of order n (for the
mixed smoothness similar reasoning applies). Then the null space of W is the set
of polynomials of degree n − 1. Therefore βq∗ is in the null space of W if it can be
written as:

βq∗

a =
n−1
∑

j=0

vq∗

i aj , for any vi ∈ R , i = 0, . . .n− 1

For this choice of coefficients, the patterns of log-mortality which belong to the null
space of the prior are described as

µat = zq∗

t βq∗

a = zq∗

t

n−1
∑

j=0

vq∗

j aj , for any vj ∈ R , j = 0, . . .n− 1

These are patterns which at any point in time have an age profile which looks like a
polynomial of degree n − 1, but whose coefficients evolve over time as the covariate
zq∗

t . Suppose for example that n = 2 and that q∗ corresponds to the covariate GDP,
so that zq∗

t = GDPt. Then a pattern in the null space of the prior can be written as

µat = GDPt(v1 + v2a) for any v1, v2 ∈ R

This reasoning can be used for any given q∗ = 1, . . . k, and taking a linear combination
of the corresponding βq we can obviously span the null space of the prior. Therefore
the null space of the prior consists of patterns of log-mortality of the following general
form:

µat =
k

∑

q=1

zq
t

n−1
∑

j=0

vq
ja

j, for any vq
j ∈ R,

where the coefficients vq
j are arbitrary numbers (notice that there are exactly nullity(W )×

k of them).

Covariates that Vary over Age Groups So far we have discussed the restrictive
case in which the covariates are the same for all the age groups. The main observation
necessary to understand the general case is that the more the covariates differ across
the age groups, the smaller the dimension of the null space of the prior. The reason
for this is that in order for a cross-sectional time series to be in the null space of the
prior, the age profile for each year must be in the null space of W . That means that
the coefficients have to satisfy, for each year, a complicated condition involving the
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covariates and the matrix W . In other words, if the covariates have no regularity
across the age groups it may be impossible for the prior to find a set of coefficients
that satisfies a requirement of regularity for every year.

We reinforce this intuition with the following example. Suppose the covariates zr
at

are zero mean, unit standard deviation, i.i.d. random variables. If T is large enough
we will have

Cqr
aa′ =

1

T

T
∑

t=1

zq
atz

r
a′t ≈ δaa′δqr

where δ is Kronecker’s delta. In this case the prior 6.22 becomes

H[β, θ] =
θ

T

∑

a

Waa‖βa‖2.

Since W is semi-positive definite its diagonal elements Waa are positive, and therefore
the null space of this functional is βa = 0 for all a = 1, . . . , A, and the the prior is
proper: The lack of correlation of the covariates across age groups has shrunk the
null space of the prior to zero.

In order to quantify this intuition let us consider the case in which there are k
covariates, but some of them may be missing in some age groups (by making the
number of unique covariates large enough any case can be seen as a special case of
this). Suppose for example we have 7 covariates, one of which is missing below a
certain age. The prior in Equation 6.22 is now defined over a space of dimensionality
smaller than A × k. However, we can rewrite it as a prior defined over R

A×k, but
with a constraint: we can “fill in” the missing covariates with arbitrary values, but
constraining the corresponding coefficients to be zero. This constraint is formalized by
saying that the coefficients β belong to a subspace S of R

A×k. Since the unconstrained
prior has the same covariates in each age group, the dimensionality of its null space
is dim(N)× k. It follows that the dimensionality of the null space of the constrained
prior has to be lower than that, and therefore dim(N)×k provides a convenient upper
bound.

A lower bound is available as well. In fact, let us drop the covariate which is
missing in some age groups altogether or, equivalently, let us set to zero the coefficients
corresponding to this covariate for all age groups. The resulting prior also has the
same covariate in all the age groups, and therefore the dimensionality of its null space
is dim(N) × (k − 1). Since this is a projection of the prior in Equation 6.22 over a
lower dimensional subspace this is a lower bound for the dimension of the null space
of the prior 6.22. This result is comforting: it implies that as long as there is at least
one covariate (for example the constant) which is the same across all age groups the
prior 6.22 is improper. More precisely, if there are l covariates which are the same
across the age groups, the dimension of the null space is at least dim(N) × l. We
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conjecture that this number is actually the correct dimensionality of the null space,
but we have not proved it yet.

The discussion in this section applies to the a prior defined over age groups, but
its logic also applies to any of the priors that we will describe in the next chapter,
where instead of smoothing the expected value of the dependent variable over age
groups we smooth it, for example, over time or countries. A detailed example of how
the null space depends on the covariates is presented in Section 7.1.

6.5 Choosing a Likelihood and Variance Function

Through most of this book, and in our software implementation, we specify the log-
arithm of the mortality rate to be normally distributed, a choice we refer to as “the
normal specification”. We also model the mean of the normal density as a linear
function of the covariates, and we have let its variance be an unknown parameter
σ2

i , indexed by the cross-sectional index. Since our approach is Bayesian, we model
the variances as random variables with a probability density P(σ2

1, σ
2
2, . . . , σ

2
N). This

density must satisfy two constraints: It must reflect knowledge we have about the
variances, and it must lead to a computationally feasible model. The problem of
finding a suitable model for P(σ2

1, σ
2
2, . . . , σ

2
N) cannot be discussed without discussing

the motivations behind our choice of the normal specification and the approximations
and sources of errors associated with it. Therefore we start this section by reviewing
the usual rationale for the normal specification.

6.5.1 Deriving The Normal Specification

The raw variable we observe is dit, the number of people who die in year t in cross-
section i. Because of the “count” nature of this variable, a reasonable starting point
is to assume that dit can be described by a Poisson process, with unknown mean λit.
We summarize this information as follows:

dit ∼ Poisson(λit) , E[dit] = λit, , Var[dit] = λit (6.26)

This model is highly constrained, since the mean and variance of this density are not
independent. A more flexible model would be given by a Pólya process, rather than a
Poisson process, where the Poisson density would be replaced by a negative binomial,
in which the variance can be any number larger than the mean, or the generalized
event count model which allows the variance to be greater than or less than the mean
(King, 1989a; King and Signorino, 1996). We do not consider alternative processes
here, since that would considerably lengthen our exposition without leading us in the
end to different practical choices. From a conceptual point of view the various count
models are appealing, and there is nothing in our model which prevents us from using
any of them. Since they simply correspond to different choices of the likelihood in
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the expression for the Bayesian estimator in Equation 4.3 (Page 68), the same priors
still apply. However, since they would lead to fairly complicated implementations, we
look for a computationally simpler alternative.

The key observation at this point is that if we think of the Poisson density as a
function of a continuous random variable, then it can be well approximated, under
certain conditions and for appropriate choices of the parameters, by a lognormal den-
sity. The lognormal is a density with two free parameters, ν and ̺, whose functional
form is reported in Appendix B.3.3 (Page 278). In the following, if a random variable
d has a lognormal density, we write d ∼ logN (ν, ̺2). If we want to approximate a
Poisson density with a lognormal density we must choose the parameters ν and ̺ in
such a way that the mean and variance of the lognormal match the mean and variance
of the Poisson density. Using the formulas in Appendix B.3.3 (Page 278) it is easy to
see that the lognormal approximation to the Poisson density of Equation 6.26 is:

dit ∼ logN
(

log λit +
1

2
log

(

λit

1 + λit

)

, log

(

1 +
1

λit

))

. (6.27)

The advantage of the approximation of the Poisson density by a lognormal is that

x ∼ logN (ν, ̺2) ⇐⇒ log x ∼ N (ν, ̺2).

Thus, if we could model the observed number of deaths by Equation 6.27 it would
follow immediately that log-mortality would be modeled with a normal distribution.
In fact, dividing dit in Equation 6.27 by population pit and using the property above
we obtain:

mit ∼ N
(

log
λit

pit

+
1

2
log

(

λit

1 + λit

)

, log

(

1 +
1

λit

))

(6.28)

Since by definition λit/pit = E[Mit], where Mit = dit/pit, the expression above implies
that

µit ≡ E[mit] = E[log Mit] = log E[Mit] +
1

2
log

(

λit

1 + λit

)

≥ log E[Mit]

As expected (from Jensen’s inequality), the expected value of log mortality is larger
than the log of the expected value of mortality, with the difference decreasing as the
expected number of deaths increases.

Before discussing the implications of the expression above, we first study precisely
when the approximation that led to it is appropriate.

6.5.2 Accuracy of the Lognormal Approximation to the Pois-
son

Here we compare the Poisson density, seen as a function of a continuous variable,
with its lognormal approximation. This is done in Figure 6.8, where we show both
densities for four different values of the mean.
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Figure 6.8: The Log-Normal Approximation (in green) to the Poisson density (in
red), as a function of number of deaths, for different expected numbers of deaths.
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As illustrated in the figure, the approximation improves as the expected value
of the number of deaths, λit, increases, with large errors occurring when λit < 5.
The crucial difference between the lognormal and the Poisson density is the behavior
at the origin: While the lognormal density is 0 at the origin (because it contains a
negative exponential in (log dit)

2), the Poisson is not. Therefore a sample from the
lognormal may generate dit close to zero, but never zero, while a sampling from the
Poisson (as a discrete distribution) can certainly generate dit = 0. This implies that
any attempt to use the lognormal density in a likelihood where the data are generated
by a Poisson distribution will result in an attempt to compute the logarithm of zero.

To give an idea of the numbers involved, with a Poisson density when λit = 1
the probability of observing a 0 is 37%, while when λit = 5 this probability drops to
0.7%, dropping to a negligible value of 4.5 × 10−5 when λit = 10.

These considerations suggest that there are three “regimes” in which we may need
to operate:

1. Large value of λit This is the case in which the observed numbers of deaths
contain no zeros. This is likely to happen when the expected number of deaths λit is
always larger than 10 or 15. In this situation Equation 6.27 can be simplified:

dit ∼ logN
(

log λit +
1

2
log

(

λit

1 + λit

)

, log

(

1 +
1

λit

))

≈ logN
(

log λit,
1

λit

)

To see the amount of error involved in these approximations let us take λit = 15.

In this case the term 1
2
log

(

λit

1+λit

)

in the mean is -0.032, which is negligible when

compared to log λit = 2.7 (of a factor 100). For the term in the variance we have that

log
(

1 + 1
λit

)

= 0.064, which is well approximated by 1
λit

= 0.066.

The corresponding simplified specification for log-mortality is then:

mit ∼ N
(

log
λit

pit

,
1

λit

)

. (6.29)

In this regime, the expected value of log-mortality and the log of the expected value
of mortality essentially coincide, and the variance of log-mortality is inversely propor-
tional to the expected value of the number of deaths. This situation is very common
when dealing with all-cause mortality or for the leading causes of death in countries
which are not too small and, in most cases, for other than very young ages. The pat-
tern is less common as we move to rarer causes of death, small countries or younger
age groups.

To provide some specificity, consider a common cause of death, cardiovascular dis-
ease, in an hypothetical country, similar to the U.S., and of total population 280 mil-
lion, for age group 70–74 among males. Reasonable values in this case are λit = 60, 000
and pit = 4, 000, 000, which correspond to E[Mit] = 1.5%. Under these conditions the
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problems of zeros is nonexistent, and the lognormal and Poisson density are virtually
identical.

Now “scale” this hypothetical country down by a factor of 600, keeping the mor-
tality rate constant. We would obtain an expected number of deaths of 100 in a
population of 6,666 people, in a country with a total population of about 470,000.
For this country, we would still not expect any zeros in the observed number of deaths,
and the lognormal approximation would still be appropriate. If we scaled our initial
country down by a factor 36,000 then we could run into problems: The expected
number of deaths would be only 1.6 in a population of 111 people, and the total pop-
ulation of the country would be only 7,777. Under these conditions we should expect
a non-negligible number of zeros in the observed number of deaths, which would make
the application of the model in Equation 6.29 practically impossible (since we would
need to take the logarithm of zero) and imprecise (even if by luck we do not have
zeros, the lognormal density does not approximate the Poisson density very well in
this circumstance).

To make this discussion more empirical: In year 2000, two countries whose pop-
ulation in age group 70-74 around 111 were: The Cook Islands and Palau. The
observed number of deaths by cardiovascular disease for males in this age group for
the two countries was 3 and 5, respectively, probably reflecting higher mortality rates
than the U.S. In younger age groups, these countries exhibit non-negligible numbers
of zeros in observed deaths.

2. Small value of λit This is the case in which the data will have some observed
zeros, although most of the data will not contain zeros. We can expect this situation
whenever λit is somewhere between 2 and 10 (for λit = 2 a Poisson density will
generate data which are 0 about 13% of the time). In this case we face two problems:
(1) in this range of λit the lognormal is not a very good approximation of the Poisson
distribution, and (2) we do not know what to do when dit = 0 since its logarithm
is not defined. A common “fix” to the second problem consists of assigning to each
cross-section an extra 0.5 deaths every year (Plackett, 1981).

Since there are great computational advantages in retaining a normal specification
for log-mortality, like the one in Equation 6.29, we now study the size of errors
associated with this procedure. To begin, suppose λit is small, but we add 0.5 deaths
to each observation and proceed as if λit were large: How large is the error we make
if we estimate λ assuming that Equation 6.29 still holds?

To study this question, we take 500,000 draws from a Poisson distribution with
mean λ, for 0.5 ≤ λ ≤ 10 (we omit the indexes it for simplicity, as if we were
considering one specific cross-section in one specific year). To these points we add
a value of 0.5 and then we take their logarithm. We consider the result our sample
of log-mortality, which we analyze as if it were normally distributed according to
Equation 6.29. Let µ̂ be the empirical average of log-mortality in our sample. If
Equation 6.29 holds then we can estimate λ as λ̂ = eµ̂. We repeat this procedure for
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Figure 6.9: The error in estimating the expected number of deaths from log-mortality
with zeros in observed deaths and 0.5 added to each observation. The expected
number of deaths is estimated assuming Equation 6.29 is still valid.

many different value of λ, and for each value we compute the percentage error |λ̂−λ|
λ

.
We report our results in Figure 6.9.

The approximation error we obtain with this procedure is surprisingly small, drop-
ping below 2% for λ greater than 2. Although this is reassuring, it does not mean,
however, that the density of log mortality with the “fix” is well represented by Equa-
tion 6.29: it merely says that its expected value is well approximated by the expected
value of the density 6.29 (although a similar phenomenon holds for the variance too).
In order to perform a more stringent test we perform a different simulation.

Thus, we generate a sample of 500,000 points from a Poisson distribution with
mean λ, for 0.5 ≤ λ ≤ 10, add 0.5 and take their logarithm as before. We consider
the resulting sample our data for log-mortality, which we now analyze as if it were
normally distributed according to N (µ, σ2), where estimates µ̂ and σ̂ of µ and σ are
obtained in standard way. We do not make any assumption about how µ is related
to λ. In order to estimate λ we sample from N (µ̂, σ̂2) to obtain a new sample for
log-mortality, which we then convert to a sample for the number of deaths by simple
exponentiation. This is the crucial step, since this sample will not look like the sample
obtained from the Poisson density, especially when λ is small (it will have a lognormal
distribution). As a final step we compute the empirical average of the mortality values
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Figure 6.10: Error in estimating expected deaths from log-mortality with observed
zeros in the number of deaths and with 0.5 deaths are added to each observation. We
have not assumed that Equation 6.29 holds.

from the new sample, which is an estimate of λ that we denote by λ̂. We repeat this
procedure for many different value of λ, and for each value we compute the percentage

error |λ̂−λ|
λ

. We report our results in Figure 6.10, which now displays larger errors.

But how large are these errors? When λ is small, say three, the standard deviation
of the Poisson density is quite large (for λ = 3 it is

√
3 = 1.73), and therefore there

is a lot of variation built in the data. Thus, expecting great accuracy in estimating λ
is unreasonable, even if we use the correct assumptions. Examining Figure 6.10 with
this in mind, and noting that a percentage error on λ of even 20% is not large on this
scale, we note that the “fix” of adding 0.5 deaths to each observation could probably
be used for values of λ as small as 3 without serious consequence. This assessment
takes explicitly into account the difference between the lognormal and the Poisson
distribution, and therefore it is more informative than the one of Figure 6.9.

The figures shown so far suggest a range of values of λit such that adding 0.5 to
the number of deaths does not noticeably destroy the information about the expected
values of death, while still allowing one to use a normal specification for log-mortality.
It remains to be shown that this procedure does not alter the structure for the vari-
ance. To this end it is instructive to perform a simple simulation, and compute the
variance of log(dit + 0.5) when dit ∼ Poisson(λit) for several values of λit. Given the
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results above we expect that, in the regime in which the Poisson and the lognormal
density are not too far apart, we would expect this variance to be equal to log(1+ 1

λit
)

(see Equation 6.27). We test this hypothesis in Figure 6.11, where on the horizontal
axis we have λit, and the curve in green is log(1 + 1

λit
) as a function of λit, while the

one in red is V[log(dit +0.5)] for dit ∼ Poisson(λit). Again, serious deviations between
these two curves occur only for λit < 3.
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Figure 6.11: Approximating the Variance of the logarithm of a Poisson Variable: In
red we report V[log(dit + 0.5)] for dit ∼ Poisson(λit), as a function of λit. In green
we report the function log(1 + 1

λit
), the variance of the logarithm of the number of

deaths, as a function of λit, when the Poisson and the lognormal density are close to
each other and there is no 0.5 additional term.

Figure 6.11 underlines an important point about the variance of log-mortality (a
topic also raised in Girosi and King 2005). In general it is not possible to define the
random variable log-mortality mit = log dit (assuming population pit = 1), unless we
know that dit never assume zero values, which is certainly not the case when λit is
small and dit is a Poisson process. Therefore it does not make sense to talk of the
variance of log-mortality when λit is very small. It does makes sense to define the
random variable log(dit + α), where α is any number larger than 0. It is tempting
therefore to interpret the variance of log-mortality as the variance of log(dit + α) and
then let α go to 0. Unfortunately Figure 6.11 suggests that this cannot be done. The
figure, which corresponds to α = 0.5, is representative of the behavior of the variance
of log(dit + α): for λit = 0 the variance is 0 (since the density is concentrated at the
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origin) and in a neighbor of λit = 0 the variance increases with λit, before starting
to decrease. For values of α smaller than 0.5 the location of the maximum will shift
to the left and the curve will become steeper, but the shape of the curve remains the
same. As a result the limit of this curve for α going to 0 does not exist at the origin
(the curve becomes discontinuous: it is 0 at the origin and then becomes a finite,
large number as soon as we leave the origin). Therefore writing V[log mit] ≈ 1

λit
for

λit going to 0 cannot be correct.

In order to understand in what situations correspond to “small” expected values
of deaths, we perform an exercise similar to the one we have done for λ large. We start
with the same large country as above, (total population 280,000,000), and consider
a cause of death not as common as cardiovascular disease, for example homicide, in
the same age groups as before, that is 70-74. If we consider the male population, a
reasonable value for λit is 135, and for pit is 4,000,000, which corresponds to E[Mit] =
3.4 × 10−5. Let us now scale this country down by a factor of 45, keeping mortality
the same: this makes the total population approximately 6,200,000, with λit = 3 and
pit ≈ 88, 000. For such a country we would expect to see a number of zero observed
deaths, and we would have to add 0.5 deaths to each observation if we wanted to
retain the normal specification for log-mortality.

Again, we compare these calculations to real data: In the year 2000, two countries
with population in the age group 70-74 were close to 88,000: Denmark and Finland,
and both report some zeros for the number of deaths. The total population of both
countries is around 5.1 million. For Finland the average number of deaths over the
last 10 years has been 2.1, while for Denmark it has been 0.7, and in both cases the
number of zeros observed in the time series is consistent with expected deaths of that
size (ignoring the downward time trend).

3. Very Small Value of λit This corresponds to situations where many obser-
vations have dit = 0. This is likely to happen when λit is smaller than 2 or 3. In
these cases, the data contain very little information, and assigning 0.5 deaths to each
observation could be highly distortive. For these cases the problem is not so much the
correct specification of the density, but the paucity of data: Absent prior information,
it is not clear that any sort of meaningful statistical inference can be performed on the
data. Since we do have prior information, we use it to deal with these cases with an
appropriate pre-processing imputation stage. Whenever zeros are found in the data,
we fill them in with values borrowed from nearby cross-sections and nearby points
in time. An alternative to this pre-processing is simply to consider the zero values
as missing and let the prior take over, although this risks selection bias. We use the
pre-processing approach mostly because of an implementation issue: Mortality data
have the convenient feature that if the number of deaths is observed in one age group
it is normally observed in all age groups.

This regime is common when studying very small countries, such as islands in the
Pacific. In these cases it can easily happen that an entire age profile is 0, even for
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causes of death which are not very rare. Obviously adding 0.5 deaths would be wrong
in these cases and the distinction between an entirely zero age profile and entirely
missing mortality rate is very small. Less dramatic cases occur in small countries such
as Honduras or Nicaragua for causes of death such as breast cancer. For example in
Nicaragua, in the period before 1980, in every year the age profiles only had 3 or
4 non-zero observations, with the typical value hovering around dit = 3. Since the
shape of the age profile for breast cancer is fairly well known, it is not difficult to
use the non-zero observations to fit a reasonable age profile, and therefore impute the
observations corresponding to the zero values.

In our applications, We have not found reasons to give up the computational
advantages of the normal specification to use a Poisson or negative binomial spec-
ification. This is especially true since our primary interest is in the forecast point
estimate. We have seen in this section, and confirmed in our experiments, that when
the expected number of deaths λit is large, the Poisson specification does not help,
and when λit is small but not very small adding 0.5 deaths to each observation does
not cause enough error to justify changing the specification. In short, once 0.5 deaths
are added to each observation, Equation 6.29 is a reasonable choice.

The results of this section leave open the possibility that instead of a Poisson
density a different density should be used as starting point for evaluating our approx-
imation. In particular, a different density could allow the variance of the number
of deaths to be less tightly tied to the expected value λit. We address this issue by
using a specification for the variance slightly more general than the one suggested by
Equation 6.29, a topic which we discuss in the next section.

6.5.3 Variance Specification

If the normal specification in Equation 6.29 is correct we would expect to see the vari-
ance of log-mortality to be inversely proportional to the expected number of deaths.
Since for every year and cross-section we only have one observation, we cannot test
this hypothesis directly. The value of λit could be approximated with the observed
value dit, but we cannot do the same to get the variance of mit, for which we need at
least two observations. The problem obviously is that the random variables involved
are not stationary. A quick way around that is to assume that they are “temporarily”
stationary, so that we can assume mit and mi,t+1 are drawn from the same distribution.
In this case we take their average absolute differences as an estimate of the standard
deviation of mit, which according to the model should be 1√

λit
≈ 1√

dit
. Therefore to

check how well the following relationship holds, we make this comparison:

1

T

∑

t

|mi,t+1 − mit| ≈
1

T

∑

t

1√
dit

(6.30)

where we are averaging over time in order to reduce the estimation variance in com-
puting the standard deviation.
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We offer some illustrative examples for cardiovascular disease in men, in Figure
6.12, and breast cancer in women, in Figure 6.13. Each of the four graphs in each
Figure is specific to a country, cause of death, and gender. Each graph plots the left
side of Equation 6.30, on the vertical axis, against its right side, where the cross-
sectional index i varies over 17 age groups. A red line is drawn at 45 degrees, where
the points should be if the relationship in Equation 6.30 held exactly (and without
measurement error). Note that the vertical axis, which determines the meaning of
specific deviations from the 45 degree line, is different in each graph.

In some of these graphs, such as for cardiovascular disease in Australian males
and for breast cancer in females in Italy and Malta, the relationship holds quite well,
especially considering the approximation involved. In other cases, like in the U.S.
and Iceland for cardiovascular disease in males, the relationship holds qualitatively,
in the sense that the pattern is correct. In cases like breast cancer in Kuwait it is
hard to say, since the points are so dispersed relative to the narrow range in which
mortality varies over ages. Examples like El Salvador are clearly violations, but in
practice, we let our variance approximation be a scalar multiple of the true variance,
which means that deviations from the 45 degree line that fall around a line through
the origin, such as in El Salvador, fit well. We could also introduce an additive scalar
correction, to allow for linear deviations that do not pass through the origin, but we
have not found this necessary.

After having looked at many different countries and many different causes of death
the tentative conclusion we have drawn is that when the number of deaths is not too
small it is qualitatively true that the variance of log-mortality decreases with the
expected number of deaths, although the exact functional form may vary. Going
back to the question posed at the beginning of this section: How do we translate this
knowledge into a prior for the standard deviations?

Begin by assuming the usual linear specification for the expected value of log-
mortality µit = Zitβi and that λit is large enough so that Equation 6.29 is valid. Then
we can identify the expected value of log-mortality with the logarithm of the expected
value of mortality, and therefore set λit = pit exp(Zitβi). If we truly believed in this
model we would then have a different standard deviation σit for each observation. A
way to capture the inverse proportionality between σit and λit would be to make the
σit correlated with the regression coefficients βi, and write P(σ2 | β) =

∏

it P(σ2
it | βi),

and set P(σ2
it | βi) to some density whose mean value is 1

λit
= 1

pit
exp(−Zitβi). An

obvious choice is to set σit =
σ∗

it√
λit

where σ∗
it is a random variable whose expected

value is 1. An extreme case of this model would be to set σ2
it = 1

pit
exp(−Zitβi).

There are at least two problems with this approach. First, having σ and β corre-
lated is computationally complicated, and would lead to a fairly slow implementation
in term of Monte Carlo Markov Chains. Second, having one standard deviation for
each observation leads to an unreasonable number of parameters.

Thus, we first modify this approach by removing the dependency of the standard
deviations on time, and hence writing σi instead of σit. This step is reasonable
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Figure 6.12: The Log-Normal Variance Approximation for Cardiovascular Disease in
Men. The left and right sides of Equation 6.30 are plotted against each other for 17
age groups. Deviation from the 45 degree line indicate countries and diseases where
the approximation holds less well.
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Figure 6.13: The Log-Normal Variance Approximation for Breast Cancer in Women.
The left and right sides of Equation 6.30 are plotted against each other for 17 age
groups. Deviation from the 45 degree line indicate countries and diseases where the
approximation holds less well.
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because the variation over time is small relative to the variation over cross-sections
(age groups in particular). Second, we model σi as inversely proportional to some
average historical level of the number of deaths for cross-section i, which we assume
to be known a priori and denote by λ̄i. If we think of λ̄i as a number which sets
the order of magnitude of σi, then we model the uncertainty around σi by writing
σi =

σ∗

i√
λ̄i

and taking σ∗
i to be a random variable with mean value 1. This model still

leads us to introduce C × A random variables, which is large in some applications.
We have also found it useful to reduce further the number of parameters by allowing
σ∗

i to vary only by age, although this latter choice is grounded in our experience and
not in any theory that guarantees that it will hold in other applications.

Summarizing, our variance specification has the form:

σca =
σ∗

a
√

λ̄ca

, E[σ∗
a] = 1 (6.31)

The presence of λ̄ca in the variance has a flavor similar to empirical Bayes. In fact,
it is not reasonable to expect that we can elicit estimates of these quantities directly
from experts, and some method which uses data needs to be used. A straightforward
implementation would use the average historical value of number of deaths as an
estimate of λ̄ca, or the average of the predicted values of an LS regression. This we
find too data-dependent. In order to remain close in spirit to the rest of the book,
we choose to borrow the value of λ̄ca from neighboring cross-sections, using the same
weights we use in the prior for the regression coefficients. Although not entirely
satisfactory, this approach seems to be a good compromise between practicality and
statistical theory.
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Chapter 7

Adding Priors Over Time and
Space

We now extend our results for generating priors to priors defined over sets of cross-
sections defined over indices other than discretized continuous variables like age
groups. We model prior knowledge of the expected value of the dependent vari-
able and the extent to which it varies smoothly over time. We consider situations
where we have prior knowledge about how the time trend of the expected value of the
dependent variable, rather than the value itself, varies smoothly across cross-sections.
We also allow more general interactions, such as if the age profile of mortality varies
smoothly over time and this pattern varies smoothly across neighboring countries.

Mathematically, this Chapter extends the model for cross-sections labeled by in-
dices which vary over sets that are continuous in nature but discretized (like a set of
age groups or income brackets), to point continuous without discretizing (like time or
distance from the population center), to variables composed of discrete sets with no
metric structure (such as a list of countries, diseases, or ethnic groups). The math-
ematical form for all these priors turn out to be the same as those considered thus
far.

7.1 Smoothing over Time

Another form of prior knowledge we are likely to have, and indeed do have in our
running example, is that the expected value of the dependent variable µit varies
smoothly over time.1 Since time is a continuous variable we can use the same reason-

1We might also have more specific knowledge, for example that µit decreases monotonically over
time, but this is more difficult to deal with a priori because we would need to specify the degree of
drop in µ, which is less clearly known a priori. Two other easier, if less fully satisfactory, ways to
incorporate this type of information could be used. One would be to include time as a covariate (as
is sometimes done in mortality studies as a rough proxy for technology) and to put a prior directly
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ing we developed for smoothing over age, in Section 5.2. Hence, denoting by i as a
generic cross-sectional index, we use an analogous smoothness functional to smooth
over time:

H[µ, θ] ≡ θ

N

∑

i

∫ T

0

dwtime(t)

(

dnµ(i, t)

dtn

)2

, (7.1)

where N is the total number of cross-sectional units and the measure dwtime(t) allows
us to weight some time periods more than others (for example we could use it to
exclude a time period in which we know that our smoothness assumptions do not
hold, like the time of an epidemic or a war; see Section 8.4). The discretization of
Equation 7.1 works exactly as the discretization of the smoothness functional over
age groups, so we do not report it here. The resulting implied prior for β is

Hµ[β, θ] =
θ

N

∑

i

β′
iC

time,n
ii βi (7.2)

where we have defined the matrix:

Ctime,n
ii ≡ 1

T

(

dnZi

dtn

)′ (
dnZi

dtn

)

(7.3)

While Equation 7.2 is mathematically similar to Equations 4.18 (Page 82) and
7.6, it differs in a substantively important way. One way to see this is that Equation
7.2 contains no interactions among any cross-sections, so that for example a random
permutation of the cross-sectional index will leave this expression unchanged. From a
probabilistic point of view this means that the coefficients βi are independent (not i.d.)
random variables, while the whole point of smoothing over age groups in Equation
4.18 (Page 82) and countries in Equation 7.6 is precisely that the βi are dependent
in specific interesting ways.

The obverse is that Equations 4.18 (Page 82) and 7.6 are insensitive to any tem-
poral behavior of the covariates, since time enters into those equations only through
the product Z′

iZj: a random permutation of the time index will leave this quantity
unchanged. In contrast, the whole point of Equation 7.2 is to take into account the
temporal behavior of the covariates, since it explicitly incorporates the time deriva-
tives of the covariates.

7.1.1 Prior Indifference and the Null Space

The smoothness functional in Equation 7.1 is a standard smoothness functional, of
the type discussed in Chapter 5. Therefore, in terms of µ the null space contains

on its coefficient. Another possibility is to use the prior in this section and to make forecasts but
to truncate the posterior via rejection sampling to ensure the desired pattern. However, we find in
practice that these steps are unnecessary since the likelihood contains plenty of information about
the downward trend.
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profiles of log-mortality which, in each cross-section, evolve over time as polynomials
in t of degree n − 1. What happens when we project on the subspace spanned by
the covariates? Since the smoothness functional in Equation 7.1 simply sums over
the cross-sections, the null space of the prior can be studied independently for each
cross-section, and so for simplicity in the following we assume that there is only one
cross-section, that we denote with the index i.

Restricted to the subspace defined by our covariates and linear functional form,
the null space is simply the null space of the matrix Ctime,n

ii . Since for any matrix V we
know that V and V ′V share the same null space, the null space of Ctime,n

ii in Equation
7.3 is simply the null space of dnZi

dtn
. Generic covariates, such as GDP or tobacco

consumption, are not perfectly correlated, and it is reasonable to expect that their
time derivatives are also linearly independent. Therefore if the data matrix only had
covariates of this type the matrix dnZi

dtn
would have full rank, the null space would be

trivial, and the prior would not be indifferent to any pattern. Therefore the structure
of the null space would be lost going from the space of µ to the space of the coefficients,
which would be unfortunate. Fortunately, the covariates will usually include the
constant, and probably time: this allows the matrix dnZi

dtn
not to be full rank. The

best way to see what the null space would be is through successive examples, which
we order in terms of increasing complexity.

1. Suppose we have only one age group and one country but multiple time periods.
If n = 1 then only constant levels are in the null space on the scale of µ. If
only a constant term is included in the covariate matrix Z, then after the prior
is restricted to the subspace defined by the covariates and our functional form
SZ, all patterns are in the null space. That is, since the prior can only affect
the constant term, and the constant term can have no effect on the smoothness
of µt over time, the prior has no parameters to adjust to achieve smoothness
and it will do nothing. Thus, in this situation, the prior will have no effect
on the empirical results, which is equivalent to a likelihood-only analysis, or a
Bayesian analysis with an improper uniform prior.

2. If we continue with the first example, but change n = 2, then the null space
for µ includes constant shifts as well as changes in the slope of µt over time.
However, since the covariates still only include the constant term, the prior will
have no effect on the constant term or the empirical estimates. So nothing
changes from the first example.

3. If n = 1, and Z includes a constant term and GDP, then the null space for µ, and
after restriction to the subspace SZ, includes only constant shifts. This means
that the prior will have no effect on the constant term in the regression. The
prior smooths expected log-mortality in this example by requiring the squared
first derivative with respect to time to be small. However, the only way the
prior can have an effect such as this is by affecting the coefficient on GDP. If
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GDP varies a lot over time, then this prior can only impose smoothness by
reducing the size of its coefficient.

4. Continuing with the previous example, but changing the degree of smoothness
to n = 2, the null space in µ becomes larger: The prior would now be indifferent
to both changes in levels and slopes of µt over time. However, the null space
restricted to SZ is the same as the previous example because patterns linear in
time are not in the span of the covariates (unless GDP happened to be exactly
linear in time). The nonnull space has changed from the previous example since
the prior now penalizes the second derivative of GDP. In other words, the prior
is now sensitive to, and tries to smooth, µ only as affected by the nonlinear
portions of GDP. It will do this by reducing the size of the coefficient on GDP.
(The fact that GDP may be nearly linear is immaterial, since any nonlinearities
are enough to let the prior use its coefficient to achieve the desired degree of
smoothness.)

5. Continuing with the previous example, suppose we add a time trend to the
constant and GDP in Z. Since n = 2, the null space on the scale of µ includes
shifts in both the level and slope, as before. Since the covariates are sufficiently
rich to represent these patterns, the null space restricted to SZ also includes
level and slope shifts. In this example, the prior would then only have an effect
only on the coefficient of GDP. This coefficient is adjusted by the prior to keep
µ smooth, and so it would be reduced if the second derivatives of this variable
were large. The constant and slope on the linear trend are unaffected by the
prior.

7.2 Smoothing over Countries

When Coale and Demeny developed their now widely used model life tables, they
began with 326 male and 326 female mortality age profiles, and reduced them to
192 tables by discarding those with apparent data errors (judged from large male-
female deviations). They then classified these age profiles inductively into four distinct
patterns. When they examined which countries fell in each category, they found that
the countries in each of the four categories were geographically clustered (Coale and
Demeny, 1966). As is widely recognized in building life tables by hand, such as
when filling in mortality age patterns in countries with missing data, “inferences are
often drawn from the mortality experienced by neighboring countries with better
data. This borrowing is made on the assumption that neighboring countries would
have similar epidemiological environments, which would be reflected in their cause of
death distributions and hence their age patterns of mortality” (Preston, Heuveline
and Guillot, 2001, p.196). We now use this generalization about mortality patterns
to develop priors that smooth over countries or other geographic areas, borrowing
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strength from neighbors to improve the estimation in each area.
In this section, we consider the case where the cross-sectional index i is a label

that does not come with a continuous structure naturally associated with it. In this
case an appropriate mathematical framework to describe smoothness is graph theory.
To keep things simple, we proceed here intuitively, leaving the formal connection to
graph theory and our precise definitions to Appendix E.

To fix ideas we focus on the case in which i is a country index (and we have only
one age group), so that i = c, c = 1, . . . , C and the expected value of the dependent
variable is a matrix with elements µct (where time is treated as a discrete variable).
We assume the following prior knowledge: At any point in time the expected value of
the dependent variable varies smoothly across countries. That is, it has the tendency
to change less across neighboring countries than between countries that are far apart.

The only ingredient we need to build a smoothness functional in this case is the
notion of a “neighbor”, which can be based on contiguity, proximity, similarity, or the
degree to which the people in any two countries interact. This is easily formalized
by introducing the symmetric matrix scntry, whose positive elements scntry

cc′ are “large”
only if c and c′ are countries which are “neighbors”, that is countries for which we have
a priori reasons to assume that the expected value of the dependent variable takes
similar values. In full analogy with Section 5.2 we write a smoothness functional of
the form:

H[µ, θ] =
θ

2T

∑

cc′t

scntry
cc′ (µct − µc′t)

2 (7.4)

Smoothness functionals of this type are common in applications of Markov Random
Fields in different disciplines, from agricultural field experiments (Besag and Higdon,
1999) to computer vision (Geman and Geman, 1984; Besag, 1986; Li, 1995). Defining,
as usual the matrix W cntry = (scntry)+ − scntry, we rewrite the functional in Equation
7.4 as

H[µ, θ] =
θ

T

∑

cc′t

W cntry
cc′ µctµc′t. (7.5)

Now that the prior is in a form similar to Equation 5.12 (Page 100), we repeat the
steps of Section 5.2 to derive the prior for the coefficients β. Plugging the specification
µct = Zctβc in Equation 7.5 we obtain, predictably:

P(β | θ) ∝ exp

(

−1

2
θ
∑

cc′

W cntry
cc′ β′

cCcc′βc′

)

, (7.6)

where we have defined the matrix

Ccc′ ≡
1

T
Z′

cZc′ ,
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and Zc is the usual data matrix for country c, that is the matrix whose rows are the
vectors Zct. The key here is the perfect correspondence between Equation 7.6 and
Equation 5.16 (Page 108): The only difference is that while for the prior over age
groups the matrix W age,n was determined easily by the choice of the scalar n, for the
matrix W cntry here we have to do more work and build the adjacency matrix scntry

by hand, using experts’ opinions to figure out which countries should be considered
neighbors. Mathematically, then the two forms are the same. The only difference is
due to the substantive differences between the two problems.

7.2.1 Null Space and Prior Indifference

The smoothness functional of Equation 7.5 defines a prior density for µ through the
relationship:

P(µ | θ) ∝ exp

(

−1

2
θ
∑

t

µ′
tW

cntryµt

)

(7.7)

where µt is the C × 1 vector with elements µct. By definition, the rows and columns
of W cntry sum up to 0, and therefore W cntry is singular. If the adjacency matrix scntry

has been built in such a way that it is possible to go from one country to any other
country traveling from neighbor to neighbor (that is there is only one continent and
no “islands”), then one can show that W cntry has only one zero eigenvalue (Biggs,
1993). Therefore we have:

rank(W cntry) = C − 1 , nullity(W cntry) = 1

The null space of W cntry is simply the one-dimensional space of constant vectors, and
the prior 7.7 is indifferent with respect to the transformation:

µct Ã µct + ft , ∀ft ∈ R.

Therefore, while we know something about how the dependent variable µ varies from
one country to the next, we are totally ignorant about the absolute levels it may take.

Suppose that the adjacency matrix scntry is built with “islands,” so within each
group it is possible to go from one country in one group (or “island”) to every other
country in that island by traveling from neighbor to neighbor; however, it is not
possible to go from any country in one island to any country in another island. In
this situation, each island adds an extra zero eigenvalue to W cntry, and thus increases
its nullity by one. The null space of W cntry, and hence the prior in Equation 7.7, is
indifferent to a different constant shift for all countries c included in each island j(c):

µct Ã µct + fj(c),t , ∀fj(c),t ∈ R.

Although using islands to add flexibility to the prior and expand the null space
in this way can be very useful, in practice such datasets can be analyzed separately
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for the group of countries on each island. As such, we only analyze the case with no
islands (i.e., one world island) in the rest of this section. Obviously, the same result
apply separately and independently within each island.

Since there are T time periods and therefore T independent choices of the values ft

the null space is a T -dimensional subspace, consisting of a log-mortality profile which
is constant across countries and that evolves arbitrarily over time. When we add to
the prior 7.7 the information coming from the specification µct = Zctβc, however,
the structure of this subspace will be altered: the time evolution of log-mortality is
now determined by the covariates, and we will not be able to produce patterns of
log-mortality with arbitrary behaviors over time (and constant across countries).

More precisely, the null space of the prior as determined by the coefficients β will
be the intersection of the null space of the prior 7.7 with the subspace SZ defined by the
specification µct = Zctβc. Excluding pathological combinations of the covariates, this
implies that all the covariates which are country-specific must have zero coefficients
in the null space. In other words, to get the µ’s to be similar, the prior will reduce
the value of the coefficients with Z’s that vary over countries.

Suppose now there exist k covariates z
(1)
t , . . . z

(k)
t which are the same across all

the countries, such as the constant and time: Then, for each, we can set the corre-
sponding coefficient equal to an arbitrary country independent constant, obtaining
a log-mortality profile which is constant across countries and that evolves over time
as z

(k)
t . Therefore the null space of the prior on the scale of β in Equation 7.6 is

k-dimensional and can be described as follows:

µct = b1z
(1)
t + b2z

(2)
t + · · · + bkz

(k)
t b1, . . . bk ∈ R

In practice it is likely that the only covariates which are common to all countries are
time and the constant. Therefore the null space will consists of patterns of the form
µct = b1 + b2t, for any b1 and b2. In terms of the regression coefficient β this implies
that if we add arbitrary numbers b1 and b2 to the coefficients of the constant and
the time covariates the prior remains constant. Therefore, when it comes to these
coefficients, the prior carries information only about their relative levels.

7.2.2 Interpretation

In Chapter 5, we considered the case of smoothness functionals for functions of vari-
ables which are continuous in principle, although discrete in practice. In this case the
key ingredient was the possibility of using the derivative of order n as a measure of
local variation. We also saw that priors written in terms of derivatives, as in Equation
5.10, could be written, once discretized, as in Equation 5.14 (Page 105), a form which
we used as a starting point for the prior in Equation 7.4. We noticed that when the
derivative in Equation 5.10 is of order 1 the weights sage,n

aa′ which connect one age
group to another should be positive. Since the weights in Equation 7.4 scntry

cc′ are, by
construction, positive, it is natural to ask whether the expression 7.4 can be related
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to some notion of first derivative with respect to the country label. We now show
that this is indeed the case, by giving an intuitive description and leaving the details
to Appendix E.

The derivative is a measure of local variation, and therefore if we want to define
the derivative of µct with respect to the country variable, at the point c, we start by
simply collecting in one vector ∇cµct the differences µct−µc′t for all countries c′ which
are neighbors of c (the superscript c stands for country and is not an index):

∇cµct ≡ (µct − µc1t, . . . µct − µcnt) c1 . . . cn neighbors of c

The sign of these differences is irrelevant at this point, since we will square them at the
end. As the notation suggests, we think of ∇cµct as the gradient of µct with respect
to the country label, although this quantity, unlike the usual gradient, is a vector of
possibly different lengths at c and c′, depending on the local neighborhood structure.
We now verify that this notion of gradient is useful. In the case of continuous variables,
like age (a), we obtain a smoothness functional by taking the derivative of a function
at a point a, squaring it and integrating over a. Let us do the same with the discrete
variable c. Thus, we “square the derivative at a point” by simply taking the squared
Euclidean norm of ∇cµct at the point c, which we denote by ‖∇cµct‖2, and integrate
by summing this quantity over all the countries. The resulting candidate for the
smoothness functional is

H[µ, θ] ≡ θ

2T

∑

ct

‖∇cµct‖2, (7.8)

where the factor 1
2

is included to avoid double counting (the difference µct − µc′t
appears both in the gradient at c and in the gradient at c′). It is now easy to verify
that the expression above is indeed a smoothness functional, and in fact it is the same
smoothness functional of Equation 7.4:

H[µ, θ] =
θ

2T

∑

ct

‖∇cµct‖2 =
θ

2T

∑

cc′t

scntry
cc′ (µct − µc′t)

2. (7.9)

This derivation of the smoothness functional does not add anything from a technical
point of view. However, it allows us to write a smoothness functional for a discrete
variable using the same formalism we use for continuous variables, hence unifying two
apparently different frameworks. This is useful for example for when we consider more
complicated forms of smoothness functionals, combining derivatives with respect to
ages and countries in the same expression. A limit of this formulation is that it does
not provide an easy generalization of the concept of derivative of order higher than
1.2

2It is a trivial observation, that nevertheless will be useful later on, that the derivative of order
0 is always well defined, since it corresponds to the identity operator. This implies that the correct
generalization of a smoothness prior with derivative of order 0 is obtained simply by setting W cntry =
I.
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7.3 Smoothing Simultaneously over Age, Country

and Time

With the tools developed in this chapter thus far, we can now mix, match, and
combine smoothness functionals as we like. Here we report for completeness the result
of using all three simultaneously, since this is what we often use in applications, and
since the results will always have the same unified and simple form as that for all the
other priors specified in this book. Although each component will have in practice its
own order of derivative n, for simplicity of notation we assume that they share the
same n. We adopt the continuous variable notation for age and time, so that µ(c, a, t)
is the expected value of the dependent variable for country c, age a and at time t.
Assuming the Lebesgue measure for the age and time, the smoothness functional is:

H[µ, θ] ≡ θ

CAT

∑

c

∫ A

0

da

∫ T

0

dtθage

[

(

dnµ(c, a, t)

dan

)2

+ θctr‖∇cµ(c, a, t)‖2 + θtime

(

dnµ(c, a, t)

dtn

)2
]

.

(7.10)

Noitce that we introduced a redundant parametrization, in which the smoothness
parameters associated to each smoothness functional (θage,θctr and θtime) are multi-
plied by a common “scaling factor”. This helps to maintain some of the notation
consistent with other parts of the book, and can be useful in practice (for example
one may determine a priori the relative weight of the 3 smoothness parameters and
carry on in the Gibbs sampling only the global parameter θ).

Now it is just a matter of going through the exercise of the previous section while
appropriately accounting for the indices c, a and t. The final result of our usual
second step is the same prior expressed on the scale of β, which is

Hµ[β, θ] = θ

[

∑

caa′

θage

C
W

age,n
aa′ β′

caCca,ca′βca′ +
∑

cc′a

θctr

A
W

cntry
cc′ β′

caCca,c′aβc′a +
θtime

CA

∑

ca

β′
caC

time,n
ca,ca βca

]

.

Fortunately this expression can be rewritten in a much simpler way using the following
definitions and the multi-indices i ≡ ca and j = c′a′:

Wij ≡Wca,c′a′ ≡ θage

C
W age,n

aa′ δcc′ +
θctr

A
W cntry

cc′ δaa′

Cij ≡
1

T
Z′

iZj +
θtimeδij

CATWii

(

dnZi

dtn

)′ (
dnZi

dtn

)

The final expression for the prior in terms of β is therefore:

Hµ[β, θ] = θ
∑

ij

Wijβ
′
iCijβj (7.11)

and as a result our prior for β is obtained by substituting Equation 7.11 in Equation
4.13:
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P(β | θ) = K(θ) exp

(

−1

2
θ
∑

ij

Wijβ
′
iCijβj

)

, (7.12)

where K(θ) is a normalization constant.

The remarkable feature of this expression is its simplicity: it is a normal prior, with
the same mathematical form as the prior implied by the original prior on coefficients
in Equation 4.5, and yet it embeds information about smoothness over ages, countries
and time and all on the scale of the dependent variable. In addition, while the weight
matrix W cntry has to be constructed by hand, the matrix W age,n is automatically
determined once the integer n has been chosen. It follows from the construction in
this section that the general structure of the prior in Equation 7.12 does not depend
on the particular choice that we have made in Equation 7.10: We could easily add
terms with mixed derivatives with respect to ages and times, or ages and countries,
or triple term interactions that combine ages, countries and time, and still the final
result would be of the type of Equation 7.12. We turn to this topic in the next section.

7.4 Smoothing Time Trend Interactions

Sections 5.2 and 7.2 allow researchers to specify smoothness priors on the expected
value of the dependent variable across (possibly discretized) continuous variables like
age and unordered nominal variables like country, respectively. In both cases, the
priors operated directly on the levels of µ. Similarly, Section 7.1 enables researchers
to specify smoothness priors on the time trend of the expected value of the dependent
variable. In this section, we generalize these results to allow the priors to operate on
the time trends in these variables, which is often very useful in applications.

7.4.1 Smoothing Trends over Age Groups

In addition, or as an alternative, to the smoothness functional for age in Equation
5.8 (Page 95) we now show how to allow the time trend of the expected value of
the dependent variable to vary smoothly across age groups. For example, we often
expect log-mortality to decrease at similar rates for all age groups (except possibly
in infants). For example, most demographers would normally be highly skeptical of
mortality forecasts for a country, sex, and cause, that trended upward for 25-year-olds
but downward for 30-year-olds. In this case an appropriate smoothness functional can
be obtained by replacing the level µ(a, t) in Equation 5.8 (Page 95) with the time
derivative ∂µ(a, t)/∂t, and averaging over time as well:

H[µ, θ] ≡ θ

∫ T

0

dwtime(t)

∫ A

0

dwage(a)

(

∂n+1µ(a, t)

∂an∂t

)2

. (7.13)
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This is one of those cases in which having a measure dwage(a) could be very important,
and so we have written it in explicitly. In particular, if µ is a log-mortality rate the
smoothness assumption above does not hold well at very young ages, where mortality
frequently drops at a faster rate — because of technological developments and political
necessity — than in other age groups. In this situation, the measure dwage(a) should
be defined so that younger ages are not penalized much, if at all, for having the rate
of decrease of log-mortality differ from neighboring age groups. An extreme choice
would be to set dwage(a) = 0 for, say, a < 5 and a constant otherwise, although a
smoother choice would probably be preferable.

With a smoothness functional like that in Equation 7.13, the prior for the coeffi-
cients β has exactly the same form as the one in Equation 4.19 (Page 83), the only
difference being that the covariates should be replaced by their time derivatives, and
therefore the matrices Caa′ should be replaced by

Ctime,1
aa′ ≡ 1

T

(

dZa

dt

)′ (
dZa′

dt

)

. (7.14)

Obviously time derivatives of order nt > 1 could be considered too, if desired, by
simply replacing the matrix Ctime,1

aa′ with a similarly defined matrix Ctime,nt

aa′ , in which
the first derivative is replaced with the derivative of order nt.

7.4.2 Smoothing Trends over Countries

Just as we sometimes may want to smooth the trend of the expected value of the
dependent variable across age groups, we may also want to do the same across coun-
tries. This is often a less restrictive but useful form of prior knowledge, which avoids
us having to make statements about the levels of the expected value of the dependent
variable. This is especially useful in situations where two countries, with different
base levels of the dependent variable, pursue similar policies over time, or benefit
from the same relevant technological advances.

By simply repeating the argument of Section 7.4.1, we can see that a prior corre-
sponding to this kind of knowledge has the same form as the one implied by Equation
7.3, in which the covariates have been replaced by their time derivative, and therefore
the matrices Ccc′ have been replaced by:

Ctime,1
cc′ ≡ 1

T

(

dZc

dt

)′ (
dZc′

dt

)

. (7.15)

7.5 Smoothing with General Interactions

In this final section where we build priors, we give detailed calculations for a generic
term involving a triple interaction of age, country and time. By setting appropriate



156 CHAPTER 7. Adding Priors Over Space and Time

matrices equal to the identity, researchers will be then able to derive formulas for all
the other pairwise interactions.

We begin with a smoothness functional of the form

Hna,nt [µ, θ] ≡ θ

C

∑

c

∫ T

0

dwtime(t)

∫ A

0

dwage(a)

∥

∥

∥

∥

∇c ∂
na+ntµ(c, a, t)

∂ana∂tnt

∥

∥

∥

∥

2

. (7.16)

where dwtime(t) and dwage(a) are probability measures allowing one to impose different
degrees of smoothness in different parts of the integration domain, and na and nt are
integers denoting the order of derivatives with respect to age and time respectively.

We first discretize the derivatives with respect to age and time:

∂na+ntµ(c, a, t)

∂ana∂tnt
⇒ µ′

cat ≡
∑

a′t′

Dna

aa′D
nt

tt′µca′t′

where we use the notation µ′ to remind us that this quantity is a derivative. Then
we compute the gradient with respect to c of µ′

cat and square it:

‖∇cµ′
cat‖2

=
∑

c′

scntry
cc′ (µ′

cat − µ′
c′at)

2.

Now we sum this expression over c, a and t, weighting the sums over a and t with the
weights wage

a and wtime
t , which are the discrete versions of the probability measures

dwage(a) and dwtime(t):

Hna,nt [µ, θ] =
θ

C

∑

cat

wage
a wtime

t

∑

c′

scntry
cc′ (µ′

cat − µ′
c′at)

2 = θ
∑

cc′at

W cntry
cc′ wage

a wtime
t µ′

catµ
′
c′at

where we define W cntry = C−1[(scntry)+ − scntry] as in Section 7.2. Now we substitute
the expression for µ′

cat and obtain:

Hna,nt [µ, θ] = θ
∑

cc′at

W cntry
cc′ wage

a wtime
t

∑

a′t′

Dna

aa′D
nt

tt′µca′t′

∑

a′′t′′

Dna

aa′′D
nt

tt′′µc′a′′t′′ .

Reshuffling the order of the sums we obtain:

Hna,nt [µ, θ] = θ
∑

cc′aa′tt′

W cntry
cc′

(

∑

a

Dna

aa′w
age
a Dna

aa′

)(

∑

t

Dnt

tt′wtD
nt

tt′

)

µcatµc′a′t′

Defining the following matrices:

W age,na ≡ (Dna)′diag[wage
a ]Dna W time,nt ≡ (Dnt)′diag[wtime

a ]Dnt (7.17)

we obtain:

Hna,nt [µ, θ] = θ
∑

cc′aa′tt′

W cntry
cc′ W age,na

aa′ W time,nt

tt′ µcatµc′a′t′
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Now the prior for β can be obtained by simply substituting the specification µcat =
Zcatβca in the expression above, obtaining:

Hna,nt [β, θ] = θ
∑

cc′aa′tt′

W cntry
cc′ W age,na

aa′ W time,nt

tt′ ZcatβcaZc′a′t′βc′a′

By rewriting Zcatβca as β′
caZcat and changing the order of the sums we write:

Hna,nt [β, θ] = θ
∑

cc′aa′

W cntry
c′c′′ W age,na

aa′ β′
ca

(

∑

tt′

Z′
catW

time,nt

tt′ Zc′a′t′

)

βc′a′

Now we define the matrix:

Cnt

ca,c′a′ ≡ Z′
caW

time,ntZc′a′ (7.18)

where Zca is the usual data matrix for cross-section ca, which has for each row vector
Zcat. Using the C matrices defined above the smoothness functional for β simplifies
to:

Hna,nt [β, θ] = θ
∑

cc′aa′

W cntry
cc′ W age,na

aa′ β′
caC

nt

ca,c′a′βc′a′ (7.19)

Defining the multi-indices i = ca and j = c′a′, and letting Wna,cntry
ij ≡ W cntry

cc′ W age,na

aa′ ,
we simplify the expression above further and write it in the usual form:

Hna,nt [β, θ] = θ
∑

ij

Wna,cntry
ij β′

iC
nt

ij βj (7.20)

However, expression 7.19 probably the most useful form when deriving new smooth-
ness functionals, since it allows researchers to plug into it the desired values and
derive, as special cases, all the priors discussed in this book. Equation 7.20 will often
be the form most useful for estimation.

Example Consider the problem of smoothing the time trend over age groups, as
described in Section 7.4.1. The corresponding smoothness functional is a particular
special case of Equation 7.16 in which, instead of the gradient with respect to the
country variable we have the derivative of order 0, in which nt = 1 and na is arbitrary.
As pointed out in Section 7.2.2, the derivative of order 0 with respect to countries
corresponds to the choice W cntry = I. Plugging these choices in Equation 7.19 we
obtain the smoothness functional:

Hna,nt [β, θ] = θ
∑

caa′

W age,na

aa′ β′
caC

1
ca,ca′βca′

where, from Equation 7.18, we have defined:
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C1
ca,ca′ = Z′

caW
time,1Zca′

In order to compare with Equation 7.14 we need to consider the special case, consid-
ered in that section, of a uniform measure over time: dwtime(t) = T−1dt. Substituting
this choice for dwtime(t) in Equation 7.17 we obtain:

W time,1 =
1

T
(D1)′D1

Substituting this expression in the definition of C1
ca,ca′ above we obtain, as expected,

the same expression of Equation 7.14:

C1
ca,ca′ =

1

T
Z′

ca(D
1)′D1Zca′ =

1

T
(D1Zca)

′(D1Zca′) =
1

T

(

dZa

dt

)′ (
dZa′

dt

)

.

⊠

7.6 Choosing a Prior for Multiple Smoothing Pa-

rameters

The smoothing parameter θ determines how much weight to put on the prior as
compared to the data in the estimation and thus how smooth the forecasts will be. In
Chapter 6, we showed that, when only one prior is being used, the only information
needed to set θ is the average standard deviation of the prior. We also showed in
Section 6.2.2 that setting the average standard deviation of the prior simultaneously
set all the properties of the samples from the prior. When more than one prior is
used, as should be the case in many applications, the reasoning of Chapter 6 still
applies, although the implementation is more involved. We describe these procedures
here, and a way we have devised to automate some of them in Section 7.6.2.

Suppose we are using K priors, each with a smoothness parameter θk (k =
1, . . . , K). If we only used the k-th prior then we could use the result in Chapter
6 that θk is uniquely determined by the average standard deviation of the prior,
which we denote σk (see Equation 6.14). Since the parameter σk is interpretable and
uniquely determines θk, we use σk to parametrize our single priors. This implies the
more general result that the expected value of any summary measure F (µ) is a func-
tion of the K parameters σk. Therefore, in order to estimate what the parameters
σk should be, all we have to do is to find K summary measures Fk (k = 1, . . . K),
for which we have information about in terms of their expected values, and which
we denote by F̄k. Then the values of the smoothness parameters are determined by
solving the following system of equations:

E⊥[Fk(µ) | σ1, . . . , σK ] = F̄k , k = 1, . . . , K (7.21)
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With more than one prior it is not possible to solve these equations analytically
even for summary measures which are quadratic in µ, and so numerical procedures
must be employed. In addition, if more than K summary measures are available, it
is advisable to use all of them. The system of equations (7.21) then become over-
determined, and an approximate solution is required, but the advantage is that one
gains a better insight into the properties of the prior.

We have found in practice that the following summary measures are well suited
for our application:

SD(µ) ≡ 1

AT

A
∑

a=1

T
∑

t=1

(µat − µ̄a)
2

Fage(µ) ≡ 1

AT

T
∑

t=1

A
∑

a=1

|µat − µa−1,t|

Ftime(µ) ≡ 1

AT

T
∑

t=1

A
∑

a=1

|µat − µa,t−1|

Fage/time(µ) ≡ 1

AT

T
∑

t=1

A
∑

a=1

|(µat − µa,t−1) − (µa−1,t − µa−1,t−1)| (7.22)

The summary measure SD is the average standard deviation of the prior, which
measures how much samples from the prior vary around the average age profile µ̄.
Summary measure Fage measures how much log-mortality changes going from one age
group to the next and Ftime summarizes the changes in log-mortality from one time
period to the next. Finally, Fage/time is a measure of how much the time trend changes
from one age group to the next. Each of these quantities are easily interpretable, and
with some clarification about what they mean we find that demographers and other
experts often have have a reasonable estimate of their expected values. If such expert
knowledge is not available, one can still get an idea of the expected values of these
quantities using a procedure which has the flavor of empirical Bayes, and which we
describe in the following section.

An important point is that for certain choices of F̄i, Equations 7.21 may have no
solution. But instead of this posing a methodological problem, it indicates that the
prior is unable to produce samples with the desired characteristics, or in other words
that some of the expert’s (or analyst’s) choices were logically inconsistent. Learning
about such logical inconsistencies can be helpful to an expert in making these choices.
Furthermore, it is easy to imagine how this can happen: Suppose for example that
one prefers a prior with a tiny overall standard deviation, but also one that allows
wide variations in log-mortality from one year to the next, or from one age group to
the next. These choices are clearly not compatible, and no set of prior parameters will
produce such a result. Problems of this type are more likely to arise when relatively
few covariates are being used, because samples from the prior are more constrained
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in those cases. With more covariates, the prior has more coefficients to adjust to
produce patterns consistent with a wider range of patterns.

For these reasons, we recommend, rather than trying to solve Equations 7.21
numerically, that analysts study the behavior of the expected values of the summary
measures as a function of the parameters σk, and in particular the range of values
that they can assume. This can be done, for example, using multiple scatterplots, as
we illustrate below. Following is our recommended strategy for choosing appropriate
values of σk:

1. Define at least Ns (Ns ≥ K) summary measures for which the expected values
are approximately known;

2. Assign a reasonably wide range of variation to each σk (for example 0.01 to 2)
and use it to define a grid in the space of the σk (for example each interval
[0.01, 2] could be divided in 5 sub-intervals).

3. For each combination of σs corresponding to a point in the grid, which we label
γ, draw a large number of samples from the prior. Use these samples to compute
numerically the implied expected value of the summary measures, which we
denote by F̃i. Store the results in a table whose rows have the structure:

(σγ
1 , . . . , σγ

K , F̃ γ
1 , . . . , F̃ γ

Ns
)

4. Produce all pairs of scatterplots of the summary measures as a function of the
σs and of each other. Qualitatively assess where the target values F̄i of the
summary measures fall in the scatterplots.

5. Define a distance D(· ; ·) in the space of the Ns summary measures and use it
to find the combination of prior parameters σ̂k which produces empirical values
of the summary measures that are closest to the target. Formally, define

γ̂ ≡ arg min
γ

D(F̃ γ
1 , . . . , F̃ γ

Ns
; F̄1, . . . , F̄Ns

)

and then set σ̂k = σγ̂.

This procedure depends on the choice of the distance measure D(·; ·). The usual
Euclidean distance in general will not work well because the target values F̄1, . . . , F̄Ns

may have quite different scales. Therefore we suggest to use the Euclidean distance
on the relative errors:

D(F̃ γ
1 , . . . , F̃ γ

Ns
; F̄1, . . . , F̄Ns

) ≡
∑

s

(

F̃ γ
s − F̄s

F̄s

)2

A detailed example of the implementation of this procedure is described in section
11.2. In order to fix ideas, here we simply offer a preview of how the scatterplots
mentioned above may look like and what kind of information they convey.
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7.6.1 Example

Here we consider the special case of “deterministic forecasts”, that is where the co-
variates are known to have a well defined analytical form as a function of time alone.
This is useful when realistic covariates are missing, but a linear time trend is known
not to be sufficient and a non-linear trend may be needed. We consider a specification
of the form:

µat = β(0)
a + β(1)

a t + β(2)
a log(t − α)

where α is a given number3, and assume that we are interested in forecasting mortality
by lung cancer in males. The details of this example is provided in Section 11.2. For
this choice, the target values of the summary measures 7.22 have been derived with
the procedure described in the next section, and are as follows:

S̄D ≈ 0.3 , F̄age ≈ 0.53 , F̄time ≈ 0.033 , F̄age/time ≈ 0.007

We use a smoothness functional consisting of 3 terms:

H[µ, θage, θtime, θage/time] ≡
θage

AT

∫ T

0

dt

∫ A

0

da

(

d2

da2
(µ(a, t) − µ̄(a))

)2

+
θtime

AT

∫ T

0

dt

∫ A

0

da

(

d2

dt2
µ(a, t)

)2

+
θage/time

TA

∫ T

0

dt

∫ A

0

da

(

∂3µ(a, t)

∂a∂t2

)2

and therefore need to estimate 3 smoothness parameters, θage, θtime and θage/time.
As explained at the beginning of this section, it is convenient to re-parametrize the
smoothness functional using the standard deviations of the prior, σage, σtime and
σage/time. We remind the reader that σage is simply the average standard deviation
of the prior over age groups, if it were used in isolation, and it is linked to θage by
Equation 6.14 (Page 118), which we rewrite below (see Equations 6.7, Page 117 and
6.9, Page 117 for the definition of other quantities in this formula):

θage =
Tr

(

ZD+
ageZ

′)

ATσ2
age

The same formula applies, with the obvious modifications, for θtime and θage/time.
Once the smoothness functional and the specification have been chosen, the prior

is defined, and all we have to do is to draw samples from it and compute empirically
the expected value of the summary measures for many different values of the prior
parameters σage, σtime and σage/time. Scatterplots of the prior parameters against the
empirical values of the summary measures are shown in Figure 7.1.

3In this example we set α = 1876. A justification for this choice is given in Section 11.2.
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Figure 7.1: Scatterplots of summary measures by prior parameters: The plot shows
the relationship between the prior parameters σage, σtime and σage/time and summary
measures SD, Fage, Ftime and Fage/time.
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An important message emerging from the analysis of the scatterplots is that the
target value of the summary measure S̄D = 0.3 is not compatible with the value
of the summary measure F̄time = 0.033. This is easily seen in the scatterplot of
SD against Ftime (see the fourth row and sixth column in Figure 7.1). Fixing the
value of SD around 0.3, we see that only very small values of Ftime can be realized
(around 0.010). Therefore if we want a prior with a summary measure Ftime closer
to its target value of 0.033 we will need to settle for a higher value of the average
standard deviation SD. The reason underlying this behavior of the prior is that we
have very few covariates, each of which is a fixed function of time. Since the prior can
only operate by influencing the coefficients on these variables, there just isn’t much
room to maneuver. (The same issue would occur if we had a prior that suggested
that log-mortality move according to a quadratic but only a linear term for time was
included among the covariates; no amount of adjusting the coefficients would produce
the desired effect.) Therefore samples from the prior are very constrained to begin
with, and we will need to settle for an approximate solution of Equation 7.21, that
can be found using the procedure described above in this section. Alternatively, we
could drop the average standard deviation SD from the list of summary measures,
realizing that it is not compatible with the other measures. In Tables 7.1 and 7.2
we display the combination of parameters σage, σtime and σage/time that lead to the
empirical values of the summary measures closest to the target values. The tables
show the 25 best values, starting from the top, sorted according to their distance to
the target. The difference between the tables is that in table 7.1 we include SD in
the list of target summary measures, while in table 7.2 we do not. Notice that in the
top row of Table 7.1 the summary measures Ftime and Fage/time are quite far from the
target values: This is the price to pay if we want to match the summary measure
SD. The top row of Table 7.2, instead, matches well the targets for the summary
measures Fage, Ftime and Fage/time, but it matches poorly the target for SD, since SD
was not included in the list of targets.

7.6.2 Estimating the Expected Value of the Summary Mea-
sures

In order to use the procedure outlined above we need to begin with some substantively
reasonable ranges for the expected values of the summary measures. While it would
be possible to elicit some of these measures from subject matter experts, here we
pretend that expert opinion is unavailable, and get our estimates using a procedure
which has the flavor of empirical Bayesian analysis. In practice, we recommend that
this procedure be used in conjunction with expert involvement, perhaps as a starting
point to orient the experts. If used with related or earlier data sets, this procedure
can be thought of as formlization and measurement of the source of expert knowledge.

Instead of looking at the data to determine the parameters of the prior, we look
at smoothed versions of the data, obtained by making forecasts of the time series
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σage σtime σage/time SD Fage Ftime Fage/time

0.10 0.80 1.50 0.35 0.51 0.015 0.0047
0.45 0.10 1.50 0.37 0.56 0.012 0.0085
0.45 0.45 0.05 0.39 0.55 0.012 0.0074
0.45 0.10 0.41 0.37 0.56 0.012 0.0088
0.45 0.10 0.78 0.37 0.56 0.011 0.0074
0.45 0.10 1.14 0.37 0.55 0.011 0.0077
0.45 0.45 0.78 0.41 0.55 0.013 0.0077
0.10 1.15 1.50 0.49 0.52 0.022 0.0061
0.45 0.45 1.14 0.41 0.55 0.013 0.0083
0.45 0.45 1.50 0.42 0.55 0.013 0.0084
0.45 0.45 0.41 0.41 0.56 0.013 0.0085
0.45 0.80 0.05 0.44 0.55 0.014 0.0069
0.10 1.15 1.14 0.48 0.52 0.021 0.0052
0.10 1.15 0.78 0.46 0.52 0.019 0.0051
0.10 0.80 0.78 0.34 0.51 0.014 0.0038
0.45 0.80 0.41 0.48 0.55 0.017 0.0085
0.10 1.15 0.41 0.43 0.51 0.018 0.0039
0.10 0.80 1.14 0.35 0.51 0.014 0.0037
0.45 0.80 0.78 0.49 0.55 0.017 0.0087
0.10 0.80 0.41 0.32 0.51 0.012 0.0036
0.45 1.15 0.05 0.51 0.54 0.016 0.0073
0.45 0.80 1.50 0.50 0.55 0.018 0.0094
0.45 0.80 1.14 0.50 0.55 0.019 0.0096
0.45 1.15 0.41 0.56 0.56 0.021 0.0087
0.10 1.50 0.41 0.53 0.51 0.022 0.0038

Table 7.1: Summary Measures and Parameter Values: Combinations of different
values of the parameters σage, σtime and σage/time together with the corresponding
value of the summary measures SD, Fage, Ftime and Fage/time. The rows are sorted
according to their distance to the target values for the summary measures. We use
four target values, one for each summary measure.
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σage σtime σage/time SD Fage Ftime Fage/time

0.10 1.50 1.50 0.62 0.52 0.031 0.0067
0.45 1.50 0.41 0.64 0.54 0.026 0.0085
0.45 1.50 0.05 0.58 0.56 0.023 0.0078
0.10 1.15 1.50 0.49 0.52 0.022 0.0061
0.10 1.50 0.78 0.58 0.51 0.024 0.0053
0.45 1.15 0.78 0.59 0.55 0.021 0.0086
0.10 1.50 1.14 0.61 0.52 0.024 0.0053
0.45 1.15 0.41 0.56 0.56 0.021 0.0087
0.45 1.50 0.78 0.69 0.54 0.026 0.0096
0.45 1.15 1.50 0.61 0.55 0.023 0.0096
0.10 1.15 1.14 0.48 0.52 0.021 0.0052
0.45 1.15 0.05 0.51 0.54 0.016 0.0073
0.45 1.50 1.50 0.72 0.56 0.027 0.0103
0.45 0.80 0.41 0.48 0.55 0.017 0.0085
0.45 0.80 0.78 0.49 0.55 0.017 0.0087
0.45 1.15 1.14 0.60 0.57 0.023 0.0101
0.10 1.15 0.78 0.46 0.52 0.019 0.0051
0.45 0.80 1.50 0.50 0.55 0.018 0.0094
0.45 0.80 1.14 0.50 0.55 0.019 0.0096
0.45 0.80 0.05 0.44 0.55 0.014 0.0069
0.45 1.50 1.14 0.71 0.56 0.026 0.0107
0.45 0.45 0.78 0.41 0.55 0.013 0.0077
0.45 0.45 1.14 0.41 0.55 0.013 0.0083
0.45 0.45 1.50 0.42 0.55 0.013 0.0084
0.45 0.45 0.41 0.41 0.56 0.013 0.0085

Table 7.2: Summary Measures and Parameter Values: Combinations of different
values of the parameters σage, σtime and σage/time together with the corresponding
value of the summary measures SD, Fage, Ftime and Fage/time. The rows are sorted
according to their distance to the target values for the summary measures. We use
only three target values, that is F̄age, F̄time and Fage/time.
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and then selecting the in sample portion of the predictions. But to examine a set of
forecasts, we need to start with some baseline model, although the particular model
we choose should not matter much. Our recommendation is to use a simple version
of our model, although one could also use LS when it happens to produce reasonable
in sample fits in a particular application.

Once a smooth and realistic version of the data is available, we can then use these
time series to compute an estimate of the expected value of the summary measures in
Equation 7.22. For example, denoting by µ̂cat the in sample prediction of the model,
the expected value of the summary measure Fage can be estimated as:

F̄age ≈
1

CAT

C
∑

c=1

T
∑

t=1

A
∑

a=1

|µ̂cat − µ̂c,a−1,t|

In addition to the mean, it may be useful to look at the entire distribution of the
terms in the sum above, in order to get an idea of its spread and possible skewness.

In order to provide an example of such distributions we consider the case of death
by lung cancer in males. We use a simple specification with a linear trend and a
logarithmic trend in order to get a basic set of forecasts. The basic forecasts are
initially obtained using our Bayesian method with a prior that smooths over age
groups only (using a second derivative and constant weights) for all the countries
with more than 15 observations, using a standard deviation of the prior equal to 0.3.
Since not all the forecasts look reasonable, we eliminate those who do not, and re-run
our method, trying a few alternative values for the standard deviation of the prior.
The whole point of this procedure is to create a fairly large number of smoothed
versions of the in sample data which look realistic. In these data, we find that a value
of the standard deviation of the prior equal to 0.2 produces a reasonable in sample
prediction, which we use as baseline starting point.

The distributions of the quantities involved in the computation of the summary
measures 7.22 are shown in Figure 7.2, together with their mean values.

While the procedure outlined above is not rigorous, it is an example of the kind of
qualitative analysis one can perform to set reasonable starting values for the standard
deviation of the prior to help orient experts. The main point here is that it is possible
to link the standard deviation of the prior to other quantities that are, at least in
principle, observable, and about which we might have real prior knowledge. In our
example this link is provided by Figure 7.1.

7.7 Concluding Remark

This chapter offers a rich set of priors for analyzing mortality rates. But it also offers
a set of tools researchers can use to adapt new priors in new substantive problems.
The key features of our approach in this chapter involve the application of the two
step method (introduced in Chapter 4) for specifying priors on the expected value of
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Figure 7.2: Result of the Empirical Bayes-like Procedure for Setting Summary Mea-
sure Target Values: Empirical distribution of the quantities involved in the com-
putation of the summary measures in Equation 7.22. The dependent variable is
log-mortality for lung cancer in males, for 25 countries.
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the dependent variable, rather than on the coefficients directly, new methods for the
analysis of prior indifference via null spaces, and ways we developed to set priors with
genuine prior knowledge.



Chapter 8

Comparisons and Extensions

In this Chapter, we provide some general procedures for understanding the priors
built in Chapters 5–7. We begin in Section 8.1 with a systematic comparison of the
priors-on-coefficients approach with our priors on the expected value of the dependent
variable. We then prove, in Section 8.2, that priors specified in the large literature on
hierarchical Bayesian models that feature exchangable clusters of cross-sections are
special cases of our models. The results in this section demonstrate that our results
about the inappropriateness of putting priors on coefficients in spatial models apply
to the hierarchical literature as well. It also demonstrates how our approach has the
same attractive features of empirical Bayes but without having to leave the standard
Bayesian approach to inference. Section 8.3 shows how our models can also be used
for smoothing noisy data to reveal the underlying patterns, even if forecasting is not
of interest. Section 8.4 then shows how to modify our methods when the dependent
variable changes meaning, such as when the international classification of disease
changes definitions.

8.1 Priors on Coefficients vs. Dependent Variables

In this section, we compare the prior on coefficients from Section 4.2 with that on
the expected value of the dependent variable, in Section 4.4 and Chapters 5 and 7.
We provide intuition by comparing the notion of distance in Section 8.1.1 and the
relevant conditional densities in Section 8.1.2. Section 8.1.3 describes connections
between the results in our first two sections with theoretical results from the pattern
recognition literature.

8.1.1 Defining Distances

In order to facilitate comparison, we write each prior in two equivalent forms with
the aid of the quadratic form identity (Appendix B.2.6, Page 277). Then, we put the

169
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prior on β in Equation 4.5 (Page 69) side-by-side with the prior on µ from Equation
7.11 (Page 153) as follows:

Hµ[β, θ] =θ
∑

ij

Wijβ
′
iCijβj ⇔ Hβ[β, Φ] =

∑

ij

Wijβ
′
iΦβj (8.1)

=
1

2
θ
∑

ij

sij‖µi − µj‖2 ⇔ =
1

2

∑

ij

sij‖βi − βj‖2
Φ (8.2)

where µi = Ziβi is a T ×1 vector, ‖ ·‖ is the Euclidean norm and ‖b‖2
Φ = b′Φb is the

Mahalanobis norm of the vector b (the left-hand side of Equation 8.2 can be proved
to be equal to the left hand side of Equation 8.1 by direct substitution of µi and µj

into the expression). Notice that the matrix s does not have to be the same in the
two priors, but since it has similar meaning and its explicit form is irrelevant here we
just take it to be the same to ease notation.

When imposing smoothness on β, researchers use sij as a distance in the space of
cross-sectional units, but, for fixed i and j, no natural definition of distance between
βi and βj exists. Therefore, the usual procedure is to parametrize the distance
between βi and βj as the Mahalanobis distance ‖βi−βj‖Φ. This approach obviously
cannot be used when βi and βj have different dimensions, or correspond to different
covariates, since the set of coefficients would have no obvious metric structure and so
would not be comparable.

In contrast, in our case, rather than comparing the coefficients βi and βj, we
compare their predicted patterns for the expected value of the dependent variable,
µi and µj, taking advantage of the fact that µi and µj are interpretable and there
exists a natural distance between them, no matter what covariates are included. This
distance is Euclidean (rather than Mahalanobis; see Appendix B.1.3, Page 257) and
so the normalization matrix Φ is not required. In other words, we project βi and
βj into the same higher-dimensional metric space through the covariate matrices Zi

and Zj, and then compare them. The covariates play here the role of “translators”,
allowing one to compare vectors of disparate quantities. This they do through the
matrices Cij, that allow us to project a vector of “type i” onto a vector of “type j”.

This result can be seen more clearly in Equation 8.1 where the prior on coefficients
contains a sum of scalar products β′

iΦβj, which does not have meaning unless βi and
βj are of the same type. However, in the right hand side of Equation 8.1 we see that
following our approach the scalar products β′

iCijβj are well defined: vector βj of type
j is converted to a vector of type i by the matrix Cij, and then the usual Euclidean
scalar product is computed (since β′

iCijβj = β′
jC

′
jiβi we can also say that vector βi

of type i is converted to a vector of type j by the matrix C′
ji). The matrices Cij,

despite their simplicity, allow us to impose a metric structure on a set which does not
have any existing structure. While the set of coefficients β does not even have the
structure of a vector space (see Section B.1.1, Page 256), since the sum of βi and βj

is not defined, a notion of distance is defined between βi and βj, when translated to
the scale of the expected value, by the expression:



8.1. PRIORS ON COEFFICIENTS VS. DEPENDENT VARIABLES 171

d2(βi, βj|Zi,Zj) ≡ ‖Ziβi − Zjβj‖2 = β′
iCiiβi + β′

jCjjβj − 2β′
iCijβj (8.3)

This expression should be compared with the Mahalanobis distance which, written
in terms of scalar products, is as follows:

‖βi − βj‖2
Φ = β′

iΦβi + β′
jΦβj − 2β′

iΦβj

This comparison reinforces the point that the expression β′
iCijβj is the “natural”

scalar product between βi and βj, and, indeed, it has all the properties of a scalar
product (except of course the fact that a true scalar product is always defined between
elements of the same set; see B.1.4, Page 258). Similarly, the distance in Equation
8.3 satisfies all the axioms of a distance, or, to be precise, of a semi-distance, since
d2(βi,βj|Zi,Zj) = 0 does not imply that βi = βj (for a formal definition see Ap-
pendix B, Page 257).

One way to summarize this discussion is to say that the intuition of putting
a prior on coefficients is reasonable except that the notion of similarity should be
defined using prior knowledge about the expected value of the dependent variable.

8.1.2 Conditional Densities

Another useful way to compare the two approaches is to examine the implied con-
ditional priors. Thus, the prior density on the β’s implies the following conditional
prior distribution of the coefficient βi given the values of all the other coefficients β−i:

βi|β−i, Φ ∼ N
(

∑

j

sij

s+
i

βj ,
Φ−1

s+
i

)

(8.4)

The expression above confirms the intuition that smoothing is achieved by letting βi

be a weighted average of the regression coefficients of the neighboring cross-sections,
and obviously loses any meaning when the βi and βj are not comparable. Performing
a similar calculation for our prior in Equation 7.12 (Page 154) we obtain the following
conditional prior:

βi|β−i, θ ∼ N
(

∑

j

sij

s+
i

C−1
ii Cijβj,

1

θs+
i

C−1
ii

)

(8.5)

The key to this expression is the presence of two sets of matrices, with different roles:
in the conditional mean, the matrix Cij converts vectors of “type j” into vectors of
“type i”, but also produces a vector with different measurement units, and so the
matrix C−1

ii converts this result to the correct measurement units, to ensure that the
coefficients β have measurement units which are the inverse of the measurement units
of the covariates.
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The presence of C−1
ii in the conditional variance ensures that the Bayes estimator

4.3 (Page 68) based on the prior in Equation 7.12 (Page 154) produces forecasts
which are invariant for scaling of the covariates in each cross-sectional unit. In other
words, we can decide to use pounds instead of dollars in some cross-sectional units
and still obtain the same forecast (and obviously a different set of appropriately scaled
coefficients). If we used the prior on coefficients in Equation 4.4 (Page 69) not only
would we have to make sure that the covariates in the different cross-sections are
measured in the same units, but if we changed units we would also have to change
the scale of the covariance parameter Φ.

8.1.3 Connections to “Virtual Examples” in Pattern Recog-
ition

Expression 8.5 has an interesting interpretation in terms of what in the pattern recog-
nition literature are called “virtual examples”. The connection to virtual examples is
useful here to clarify the meaning of the prior and, in Chapter 10, as a starting point
for a fast estimation procedure that does not require Markov Chain Monte Carlo
algorithms.

In order to simplify the exposition, we do not smooth over time, so that Cij =
1
T
Z′

iZj, and let us interpret Equation 8.5 as saying that, conditional on the values of
all the other coefficients β−i, we expect βi to be in a neighborhood of the conditional
mean, a fact that we write informally as

βi ≈
∑

j

sij

s+
i

(Z′
iZi)

−1Z′
iZjβj

Then, noting that the quantities Zjβj = µj are the predicted values for the dependent
variable in cross-section j, we write

βi ≈ (Z′
iZi)

−1Z′
i

∑

j

sij

s+
i

µj.

The sum in the expression above is simply the average of the predicted values for the
dependent variable in the cross-sections that are neighbors of cross-section i (exclud-
ing i itself since sii = 0), and we call this quantity µ̄i, rewriting:

βi ≈ (Z′
iZi)

−1Z′
iµ̄i (8.6)

This expression is a standard LS estimator, and has a simple interpretation. Given
the values of all the other coefficients β−i, we could get an a priori likely estimate of
βi in two steps:

1. Obtain an estimate for the dependent variable in cross-section i by averaging
the predicted values of the cross-sections that are neighbors of i (the vector µ̄i)
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2. Then, to obtain the coefficients in cross-section i, run a LS regression of µ̄i on
Zi.

Since the vector µ̄i is not a vector of observed values, or “examples”, but rather
is inferred using prior knowledge, we say that it is a vector of “virtual examples”,
and in this sense we could say that the role of the prior knowledge we have on the
problem is to create suitable sets of virtual examples. For more discussion of the
connection between prior information and virtual examples see Abu-Mostafa (1992),
Bishop (1995), and Niyogi, Girosi and Poggio (1998).

8.2 Extensions to Hierarchical Models and Empir-

ical Bayes

In this Section, we demonstrate two fundamental results. First, our methods incor-
porate the key attractive features seen in empirical Bayes approaches, but without
having to resort to the sometimes problematic empirical Bayes theory of inference.
In empirical Bayes, hyperparameters from the last level of a hierarchical model are
estimated rather than chosen a priori. Although this procedure might seem better
because it brings the data to bear on the problem of making difficult choices about
obscure hyperparameters, many scholars question the inferential validity of this ap-
proach: It uses the data twice and inferences must be corrected in various ad hoc
ways to avoid underestimating the width of confidence intervals. Despite the inferen-
tial problems, however, this procedure is still frequently used, one important reason
for which is because using the data in this way turns out to be equivalent to mak-
ing the prior indifferent to certain chosen parameters (Carlin and Louis, 2000). For
example, with empirical Bayes it is possible to achieve shrinkage among a set of pa-
rameters without having to specify the mean of the parameters. Of course, our formal
approach to prior indifference accomplishes exactly the same task, but entirely within
the standard Bayesian framework. We demonstrate this equivalence here.

Second, we show here that Bayesian hierarchical models, with clusters of ex-
changable units, are a special case of the Bayesian spatial models we are analyzing in
this book. As such, our results about the inappropriateness of putting priors directly
on coefficients in spatial models (see Section 4.3) also extends to the Bayesian hier-
archical modeling literature. Taken together, it would seem that the many Bayesian
models that use covariates are using prior densities that inappropriately reflect their
prior knowledge. All our techniques for putting priors on the expected value of the
dependent variable, and developing priors indifferent to chosen features of the param-
eters, apply to hierarchical models as well.
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8.2.1 The Advantages of Empirical Bayes without Empirical
Bayes

We begin by considering a hierarchical linear model, with N cross-sections and N
vectors of coefficients βi. A common assumption is the following “shrinkage” prior:

βi ∼ N
(

γ, τ 2
)

The “direct” effect of this prior is to shrink the coefficients βi toward the same mean
γ. The “indirect” effect is that the coefficients are shrunk toward each other. It
is often the case that the indirect effect is more desirable than the direct one: one
can be confident that the coefficients βi should be similar to each other without
necessarily knowing what value they should assume. In other words, the researcher
may be agnostic (indifferent) about the absolute level of the coefficients but may be
knowledgeable about their relative size. Let us apply the idea of using subspaces to
represent indifference. It is sufficient to work with one dimensional coefficients, so we
assume βi, γ ∈ R in the following. Taking τ = 1 for simplicity, the prior above can
be rewritten as:

P(β) ∝ exp

(

−1

2

N
∑

i=1

(βi − γ)2

)

(8.7)

Defining the N × 1 vectors β ≡ (β1, . . . , βN) and γ ≡ (γ, . . . γ), we rewrite the
expression above in vector form:

P(β) ∝ exp

(

−1

2
‖β − γ‖2

)

. (8.8)

While this prior is defined over R
N , there is a whole subspace of R

N we are indifferent
to: This is the set V ⊂ R

N ≡ {x | x = (k, . . . , k), ∀k ∈ R}, which coincides with the
diagonal of the positive orthant1 in R

N . In other words, we are indifferent between
βi and βi + k, for any k ∈ R.

How do we modify this prior so that it expresses the indifference we seek? Denoting
by P⊥ the projector onto V⊥, the orthogonal complement of V , the prior 8.8 can be
made indifferent to V by simply projecting its argument onto V⊥. Therefore we define
a new prior:

P⊥(β) ∝ exp

(

−1

2
‖P⊥(β − γ)‖2

)

Since γ ∈ V by construction, then P⊥γ = 0 and the prior above becomes simply:

P⊥(β) ∝ exp

(

−1

2
‖P⊥β‖2

)

(8.9)

1An “orthant” is a quadrant in three or more dimensions.
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This expression makes clear that the only part of β we have prior knowledge about
is P⊥β, which can be interpreted as the portion of β which contains only “relative”
information. Let us find an explicit expression for P⊥. By the properties of projection
operators in Appendix B.1.13 (Page 264) we have P⊥ = I − P◦, where P◦ is the
projector onto V , which we now recognize as the null space of the prior. P◦ is easily
built in terms of an orthonormal basis for the subspace V , which is given by the
constant row vector v = 1√

N
(1, . . . , 1), where the factor

√
N ensure normalization.

Then the projector P◦ is given by P◦ ≡ v′v (see Page 264). The form of both P⊥ and
P◦ is given as

P◦ ≡
1

N











1 1 . . . 1
1 1 . . . 1
...

... . . .
...

1 1 . . . 1











P⊥ ≡











1 − 1
N

− 1
N

. . . − 1
N

− 1
N

1 − 1
N

. . . − 1
N

...
... . . .

...
− 1

N
− 1

N
. . . 1 − 1

N











.

Therefore the projector P⊥ operates on a vector β as

P⊥β = β − 1

N

N
∑

i=1

βi(1, . . . , 1) ≡ β − β̄(1, . . . , 1)

where β̄ =
∑N

i=1 βi/N is the average of the elements of β. Using this notation we
can rewrite the prior 8.9 as follows:

P⊥(β) ∝ exp

(

−1

2

N
∑

i=1

(βi − β̄)2

)

(8.10)

This expression should be compared to the prior in Equation 8.7: the crucial dif-
ference between these two is that while the prior in Equation 8.7 shrinks βi to a
common, predetermined value γ, the prior in Equation 8.10 simply shrinks them to
some common value, which is not known a priori, but is determined by the data. The
prior in Equation 8.10 is similar to the empirical Bayes prior, with the difference that
in empirical Bayes the value β̄ is replaced by an average of empirical estimates of the
βi. It shares with the empirical Bayes prior the property of being independent of the
absolute scale of β, but it obviously does not require the empirical Bayesian theory
of inference.

8.2.2 Hierarchical Models as Special Cases of Spatial Models

It is instructive to rewrite the prior in Equation 8.10 in a way that makes it more sim-
ilar to the conditionally autoregressive priors described earlier in this chapter. First
we notice that since P⊥ is symmetric and is a projection operator, then ‖P⊥β‖2 =
β′P ′

⊥P⊥β = β′P⊥β. Since the rows of P⊥ sum to 0, we can use the quadratic form
identity of Appendix B.2.6 (Page 277) to rewrite the prior in Equation 8.10 as:
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P⊥(β) ∝ exp

(

− 1

2N

N
∑

i,j=1

(βi − βj)
2

)

. (8.11)

This prior has the same form of the priors described by the left column of Equation
8.2, in which we have set sij = 1 for all i, j = 1, . . . N , and therefore it is the simplest
form of conditionally autoregressive prior. This proves that hierarchical models are
special cases of spatial models in which all elements of a cluster are defined to be
“neighbors” of all other elements. All results in this book described in the context of
spatial models thus also apply to hierarchical models.

8.3 Smoothing Data Without Forecasting

In several purposes researchers may be interested in smoothing observed mortality
patterns, rather than forecasting future values. More precisely, they might have noisy
and or incomplete mortality data and are interested in removing the noise or imputing
the missing values.

This problem is easily handled in our framework and does not require the develop-
ment of any new technique. As we describe below, it simply requires coding a set of
dummy variables, one for each observation, and then applying our existing priors. As
such, our existing software designed for forecasting can be used without modification.

We consider the case in which there is only one country. We have already defined
a suitable set of priors for the expected value of the dependent variable:

P(µ | θ) ∝ exp

(

−1

2
H[µ, θ]

)

(8.12)

where the smoothness functional H[µ, θ] will have, in general, a component for smooth-
ing over age groups and a component for smoothing over time. Using smoothness
functionals over age groups and time as those in Equations 5.8 (Page 95) and 7.1
(Page 146) respectively, the discretized version of the smoothness functional is2:

H[µ, θ] =
θage

T

∑

aa′t

W age,n
aa′ µatµa′t +

θtime

A

∑

att′

W time,k
tt′ µatµat′

In the expression above n and k are the order of smoothness of the smoothness
functional over age and time respectively.

Unlike in the regression case, the quantity we are interested in is µ itself, and
we do not need to link µ to a set of covariates here. Therefore the smoothing prob-
lem consists simply of estimating µ given the prior 8.12 and the likelihood for this
specification:

2We are considering a zero mean prior here. If a non-zero mean prior is needed, the rest of the
analysis remains the same, but µ is interpreted as the mean-centered age profile.
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mat ∼ N
(

µat,
σ2

a

bat

)

a = 1, . . . , A , t = 1, . . . T

For clarity, we explicitly write down the negative log-posterior distribution for µ:

logP(µ|m, θ, σ) ∝
∑

at

bat

σ2
a

(mat − µat)
2 +

[

θage

T

∑

aa′t

W age,n
aa′ µatµa′t +

θtime

A

∑

att′

W time,k
tt′ µatµat′

]

(8.13)

This expression fits squarely in the standard framework of nonparametric smoothing,
and can also be seen as a simple application of standard Bayesian smoothing theory.3

Usually the estimate for µ is obtained by maximizing the posterior distribution, that
is by minimizing the expression in Equation 8.13 over µ, using a variety of methods,
including cross-validation, to determine the parameters θ and σ. This approach takes
advantage of the fact that the log-posterior is quadratic in µ, and linear methods can
be used to solve part of the problem. Alternatively, one can develop a full Gibbs
sampling strategy for the computation of the mean of the posterior.

In our case we do not need to develop new methods, or even write new code.
We observe that any estimation strategy used to solve the regression problem can be
immediately applied to solve the smoothing problem by constructing an artificial set
of covariates such that the regression coefficients can be interpreted as estimates of
the expected value of the dependent variable.

In order to see this, consider the regression problem with the usual specification
µat = Zatβa. Now choose as covariates a set of T dummy variables, with one dummy
variables associated with each year from 1 to T .4 This is equivalent to using a covariate
matrix Za equal to the T -dimensional identity matrix. The specification µat = Zatβa

can now be rewritten as

µat = β(t)
a .

In this way, estimates of the coefficients are easily translated into estimates for µ: A
user who wishes to smooth the data and is not interested in forecasting has simply
to decide the priors to use, create a set of dummy variables, and run any estimation
algorithm.

8.4 Priors when the Dependent Variable Changes

Meaning

We now consider an application of smoothing, as described in Section 8.3, to a case
not often considered in standard smoothing theory — smoothing in the presence of

3If mat includes missing values, we can simply fill them with an arbitrary number and set the
weight bat to zero.

4This implies that we drop the constant term for the specificiation
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discontinuities.

A common problem in the analysis of cause-specific mortality rates is that the
International Classification of Diseases (ICD), which is used to classify causes of
death, changes roughly every decade. If a change is large enough, it could lead to
visible discontinuities in the log-mortality time series, violating the assumptions that
observed log-mortality is smooth over time.

For example, Figure 8.1 presents the time series of log-mortality for “other infec-
tious diseases” in males aged 0 to 4, for 4 different countries. The jumps in years
1968 and 1979 do not correspond to the sudden beginning and end of some world-
wide epidemic with instant starting and stopping times, but rather a change in the
way some infectious diseases have been coded. In particular they appear to reflect
the adoption of ICD-8 codes in 1968 and of ICD-9 in 1979 (which we designate with
vertical lines in each figure).

Several ways exist for dealing with data with one or more such jumps (other
than ignoring the problem). One consists of fixing the problem by pre-processing,
that is, modifying the time series in order to make it comparable across the whole
period of analysis. This can sometimes be done using “comparability ratios”, which
attempts to translate one meaning (or ICD code change) into another. However,
comparability ratios are often unavailable (after all, if such a simple translation were
possible, the international public health establishment would probably not have gone
to such lengths to change the ICD code in the first place), and so we are often stuck
with discontinuous time series. In addition, a discontinuity may exist for other reasons
than ICD revisions: For example a country which was previously unable to report
deaths from certain isolated regions might be suddenly find the resources to increase
coverage. Civil wars and other events often lead a country to sharply change its
reporting practices (Murray et al., 2002).

In principle, the dependent variable changes meaning after every jump, and since
we are interested in forecasting only the last meaning, the obvious thing to do is to
discard all the data before the last jump. This however is extreme, since it assumes no
correlation between meanings. An alternative consists of making some assumptions
about how log-mortality before and after the jump are related. Here we consider the
simplest assumption: The dynamics of log-mortality remain unchanged, except for
a shift and a change in slope at the time of the change (which we assume known).
This can be incorporated into the model by including two new variables among the
covariates: One is an indicator variable that is 1 before the change and 0 after, and the
other is linear before the change and 0 (or constant) after (i.e., an indicator variable
for the change and an interaction between a time trend and the indicator variable).

Once these variables have been introduced, however, we also have to change our
prior, since we no longer expect log-mortality to vary smoothly over time, and our
smoothness assumption must be replaced by something weaker (less constraining).
To do this, we denote by t∗ the year in which the discontinuity occurs (the extension
to data with more than one jump will be obvious). The new prior knowledge can be
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Figure 8.1: The Effects of Changes in ICD Codes: Log-mortality for “Other Infectious
Diseases” in males, aged 0–4, for four countries. The discontinuous behavior is likely
due to changes in ICD codes. The green lines mark the years of the change.
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formulated as follows: Log-mortality varies smoothly over time before t∗ and after t∗,
with no assumption imposed at the discontinuity. We now write a smoothness func-
tional that encodes this knowledge. We do this by rewriting the generic smoothness
functional over time of Equation 7.1 (Page 146) as follows:

H[µ, θ] ≡ θ

N

∑

i

[

∫ t∗

0

dwtime(t)

(

dnµ(i, t)

dtn

)2

+

∫ T

t∗
dwtime(t)

(

dnµ(i, t)

dtn

)2
]

(8.14)

The two-part integral in this smoothness functional has the desired property, since it
enforces smoothness independently before and after the jump but does not penalize
functions which have a jump at time t∗. The null space for this functional is the
set of piecewise polynomials of degree n − 1, where the two “pieces” correspond to
the period before and after t∗. Take for example the standard choice n = 2: This
implies that we are indifferent to patterns of mortality that are linear in time, but
with different slopes and intercepts before and after the change. In other words, we
make no assumptions about the coefficients of the two new variables.

Equation 8.14 underscores a key point that should always be kept in mind when
choosing a prior: We must be clear about its domain of definition, that is the set
of functions we can plug into it. When we write the prior of Equation 7.1 (Page
146) we implicitly assume that log-mortality is at least continuous, since if not the
functional assumes an infinite value. However, the prior in Equation 8.14 is defined
also for patterns of log-mortality that are discontinuous at t∗. In other words, the
domain of definition of the functional in Equation 8.14 is larger then the functional
in Equation 7.1, although the two functionals coincide at the domain of Equation
7.1. Put differently, in principle, if we did not add the two variables there would be
nothing gained by using functional 8.14 rather than functional 7.1 (in practice there
would be something lost, due to the discretization of the derivative operator, which
is always poorer at the extrema of the domain of the integral).

In order to understand the difference between using the smoothness functionals in
Equations 8.14 and 7.1, we use both functionals, with n = 2, to smooth (rather than
forecast) the log-mortality patterns of Figure 8.1. Since the standard smoothness
functional 7.1 is “unaware” of the jumps, and it assumes that the underlying function
is continous, we expect it to make large errors around the jumps, resulting in over-
smoothing in those areas. The functional in Equation 8.14, which has been modified
to include two jumps rather than one — one in year 1968 and one in year 1978 —
smooths in the three regions independently. We report the results in Figure 8.2. The
red dots are the data, the green dashed line is the results of smoothing with functional
7.1, which ignores the discontinuity, and the blue continuous line is the results of the
functional 8.14. The smoothness parameter θ has been chosen large enough that
the differences between the two smoothed curves are clear. These results are very
pleasing, since the modified smoothness functional does exactly what it is supposed
to do: It smooths the data while preserving the discontinuities.
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Figure 8.2: Modeling The Effects of Changes in ICD Codes: Log-mortality for “Other
Infectious Diseases” in males, aged 0–4, for four countries. The green curve smooths
the data with the standard smoothness functional, while the blue curve smooths with
the modified smoothness functional, allowing for discontinuities. The smoothness
parameter θ has been set to 10, which is probably close to optimal.
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In order to check that the modified smoothness functional also has the right null
space, we smooth the data with the same smoothness functionals, but with a near-
infinity value of the smoothness parameter. In so doing we force the smoothed curve
to lie in the null space of the functional, thus ignoring the data wherever the prior
has information and providing the best approximation to the data from the null space
when the prior is completely uninformative. We report these results in Figure 8.3,
using the same color coding as before. Note that the green curve is a straight line,
because the null space of the smoothness functional 7.1 with n = 2 is the set of
polynomials of degree 1. For the modified smoothness functional in Equation 8.14,
the smoothed curve is a piecewise polynomial of degree 1, as predicted by the theory.
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Figure 8.3: The Null Space for Models of Changes in ICD Codes: Log-mortality for
“Other Infectious Diseases” in males, aged 0–4, for 4 countries. The green curve
smooths the data with the standard smoothness functional, while the blue curve
smooths with the modified smoothness functional, allowing for discontinuities. The
smoothness parameter θ has been set to 100,000, forcing the smoothed curve into the
null space of the smoothness functional.
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Part III

Estimation

In this Part, we show how to estimate and implement the models

introduced in Part II. Chapter 9 implements the full Bayesian

version of our model via Markov Chain Monte Carlo algorithms.

Chapter 10 shows how to implement a faster estimation procedure,

not requiring Markov Chains.
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Chapter 9

Markov Chain Monte Carlo
Estimation

In practical applications, researchers can build a prior using any combination of the
results developed in Part II. Once this step has been performed we are left with a
prior of the mathematical form given in Equation 7.12 (Page 154), except for the fact
that the exponent is likely to contain a sum of l terms of that form, with different
parameters θ1, . . . , θl and different matrices Cij. Then the only thing left to do is to
assume some reasonable prior densities for σ and θ, plug them in Equation 4.3 and
estimate the mean of the posterior distribution of β. In this chapter, we summarize
the complete model, filling in these remaining details, and then describe a method
of estimation based on the Gibbs sampler to calculate quantities of interest (Tanner,
1996). We report our calculations for the case in which there is only one prior (for
example the one for smoothness over age groups). The full details of the more general
case appears is implemented in the software accompanying this book.

9.1 Complete Model Summary

We now review the model and identify the main quantities involved in the estimation.
We begin with the full posterior density (reproduced from Equation 4.2, Page 68):

P(β, σ, θ | m) ∝ P(m | β, σ)P(β | θ)P(θ)P(σ)

(9.1)

In this section, we now formally define each of densities on the right side of Equation
9.1, so that we can compute the mean posterior of the coefficients (from Equation
4.3):

βBayes ≡
∫

βP(β, σ, θ | m)dβdθdσ. (9.2)
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and our forecasts.

9.1.1 Likelihood

Each cross-section i includes Ti observations and has its own standard deviation σi.
As explained in Section 3.1.2, we allow the observed values of the dependent variable
mit to be weighted. Therefore instead of m and Z, and the likelihood P(m | β, σ),
we use their weighted counterparts y and X (see Equations 3.8 and 3.10 at Page 54).
The weighted version of the likelihood is then

P(y | β, σ) ∝
(

∏

i

(σ−2
i )

T
2

)

× exp

(

−1

2

∑

i

1

σ2
i

∑

t

(yit − Xitβi)
2

)

. (9.3)

9.1.2 Prior for β

We consider a prior for β of the form described in Equation 7.12 (Page 154). This
prior has only one hyperparameter, θ, and can be expressed as

P(β | θ) = Kθ
r
2 exp

(

−1

2
θ
∑

ij

Wijβ
′
iCijβj

)

, (9.4)

where r is the rank of the matrix defining the quadratic form in the exponent in 9.4
(see Equation C.8, page 286).

9.1.3 Prior for σi

Since we do not desire it to have a major influence on our results, the functional form
of the prior for σi is chosen for convenience. Therefore we follow standard practice,
and choose an inverse Gamma prior for σ2

i (see Gelman 2006 for an alternative):

σ−2
i ∼ G(d/2, e/2) (9.5)

Here d and e are user specified parameters which determine the mean and the variance
of σ−2

i as follows:

E[σ−2
i ] =

d
e

, V[σ−2
i ] =

d
e2

. (9.6)

In order to specify these parameters the user must specify the mean and variance of
σ−2

i and then solve Equation 9.6 for d and e. The user may not have prior knowledge
of σ−2

i , and is more likely to have some knowledge of σi (see Section 6.5.3). Therefore
one should relate the parameters d and e to moments of σi, rather than σ−2

i . This is
not totally straightforward, since the resulting formulas do not allow for closed form
solutions. We derive here all the necessary formulas for a numerical solution.
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Since the object about which we have prior knowledge is σi it is important to
understand how the prior density in Equation 9.5 looks in terms of σi. Defining the
auxiliary variable si ≡ σ−2

i from the definition of Gamma density, we rewrite the
density of Equation 9.5 as:

P(si;d, e) =
1

Γ(d
2
)

(e
2

)d
2

si

d
2
−1e−

e
2
si

The density for σi is derived with a simple change of variable and it has the following
form:

P(σi;d, e) =
2

Γ(d
2
)

(e
2

)d
2

σ−d−1
i e

− e
2

1

σ2
i

A lengthy but straightforward calculation shows that the moments of the density
above are as follows:

E[σn
i ] =

Γ(d−n
2

)

Γ(d
2
)

(e
2

)n
2

(9.7)

The mean and variance of the prior density for σi are therefore:

E[σi] =
Γ(d−1

2
)

Γ(d
2
)

(e
2

) 1
2

V[σi] =
e

d− 2
− E[σi]

2 (9.8)

Notice that the variance of σi goes to infinity as d tends to 2, and therefore we impose
the constraint d > 2. The relationship 9.8 cannot be inverted to express d and e as
a function of E[σi] and V[σi], and so a numerical procedure is necessary. To this end
it is convenient to rewrite the Equations 9.8 as:

E[σi]
√

V[σi] + E[σi]2
=

Γ(d−1
2

)

Γ(d
2
)

√

d
2
− 1

e =(d− 2)
(

V[σi] + E[σi]
2
)

(9.9)

The top part of equation 9.9 is easily solved numerically (for d > 2), since it has only
one solution, and once a value for d is obtained the value for e follows via simple
substitution.

9.1.4 Prior for θ

Here again we follow standard practice and choose a Gamma prior for θ:

θ ∼ G(f/2,g/2) (9.10)

where f and g are user specified parameters, which control the mean and the variance
of θ through formulas like those in Equation 9.6. We have shown in Section 6.2 (Page
113) how to make reasonable choices for the mean and the variance of θ, and therefore
we can use those results to set f and g.



190 CHAPTER 9. Markov Chain Monte Carlo Estimation

9.1.5 The Posterior Density

Now we can bring together all the quantities defined above and write the full posterior
density as

P(β, σ, θ | y) ∝
(

∏

i

(σ−2
i )

d+Ti
2

−1e−
1
2
eσ−2

i

)

(

θ
f+r
2

−1e−
g
2
θ
)

×

× exp

(

−1

2

[

∑

i

1

σ2
i

∑

t

(yit − Xitβi)
2 + θ

∑

ij

Wijβ
′
iCijβj

])

.

(9.11)

In the next section we briefly describe the Gibbs algorithm used to sample from this
density and to compute the posterior mean in Equation 9.1.

9.2 The Gibbs Sampling Algorithm

We evaluate of the conditional mean in Equation 9.2 using a Monte Carlo Markov
Chain (MCMC) approach. In this Section, we give the expressions needed to im-
plement the Gibbs sampler (Geman and Geman, 1984; Gelfand, A.E. and Smith,
A.F.M., 1990), one of the most commonly used MCMC techniques. We refer the
reader to standard textbooks on MCMC for a description of the Gibbs sampler (Gel-
man et al., 2003; Gilks, Richardson and Spiegelhalter, 1996; Gill, 2002; Tanner, 1996).
We describe this algorithm with reference to the prior in Equation 7.12, with only
one hyper-parameter θ and only one type of cross-sectional index, generically denoted
by i.

To draw random samples from the posterior density in Equation 9.11, we use
the Gibbs sampling algorithm. The essence of the Gibbs sampler lies in breaking
a complicated joint probability density into a set of full conditional densities, and
sampling one variable (or a group of variables) at a time, conditional on the values
of the others.

In our case we have three sets of variables, β, σ and θ, so that one iteration of
the algorithm consists of sampling each of these sets. To simplify our notation, we
denote the density of a variable x conditional on all the others by P(x | else). Then,
we write an iteration of the Gibbs sampler containing the following steps:

1. σ−2
i ∼ P(σ−2

i | else) i = 1, . . . , n

2. θ ∼ P(θ | else)

3. βi ∼ P(βi | else) i = 1, . . . , n
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Once we know how to sample from the conditional densities above, we compute the
posterior mean of β in Equation 9.1 by averaging the values of β obtained by repeating
these steps a large number of times (after having discarded a suitable number of
“burn-in” iterations to ensure that the algorithm has converged, possibly also with
separate chains; we do not worry about autocorrelation in the series unless we are
computing standard errors). Since the conditional densities need to be known only
up to a normalization factor, we only need terms in the posterior that include the
variables of interest.

We now derive each of these conditional densities. We also show that each can be
simply understood as a weighted average of a maximum likelihood estimate and the
prior mean.

9.2.1 Sampling σ

The Conditional Density

When we choose the prior for σk we implicitly assume that the relevant variable (the
one with the gamma density) was σ−2

k , rather than σk. Consistently with that choice
we use σ−2

k as the sampled variable, and pick from Equation 9.11 all the terms that
contain σ−2

k , grouping the others in a generic normalization constant. We thus obtain:

P(σ−2
k | else) ∝ (σ−2

k )
d+Tk

2
−1e−

1
2
eσ−2

k exp

(

−1

2
σ−2

k

∑

t

(ykt − X′
ktβk)

2

)

which is a Gamma distribution for σ−2
k . Thus, by defining

SSEk ≡
∑

t

(ykt − X′
ktβk)

2 , (9.12)

we conclude that sampling for σ−2
k should be as follows:

σ−2
k | else ∼ G

(

d+ Tk

2
,
e+ SSEk

2

)

. (9.13)

Interpretation

In order to clarify this expression further, we write the conditional expected value of
σ−2

k :

E[σ−2
k | else] =

d+ Tk

e+ SSEk

and define, respectively, σ2
P,k, which is related to the expected value of σ2

k under the
prior in Equation 9.5, and σ2

k,ML, the usual maximum likelihood estimator of σ2
k:
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σ2
P,k ≡ e

d
=

1

E[σ−2
k ]

, σ2
k,ML =

SSEk

Tk

.

Now rewrite the equation for the conditional mean of σ−2
k :

E[σ−2
k | else] =

(dσ2
P,k + Tkσ

2
k,ML

Tk + d

)−1

.

This expression helps clarify that when d is large — when the prior density is highly
concentrated around its mean — the conditional mean of σ−2

k is very close to the
prior mean. On the other hand, when the number of observations Tk is large then the
likelihood dominates, and the conditional mean becomes determined by the likelihood.
Although this conclusion is to be expected, it is useful, since it makes clear the “dual”
role of the quantities d and Tk, which control the trade-off between the prior and the
likelihood as measures of concentration around the mean. It is also possible to show
a similar kind of duality between e and SSEk.

9.2.2 Sampling θ

The Conditional Density

Proceeding in the same way as above we write the conditional distribution for θ as

P(θ | else) ∝ θ
f+r
2

−1e−
1
2
θg exp

(

−1

2
θ
∑

ij

Wijβ
′
iCijβj

)

,

which is again a Gamma distribution. Thus, sampling for θ may be done according
to the following, expressed in standard form:

θ ∼ G
(

f + r

2
,
g
2

+
1

2

∑

ij

Wijβ
′
iCijβj

)

. (9.14)

Interpretation

Again, we examine the conditional mean of θ, which is:

E[θ | else] =
f + r

g +
∑

ij Wijβ
′
iCijβj

.

In order to interpret this expression we define, respectively, θP, the expected value of
θ under its prior (see Equation 9.10), and θML, the maximum likelihood estimator of
θ, that is the value of θ which maximizes P(β | θ) (see Equation 9.4):
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θP ≡ E[θ] =
f
g

, θML ≡ r
∑

ij Wijβ
′
iCijβj

Rewriting the equation above for the conditional mean as an equation for its reciprocal
is easier. Although the mean of the reciprocal is not the reciprocal of the mean, these
quantities are related, which is enough for the purpose of explanation:

1

E[θ | else]
=

f 1
θP

+ r 1
θML

f + r
.

As is the case for σ, this expression depends on the trade-off between two terms: One
which relates to the prior of θ and one which relates to its likelihood. The parameters
which control this tradeoff are f and r. The parameter f controls how concentrated is
the prior distribution of θ around its mean. By the same token we would expect that
r, the rank of the matrix in the exponent of P(β | θ), describes the concentration of
P(β | θ) around its mean. This can be seen by writing the density for the random
variable H =

∑

ij Wijβ
′
iCijβj, which is the relevant expression from the point of view

of θ. Using the techniques described in Appendix C we can show that:

H ∼ G(r, θ)

From here we can see immediately that r plays for the likelihood the same role played
by f in the prior, and is indeed a measure of concentration.

9.2.3 Sampling β

The Conditional Density

In order to find the distribution of βk with all the other variables held constant, we
need to isolate from the posterior all terms that depend on βk. As a first pass, we
eliminate unnecessary multiplicative terms in Equation 9.4 and write:

P(βk | else) ∝ exp

(

−1

2

[

1

σ2
k

∑

t

(ykt − X′
ktβk)

2 + θ
∑

ij

Wijβ
′
iCijβj

])

. (9.15)

We collect in a generic term K all the terms which do not depend on βk (we reuse
the symbol K to refer to possibly different constants for each equation below). For
the first term in Equation 9.15 we have:

∑

t

(ykt − X′
ktβk)

2 = β′
kX

′
kXkβk − 2β′

kX
′
kyk + K

For the second term in Equation 9.15 we have:
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∑

ij

Wijβ
′
iCijβj = Wkkβ

′
kCkkβk + 2

∑

j 6=k

Wjkβ
′
kCkjβj + K

Using the quadratic form identity in Appendix B.2.6 (Page 277), W = s+ − s, and so
we rewrite the expression above as:

∑

ij

Wijβ
′
iCijβj = s+

k β′
kCkkβk − 2

∑

j

sjkβ
′
kCkjβj + K.

Putting everything together,

P(βk | else) ∝ exp

(

−1

2

[

β′
k

(

X′
kXk

σ2
k

+ θs+
k Ckk

)

βk − 2β′
k

(

X′
kyk

σ2
k

+ θ
∑

j

sjkCkjβj

)])

,

we now define

Λ−1
k ≡ X′

kXk

σ2
k

+ θs+
k Ckk

and

βk ≡ X′
kyk

σ2
k

+ θ
∑

j

sjkCkjβj.

With these definitions we have:

P(βk | else) ∝ exp

(

−1

2

[

β′
kΛ

−1
k βk − 2β′

kβk

]

)

= exp

(

−1

2

[

(βk − Λkβk)
′Λ−1

k (βk − Λkβk)
]

)

Therefore, we need to sample βk as follows:

βk ∼ N (Λkβk, Λk) (9.16)

which is easily done by setting:

βk = Λkβk +
√

Λkb , b ∼ N (0, I).
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Interpretation

Despite the apparent complexity, Equation 9.16 has a clear interpretation, similar to
the interpretation of the formulas for the conditional means of σ−2

k and θ. In those
cases the conditional mean was a weighted average of two terms: One was interpreted
as a maximum likelihood estimate, and the other was the prior mean. Since we expect
to see the same phenomenon, we define the two quantities:

βML
k ≡ (X′

kXk)
−1X′

kyk , βP
k ≡

∑

j

skj

s+
k

C−1
kk Ckjβj

The quantity βML
k is simply the maximum likelihood estimator of βk. The quantity

β
p
k is the conditional mean of the prior, in Equation 8.5 (Page 171).

In order to see the meaning of Equation 9.16, we consider a special, but informa-
tive, case. Remember that by definition we have Ckk = T−1Z′

kZk. Here Zk is a vector
of covariates extending over T time periods — the time over which we think prior
knowledge is relevant. In general, the data matrix Zk differs from the data matrix
Xk: Xk might include population weights, and it reflects the same pattern of missing
values of mit. Therefore, even without population weighting, the rows of Xit are a
subset of the rows of Zk. Here, for the purpose of explanation, we assume that Xk

and Zk are identical, so that Ckk = T−1
k X′

kXk. Using this assumption and a bit of
algebra, we rewrite the conditional mean for βk as follows:

E[βk | else] =

Tk

σ2
k

βML
k + θs+

k βP
k

Tk

σ2
k

+ θs+
k

.

As expected, the conditional mean of βk is a weighted average of βML
k and βP

k . The
weight of βML

k is large when the number of observations Tk is large, or when the
noise affecting the observation (σk), which also measures the variance of βk (in the
likelihood), is small. In order to interpret the weight on βP

k we need to inspect
Equation 8.5 (page 171): From this equation we see that the term θs+

k is inversely
proportional to the (conditional) variance of βk under the prior. Therefore the weight
on βP

k is large when βk has large prior variance; it is the counterpart of 1
σ2

k

in the

weight on βML
k .

9.2.4 Uncertainty Estimates

Once the Gibbs sampler has been implemented, no additional effort is needed to
estimate model-based standard errors or confidence intervals for the forecast. This
is done by producing, at every iteration of the Gibbs sampler (after the “burn-in”
period), a forecast for each cross-section based on the current sample from β and
adding to it a random disturbance, sampled from a normal distribution with standard
deviation given by the current sample from σ. The standard deviation for this random
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set of forecasts will give us an estimate of the standard errors. Of course, model-based
uncertainty estimates do not take into account the most important source of error,
which is the specification error, for which other techniques must be used.

9.3 Concluding Remark

This chapter offers a method of computing forecasts from our model in Chapter 4
given the choice of any of the priors in Chapters 5 or 7. The following chapter offers
speedier versions that do not rely on the Gibbs algorithm.



Chapter 10

Fast Estimation Without Markov
Chains

In Chapter 9, we focused on the Gibbs sampling algorithm, since our goal was to
compute the mean of the posterior for β (Equation 9.2, Page 187). However, given
the posterior distribution P(β, σ, θ | m) in Equation 9.11, we could alternatively
use its maximum as a point estimate, the so-called Maximum A Posteriori (MAP)
estimator.

Thus, from the (marginal) posterior distribution of the coefficients, P(β|y), we
could compute

βMAP ≡ arg max
β

P(β|y) = arg max
β

∫

P(β, σ, θ | y)dσdθ. (10.1)

We show here that we can compute this quantity or approximations to it without
Gibbs sampling, as the solution to a maximization problem. Whether this MAP esti-
mator is better than the mean of the posterior, and whether it is easier to implement
it may depend on the problem and on the kind of software and expertise available to
the user.

In the three main sections of this Chapter, we offer three alternative estimators
— a maximum a posteriori (MAP) estimator, a marginal MAP estimator, and a
conditional MAP estimator. In applications, we have used only the conditional MAP
estimator to any large extent, but we present all three so that a user interested in
implementing any of them will have many of the necessary calculations. All three
estimators also provide additional insights about the model. For further information
and alternative refinements, see Leonard and Hsu (1999), Greenland (2001), and
Gelman et al. (2003).
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10.1 Maximum A Posteriori Estimator

Instead of maximizing the marginal posterior for β we could alternatively maximize
the whole posterior, obtaining estimates for σ and θ as well. This has the advantage
of enabling one to compute forecast standard errors easily via simulation. In order
to compute this estimator we have to solve the following maximization problem:

max
β,σ,θ

P(β, σ, θ | y) (10.2)

It is now straightforward to write the first order conditions for this problem:

βk =

(

X′
kXk

σ2
k

+ θs+
k Ckk

)−1
(

X′
kyk

σ2
k

+ θ
∑

j

sjkCkjβj

)

,

σ−2
k =

d + Tk − 2

e + SSEk

,

θ =
f + r − 2

g +
∑

ij Wijβ
′
iCijβj

.

Thus, we have written the equation for the coefficient βk in such a way that βk is not
on the right side (since skk = 0). This suggests a simple iterative algorithm in which
one starts, for example, with β and σ obtained via equation-by-equation least squares
and then updates the estimates for all three parameters according to the expressions
above until convergence.

10.2 Marginal Maximum A Posteriori Estimator

We begin by factoring the marginal posterior into the product of two terms:

P(β|y) ∝
[∫

dσP(m | β, σ)P(σ)

] [∫

dθP(β | θ)P(θ)

]

.

The first term is often called an “effective” likelihood, that is a likelihood in which
we already have incorporated the effect of the uncertainty about σ by integrating it
out. Similarly, the second term can be thought of as an “effective” or marginal prior,
which also takes in account the fact that the parameters of the prior are known with
uncertainty. The integrals in the expressions above can be readily computed:

∫

dσP(m | β, σ)P(σ) ∝
∏

i

(

1

e + SSEi(β)

)

d+Ti
2

where we have defined SSEi in Equation 9.12 (page 191). Similarly we have:

∫

dθP(β | θ)P(θ) ∝
(

1

g + H[β]

)
f+r
2
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where

H[β] ≡
∑

ij

Wijβ
′
iCijβj.

Finally, we plug the expressions above in Equation 10.1, and take its log, which
gives the marginal MAP estimator:

βmMAP ≡ arg min
β

∑

i

(d + Ti) ln

(

1 +
SSEi(β)

e

)

+ (f + r) ln

(

1 +
H[β]

g

)

(10.3)

10.3 Conditional Maximum A Posteriori Estima-

tor

We now compare Equation 10.3 with the one we would obtain if we had conditioned
on the fixed values of the parameters σi and θ (corresponding to degenerate, point
mass priors):

βcMAP ≡ arg min
β

∑

i

1

σ2
i

SSEi(β) + θH(β). (10.4)

By comparing Equations 10.4 and 10.3, we first observe that the effect of uncertainty
on σi and θ is to replace the quadratic cost functions in Equation 10.4 with the
concave-shaped cost functions of Equation 10.3. Functions other than the logarithm
could be obtained (for example, the absolute value) by choosing different densities
for σ and θ (see Girosi, 1991, for a characterization of the class of functions that can
be obtained in this way).

The effect of having concave functions in the likelihood is to provide some robust-
ness against variation in squared error over the cross-sections: If one cross-section has
large squared error and we use the estimator of Equation 10.4, we may end up with
an estimator too focused on making the error in that particular cross-section small,
at the expense of the squared error in the other cross-sections. Using Equation 10.3
instead will prevent such outliers from having undue effects.

When e is “large” with respect to SSEk, we have ln
(

1 + SSEi(β)
e

)

≈ SSEi(β)
e . This

makes sense, since we can make e large, for example, by choosing a prior distribution
for σ−2

i with a small variance, which is closer to the case considered in Equation 10.4
(with 0 variance). Similarly, if our prior for θ has a small variance, so that we are
fairly certain about the value of θ, the prior term in Equation 10.3 will tend to the
corresponding term in Equation 10.4.

The role of the quantities in Equation 10.3 — d, f, r, and Ti — is also clear. The
parameters d and f control the concentration of the densities for σ−2

i and θ around
their means. Therefore we expect them to appear as weights in Equation 10.3. The
number Ti is the number of observations in cross-section i, and it appears as a weight
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in the likelihood so that cross-sections with more observations are smoothed relatively
less. The number r is the rank of the inverse covariance matrix in the prior for β, and
it reflects the amount of information carried by the prior (if r is small then the prior
is constant on most of its domain). Notice that the counterpart of r in the likelihood
is Ti, which measures how much information is in the likelihood.

Equation 10.3 provides an alternative estimator to the posterior mean. It does not
require Gibbs sampling, but it requires minimizing a non-convex cost function. When
σ−2

i and θ have small variance, and therefore Equation 10.3 approaches Equation 10.4,
it might be simpler to solve Equation 10.3 than to use the Gibbs sampler. However,
since the objective function is not convex it is difficult to exclude the possibility of
local minima which can can lead to sub-optimal solutions. On the other hand, Gibbs
sampling algorithms are only guaranteed to converge asymptotically and so, as is
usual with MCMC techniques, its never entirely clear when they have converged.
Another disadvantage of this approach is that, unlike the Gibbs sampling, it does not
provide model-based standard errors, since it does not provide estimates for σ and θ.

10.4 Concluding Remarks

This chapter offers three fast algorithms for estimating the mode of the posterior.
Whether these point estimators or those in Chapter 9 are preferable in any one
application is an empirical question. The estimators offered here are faster and also
require less expertise of users than the MCMC algorithm in Chapter 9.



Part IV

Empirical Evidence

In this Part, we use a large and diverse collection of age-sex-

country-cause-specific mortality data to illustrate our method and

demonstrate how it can improve forecasts.
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Chapter 11

Illustrative Analyses

Our general approach throughout this book is to enable forecasters to include more
information in their model and thereby to improve forecasting accuracy. In addition
to including covariates that may differ from one cross-section to the next, new infor-
mation can enter the model in five ways, each of which represents a opportunity as
well as a choice for the user. This chapter delineates these choices and shows how
they are made in practice. The choices include:

1. The baseline age profile, µ̄. This is the age profile towards which the forecasts
will tend, due to the smoothing imposed.

2. The cross-sections across which we expect to see similar levels or trends in
log-mortality. These may include priors for smoothness across age, time, and
country, or interactions and combinations of these.

3. The amount of similarity and thus smoothing we will see (the weight of the
prior, θ, which can be ascertained, e.g., by the standard deviation of the prior
for a single forecast).

4. The degree of smoothing we should impose in different areas. By choosing
weights, users can to loosen up the prior and let the data take over in specified
ranges or areas within the age profile, time periods, or regions.

5. What we are ignorant about. This is the content of the null space, controlled
by the degree of the derivative of the smoothness functional or functionals, n.

We illustrate these choices by starting with a simple set of priors and gradually
complicating the model. Our purpose here is not to make real forecasts but rather to
convey how to get a feel for the model, and how its adjustable parameteters should be
set, by adding features until the right prior appropriately combines with the likelihood
to produce forecasts that make substantive sense. In actual forecasting situations,
researchers should understand the adjustable parameters, set them on the basis of
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real prior knowledge, make the forecasts, and then live with the results. In contrast,
the procedures we follow here of experimenting with prior settings, examining the
forecasts, and adjusting further could be applied in practice to make real scientific
forecasts by using them with a subset of the observed data to understand the settings
before making forecasts for the whole data set. however, our primary purpose here
is to provide an empirical feel for the models and general approach. The following
chapter provides more formal comparisons.

Section 11.1 gives an example of a forecasting model that uses a linear trend as
the only covariate, smoothing over age groups, and then also age and time trends
over age groups. We then discuss nonlinear trends in Section 11.2, and finally two
examples using substantive covariates in Sections 11.3 and 11.4. Each of the data
sets discussed here are fully documented and available with the software package we
wrote to accompany this book, the demos for which serve as a replication data files
(see King, 1995) containing all data necessary to replicate the results in this book. By
making the replication of the results presented here easy, it should be straightforward
for users to extend the approach to different data sources.

11.1 Forecasts without Covariates: Linear Trends

We consider here a simple application where the time series forecasts in each cross-
section are modeled as a linear trend over time, plus priors. Thus, we include here
only a single covariate representing the time period (the year), and exclude all other
covariate information. The results here differ from that of Lee and Carter, a random
walk with drift, or a least squares regression of log-mortality on the year because
of the priors we include that tie the forecasts in different cross-sections together in
different ways.

This simple linear trend model is an especially useful starting point in practice
for understanding a new set of data as well as for learning our general approach. It is
also useful for real forecasting examples when time series are very short and autore-
gressive methods cannot be productively applied, or when covariates are unreliable
or unavailable. In some data, such as U.S. male mortality, the observed data may
be sufficiently linear in sample to make us expect that the future course of mortality
should also be linear in time. Of course, in practice, for most applications we would
want to include more informative covariates.

The specification of expected mortality varying over age a and time t is therefore
as follows:

µat = β(0)
a + β(1)

a t (11.1)
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11.1.1 Smoothing over age groups only

Here we consider the case of acute respiratory infections in Belize, a time series with
23 observations. In Figure 11.1, we show in the top two panels 30 year forecasts of
time series and age profiles obtained using the Lee-Carter method. A linear trend
computed using least squares would produce similar results. The forecast plot on
the left shows the results to be highly variable, with each of the age group forecast
lines shooting off in a different direction. The implausible results produce the highly
unsmooth expected age profiles on the right. If the input data are noisy, substantive
priors might yield large confidence intervals but not a highly jagged expected age
profile. Of course, this figure is not surprising: The Lee-Carter method was never
meant to be applied to such data, and equation-by-equation least squares ignores the
strong correlation among age groups.

A natural next step, then, is to introduce a non-zero-mean prior which smooths
over the age groups. We consider the usual case with a derivative of order 2 and
uniform weights over the age groups and over time, which we write below:

P(µ | θ) ∝ exp

(

−1

2
H[µ, θ]

)

(11.2)

H[µ, θ] ≡ θ

AT

∫ T

0

dt

∫ A

0

da

(

d2

da2
(µ(a, t) − µ̄(a))

)2

(11.3)

The choice of the second derivative is dictated by the choice of the null space, which
we do not wish to be too restrictive. Using a second derivative means that the null
space of this prior — the portion of the forecasts that depend entirely on the data and
are not influenced by the prior — is the set of age profiles that deviate linearly from
the average age profile. Since only a linear trend is included among the covariates, if
we chose a first derivative, the null space would include only age profiles which differ
from the average age profile only by a constant, a constraint which is unnecessarily
strong.

Once the order of the derivative has been chosen, the only two remaining unknown
quantities in this prior are the smoothness parameter θ and the mean age profile µ̄(a)).
The mean age profile is a form of prior knowledge, which in principle could be elicited
from an experts’ panel. In practice we find that a satisfactory procedure is to use the
empirical average of all the age profiles for respiratory infections in males in our data
base, where the average is taken over all the countries with more than 10 observations
(to exclude countries with very unreliable data).

Following the logic of Section 6.2 (Page 113), where we learned that θ ∝ 1/σ2, we
recognize σ as the standard deviation of the prior for any one log-mortality prediction
(i.e., for one time series of age, sex, country, cause, and year). We therefore chose the
value σ = 0.2 for the prior, although we find that σ = 0.1 gives very similar results.

The bottom panel of Figure 11.1 gives 30 year forecasts and age profiles obtained
using our Bayesian method. The coefficients were estimated using the MAP procedure
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described in Chapter 10, rather than the full Gibbs sampling from Chapter 9. While
this result could be improved, it is already a substantial improvement on the forecasts
shown in the top panel and faster than a full Gibbs run.

A side effect of the age profile smoothing is a relatively smooth pattern of time
trends. This happens because if log-mortality were to decrease at significantly dif-
ferent rates in different age groups that might lead to age profiles which deviate
non-smoothly from the average age profile. The mathematical reason for this can be
seen by plugging specification 11.1 in prior 11.3, and deriving the prior imposed on
the coefficients β(0) and β(1):

H[µ, θ] ≡ θ

AT

∫ T

0

dt

∫ A

0

da

(

d2

da2
(µ(a, t) − µ̄(a))

)2

=
θ

AT

∫ T

0

dt

∫ A

0

da

(

d2

da2
(β(0)

a + β(1)
a t − µ̄(a))

)2

=
θ

A

∫ A

0

da

(

d2

da2
(β(0)

a − µ̄(a))

)2

+
θT 2

3A

∫ A

0

da

(

d2

da2
β(1)

a

)2

+
θT

A

∫ A

0

da

(

d2

da2
β(1)

a

)(

d2

da2
(β(0)

a − µ̄(a))

)

(11.4)

In the last expression in Equation 11.4, the second term enforces smoothness of the
time trend β(1) over the age groups. In many applications, this may not be enough to
satisfy our needs, as another example will illustrate below, but the main point here
is to realize that imposing smoothness over age groups does sometimes provide some
smoothness of the trends over age groups.

Another way to look at the same phenomenon is to analyze in detail the null
space of the prior 11.4. Simple algebra shows that in the limit as θ → ∞ the forecast
assumes the following specification:

µat = µ̄(a) + α1 + α2t + γ1a + γ2at

The presence of the term with γ2 in this expression shows that in the null space the
time trend can only vary linearly with age. When a finite value of θ is used, the time
trend will have more freedom to vary, but it will still be constrained up to a point.

In many applications, the user will know that, in addition to the age profiles being
smooth, the time trend varies smoothly across age groups too, and so the amount of
smoothing imposed by the prior over age groups may be insufficient. An example of
such a case is shown in Figure 11.2, which has the same structure of Figure 11.1, but
uses data from Bulgaria rather than Belize. In this case while the use of the prior 11.3
leads to smooth age profiles, it still leads to an unrealistic ranking of mortality across
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Figure 11.1: Log-mortality from respiratory infections in males in Belize: Lee-Carter
(top) and Age Smoothing (bottom). The time series includes 23 observations. The top
two panels are the forecasts for time series (left) and age profiles (right) obtained using
Lee-Carter. The bottom two are forecasts for time series (left) and age profiles (right)
using the prior of Equation 11.3, which smooths over age groups. (The standard
deviation of the prior is set to 0.2, and the average age profile is the empirical average
of all the age profiles for respiratory infections in males in our data base, taken over
all the countries with more than 10 observations.) Note how the priors used in the
bottom two panels constrains the forecasts to be more plausible relative to each other.
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age groups. This problem originates from an unrealistic pattern in the time trend.
We thus consider a prior that explicitly smooths the time trend over age groups in
the following section.

11.1.2 Smoothing over age and time

One kind of prior knowledge is smoothness of the time trend over age groups. We have
described a general smoothness functional that captures this type of prior information
in Section 7.4.1. A simple example of such a smoothness functional is the following:

H[µ, θ] ≡ θ

TA

∫ T

0

dt

∫ A

0

da

(

∂2µ(a, t)

∂a∂t

)2

. (11.5)

The interpretation of this prior is very simple, and is best understood by plugging
specification 11.1 into Equation 11.5, and obtaining the following prior for the coef-
ficients β:

H[β, θ] ≡ θ

A

∫ A

0

da

(

∂β
(1)
a

∂a

)2

. (11.6)

This prior is indifferent to the values of the intercept coefficients β
(0)
a , but it does

enforce the constraint that similar age groups have similar time trends (i.e., β
(1)
a ).

Because this prior is indifferent to the intercept β
(0)
a , it does not enforce any kind of

smoothness on the age profiles: The time trends could be exactly the same across
ages, but the age profiles themselves could be far from smooth. Therefore it will often
be useful to use this prior in conjucntion with a prior like the one of Equation 11.3,
which smooths the age profiles, in order to improve the behavior of the time trends.

We now demonstrate the use of this prior in conjunction with the age prior in
Figure 11.3, which refers to the data for respiratory infections in Bulgarian males
of Figure 11.2, where we showed the results obtained using the age prior by itself.
Here we add the prior 11.6 to the age prior, using a value of the standard deviation
σ = 0.05. This standard deviation was derived using the procedure described in
Section 7.6 (Page 158). The main feature of the forecast in Figure 11.3 is that the
basic shape of the age profile is kept similar in the far future in that the age profiles
does not develop the curious hump seen in Figure 11.2.

11.2 Forecasts without Covariates: Nonlinear Trends

Sometimes no useful substantive covariates are available, and only short log-mortality
time series are available and so autoregressive approaches would be highly inefficient.
In this situation, using a linear time trend is often an acceptable solution. However,
when the observed data has a clearly nonlinear component, a new strategy is needed.
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Figure 11.2: Log-mortality for respiratory infections in males, Bulgaria: When
Smoothing over Age Groups is Insufficient. There are 37 observations in this time se-
ries. The top two panels are the forecasts for time series (left) and age profiles (right)
obtained using the Lee-Carter method. The bottom two panels are the forecasts for
time series (left) and age profiles (right) obtained using the prior of Equation 11.3,
which smooths over age groups. (The standard deviation of the prior has been set
to 0.2, and the average age profile is the empirical average of all the age profiles for
respiratory infections in males in our data base, taken over all the countries with more
than 10 observations.)
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Figure 11.3: Log-mortality for respiratory infections in males, Bulgaria. There are 37
observations in this time series. Forecasts for time series (left) and age profiles (right)
obtained using the prior of Equation 11.3, which smooths over ages, in conjuction
with the prior of Equation 11.5, which smooths over ages and time. (The standard
deviation of the prior over ages was set to 0.2, while the standard deviation of the
prior over age and time was set to 0.05.)
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In these instances we need an alternative functional form for the nonlinear part of the
time series. When possible, this choice should be guided by at least some plausible
modeling arguments. We illustrate with one possibility here.

Consider the usual situation where mortality historically has been decreasing over
time. When we assume a linear trend in log-mortality we are implicitly assuming the
following model:

dµ(t)

dt
= −β

where β is a positive coefficient that summarizes the effect of all the factors that
drive mortality down over time, such as advances in medicine and medical care or
improvements in public health infrastructure linked to economic growth. In many
cases, however, there are also factors that drive mortality upward, such as increased
access to tobacco or drugs, or an increase in the volume of road traffic. If these upward
trends are linear they are already netted out in the actual value of the parameter β.
However, in some cases the strength of the upward trend may plausibly be a decreasing
function of time. This may happen, for example, because the causes underlying the
upward trends have been identified and policies are put in place in order to counteract
them. For example, traffic safety rules may be implemented as a response to increased
traffic accidents. If this is the case then one could model the dynamics of log-mortality
as follows:

dµ(t)

dt
= −β +

α1

(α2 + t)α3

where α1, α3 > 0 and α2 depends on the choice of the “origin” of time. The last term
represents a positive rate of increase in log-mortality which decreases over time at
rate controlled by α3. Choosing, for example, α3 = 1 and integrating over time, we
can see that under this model log-mortality evolves over time as follows:

µ(t) = β0 + βt + α1 log(α2 + t)

where we expect the sign of the coefficients β and α1 to be opposites.
In order to set the parameter α2 one needs to make some assumption about how

fast the upward mortality trend changes over time. Measuring time in years, it is easy
to see that the percentage change of this term going from on year to the next is 1

α2+t+1
.

Setting this term to some small number, say, 1%, one obtains that α2 = 100 − t − 1.
For a time series whose average time variable is, say 1975, one would then derive
α2 = −1876, so that the nonlinear trend is log(t − 1876). In practice one does not
need to be very precise, since this choice does not dramatically affect the results, as
long as we get the right order of magnitude (a similar comments holds true for the
value of α3).

We apply these ideas to forecasting death by lung cancer. In the past 50 years
many countries have shown a mortality pattern for this disease which has an inverse
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U-shape. This is consistent with the story that as more people start smoking, more
people die of lung cancer at a later date, triggering anti-smoking regulations aimed
at decreasing lung cancer mortality rates. Therefore, in the absence of a more ap-
propriate covariate (for example, yearly or cumulative tobacco consumption), we can
predict mortality by lung cancer via this specification:

µat = β(0)
a + β(1)

a t + β(2)
a log(t − 1876)

In Figures 11.4 and 11.5 we show forecasts of male mortality by lung cancer in
Peru, Ukraine, and Trinidad and Tobago, obtained using least squares (LS). We only
consider age groups 30 and above since very few people die of lung cancer below
age 30. Despite the fact that the regression specification has only three unknown
parameters in each age group, LS gives unacceptable results for all the forecasts.
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Figure 11.4: OLS forecasts of lung cancer log-mortality in males for Peru. In the left
panels we plot the data and the forecast for age group 30 and above. In the right
panels we plot the age profiles, both insample and out of sample.

Here we consider a prior which includes three smoothness functionals:

H[µ, θage, θtime, θage/time] ≡
θage

AT

∫ T

0

dt

∫ A

0

da

(

d2

da2
(µ(a, t) − µ̄(a))

)2

+
θtime

AT

∫ T

0

dt

∫ A

0

da

(

d2

dt2
µ(a, t)

)2

+
θage/time

TA

∫ T

0

dt

∫ A

0

da

(

∂3µ(a, t)

∂a∂t2

)2

(11.7)
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Figure 11.5: OLS forecasts of lung cancer log-mortality in males for Ukraine and
Trinidad and Tobago. In the left panels we plot the data and the forecast for age
group 30 and above. In the right panels we plot the age profiles, both insample and
out of sample.
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The first smoothness functional is the usual one over age groups discussed in Section
11.1.1. The second functional smooths the time series over time. Since the functional
involves the second derivative, it is used to make sure that the curvature of the time
series stays within reasonable bounds. This functional is indifferent to linear trends,
and therefore is only imposes a constraint on the logarithimic trend. The last term
is a mixed age/time smoothness functional encoding knowledge that the curvature of
the time series varies smoothly across age groups.

Now that the prior has been chosen we only need to choose reasonable values for
the smoothness parameters θage, θtime and θage/time. Consistent with the notation of
Section 7.6, we reparametrize our problem, and instead of the quantities θage, θtime

and θage/time we use the quantities σage, σtime and σage/time. Recall that σage is simply
the average standard deviation of the prior over age groups, if it were used in isolation,
and it is linked to θage by Equation 6.14, which we rewrite below (see Equations 6.7
and 6.9 for the definition of the other quantities in this expression):

θage =
Tr

(

ZD+
ageZ

′)

ATσ2
age

(11.8)

The same formula applies, with obvious modifications, to θtime and θage/time. In order
to estimate the values of σage, σtime and σage/time we use the method described in
Section 7.6, which requires the definition of suitable summary measures. We use the
following three:

Fage(µ) ≡ 1

AT

T
∑

t=1

A
∑

a=1

|µat − µa−1,t|

Ftime(µ) ≡ 1

AT

T
∑

t=1

A
∑

a=1

|µat − µa,t−1|

Fage/time(µ) ≡ 1

AT

T
∑

t=1

A
∑

a=1

|(µat − µa,t−1) − (µa−1,t − µa−1,t−1)|

The quantity Fage measures how much log-mortality changes from one age group to
the next, and Ftime measures how much it varies from one year to the next. The
quantity Fage/time is a measure of how much the time trend changes from one age
group to the next. Using the procedure described in Section 7.6.2 we estimated that
reasonable values for the expected values of the summary measures are approximately
as follows:

F̄age ≈ 0.53 , F̄time ≈ 0.033 , F̄age/time ≈ 0.007 (11.9)

It would be possible, and in many cases advisable, to use more than three summary
measures, for example including the standard deviation of the prior, even if the num-
ber of smoothness parameters to be estimated is only three. In this case, however, we



11.2. FORECASTS WITHOUT COVARIATES: NONLINEAR TRENDS 215

have very few covariates, and the prior is quite constrained already in the patterns
that it can produce. Therefore it is not reasonable to hope to control many character-
istics of the prior at once under these conditions. In fact, we find that the standard
deviation of the prior, even for the optimal values of the parameters, is larger than
one would otherwise expect (around 0.6).

For each value of σage, σtime and σage/time it is possible to draw samples from the
prior defined by the smoothness functional 11.7 and compute the expected value of
the summary measures above. Therefore, the values of σage, σtime and σage/time to be
used in the forecast are those that generate expected values of the summary measures
that are closest to the values in Equation 11.9.

In order to implement this method we considered values of σage, σtime and σage/time

in the following ranges:

σage ∈ [0.02, 5] , σtime ∈ [0.02, 5] , σage/time ∈ [0.02, 5]

We then let σage, σtime and σage/time assume 8 equally spaced values, each in its own
range, generating 512 possible combinations. For each of these combinations we
computed (empirically) the expected value of the 3 summary measures, storing the
result is a table with 512 rows. Each row has the structure:

(

σage, σtime, σage/time, F̄age(µ), F̄time(µ), F̄age/time(µ)
)

(11.10)

While the form of the smoothness prior does not depend on the country for which
we wish to produce the forecast, the prior for the coefficients β in general does, for
two reasons: Different countries have different covariates, and the length of the in
sample period differs by countries. In this particular case the covariates are the same,
but the length of the insample period can still vary. Therefore the exercise of finding
the optimal smoothness parameters must be carried out separately for each country.
In Figure 11.6, we report the scatterplot of the columns of the table corresponding
to Equation 11.10 for Ukraine, although results for other countries are qualitatively
similar.

Once the table from Equation 11.10 has been estimated, we search in the table
for the set of parameters which deviates the least from the target values of Equation
11.9, using the definition of distance provided in Section 7.6.1. The optimal values of
the smoothness parameters will vary from country to country, and in our experiments
we found that σage is somewhere between 0.1 and 0.5, σtime is between 0.8 and 1.7,
while σage/time is between 0.7 and 1.7. The optimal parameters can now be plugged
into our priors to redo Figures 11.5 and 11.4. The new results are shown in Figures
11.7 and 11.8, and are much improved.
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Figure 11.6: Pairwise plots of the relationship between the prior parameters σage,
σtime and σage/time and summary measures Fage, Ftime and Fage/time.
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Figure 11.7: Forecasts of lung cancer log-mortality in males for Peru obtained using
the Bayesian method. The prior used to obtain this forecast is given in Equation
11.7.

11.3 Forecasts with Covariates: Smoothing Over

Age and Time

Thus far the only models we have analyzed in this chapter have had covariates that
are a function of time. Here we consider the more general case and apply it to the
forecast of death by breast cancer among Croatian females. Good predictors for
breast cancer do not exist in Croatia (or for any other country), so we can only use
standard proxies. In this example we use GDP, education, tobacco consumption and
fat consumption as possible predictors. More precisely we regress log-mortality as a
function of the logarithm of each of the covariates listed above. The LS results are
shown in the top part of Figure 11.9, and are clearly unacceptable.

In order to apply our method, we choose as a prior that in Equation 11.7. The tar-
get values for the summary measures are obtained by looking at data for all countries
in our data base with more than 20 observations, and are as follows:

F̄age(µ) = 0.43, F̄time(µ) = 0.022, F̄age/time(µ) = 0.004 (11.11)

Given these target values, the optimal smoothing parameters computed by our algo-
rithm are as follows

σage = 1.22 , σtime = 0.94 , σage/time = 0.38

Plugging these values in our prior we obtained the result shown in the bottom part
of Figure 11.9.
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Figure 11.8: Forecasts of lung cancer log-mortality in males for Ukraine and Trinidad
and Tobago obtained using the Bayesian method. The prior used to obtain this
forecast is given in Equation 11.7.
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While this seems reasonable, one wonders how results for other countries may
look like. A simple way to obtain results for other countries, rather than applying
our method for finding the smoothness parameters to each country, is simply to use
the optimal values of the smoothness parameters found for Croatia for all countries.
While the results may not be optimal, we expect, in most cases, to obtain reasonable
forecasts. It turns out that all forecasts obtained in this way follow one of two
patterns: They either look like the one for Croatia, where a decline in mortality is
predicted at all ages, or they exhibit an increasing mortality at older age groups and
a decreasing mortality at younger age groups. Four examples of this behavior are
shown in Figure 11.10.

11.4 Smoothing over Countries

In the examples presented so far we have not considered prior knowledge on how
the dependent variables vary across countries. Thus, we offer an additional example,
where this type of information is useful, and in fact necessary, in the sense that a
meaningful forecast cannot be obtained by not taking it in account.

We choose as a dependent variable the log-mortality from transportation acci-
dents. The time series for this variable, for the past 50 years, have similar shapes
across countries: they increase, reach a peak and decrease. The increasing pattern
corresponds to the period in which the level of transportation infrastructure and
safety regulations is low and lags behind the increase in traffic volume. As better
infrastructure and regulations are put in place, probably in response to the increas-
ing number of traffic-related deaths, transportation deaths start to decrease, and are
expected to keep decreasing for a long time. If one had access to covariates which
capture the level of infrastructure and the effort put into transportation safety, one
could use them as predictors for mortality. Lacking these, we use the alternative of
including the logarithm of GDP as a proxy. One could explain the inverse U-shaped
pattern of log-mortality by assuming that the effect of increasing GDP is a decreasing
function of GDP, leading to a model of log-mortality as a quadratic function of log-
GDP (and perhaps other covariates). However, since GDP is noisy, using log-GDP
and its square may introduce a large amount of noise in the system. In principle this
may be taken into account by using a smoothness functional which smoothes over
time. In practice we can make our life easier by simplying and taking time as a mea-
sure of development, since it correlates highly with log-GDP and has the advantage
of already being smooth. Therefore, for the purpose of this example we consider a
specification of log-mortality which is linear in log-GDP but quadratic in time.

In Figure 11.11 we show the result of a LS regression for Argentina and Chile. We
notice that Argentina does not have any data prior to to 1966, and is also missing data
for most of the 1970s. Therefore the time series for Argentina does not provide a good
picture of the typical U-shaped pattern: It is very likely that transportation accidents
were rapidly increasing during the 50s and 60s, as in Chile, and as shown in the bottom



220 CHAPTER 11. Illustrative Analyses

1990 2000 2010 2020 2030

−5
0

−4
0

−3
0

−2
0

−1
0

0
10

 (f) Croatia

Time

D
at

a 
an

d 
F

or
ec

as
ts

25

30

35

40
45

50
55

60

65

70

75

80

30 40 50 60 70 80

−5
0

−4
0

−3
0

−2
0

−1
0

0
10

 (f) Croatia

Age

D
at

a 
an

d 
F

or
ec

as
ts

1985 2030

1990 2000 2010 2020 2030

−1
2

−1
0

−8

 (f) Croatia

Time

D
at

a 
an

d 
F

or
ec

as
ts

25

30

35

40

45

50

55

60
65

70

75

80

30 40 50 60 70 80

−1
2

−1
0

−8

 (f) Croatia

Age

D
at

a 
an

d 
F

or
ec

as
ts

1985 2030

Figure 11.9: Forecasts of breast cancer log-mortality in females for Croatia obtained
using OLS (top) and the Bayesian method (bottom).
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Figure 11.10: Forecasts of breast cancer log-mortality in females for four countries,
obtained using the same smoothness parameters used for Croatia.
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part of Figure 11.11. It should not be surprising then that a reasonable forecast for
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Figure 11.11: OLS Forecasts of log-mortality by transportation accidents for Ar-
gentina and Chile.

Argentina cannot be obtained without using additional information. Since some of
the time series for Argentina at least have the right (downward) trend, one may think
that by imposing some smoothing constraints, and in particular the constraints that
similar age groups should have similar trends, an acceptable forecast can be produced.
In order to test this hypothesis we consider the following prior:
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(11.12)

The difference between this prior and the one of Equation 11.7 is that here we have
chosen the first derivative for the functional which smoothes over age groups. The
reason is that this is a difficult problem and we would like to constrain it as much
as possible.1 Using the prior 11.12 we produced the forecast shown in Figure 11.12,
which is clearly unreasonable due to the crossing time series for different age groups
and a massive chnage in the mortality age profile. It is possible that the method
for determining the optimal smoothness parameters failed, and to see we manually
searched for a combination of smoothness parameters that could produce a more rea-
sonable forecast. The search was unsuccessful, in the sense that all the combinations
of parameters we tried produce even more unreasonable forecasts (all trending up
in the out of sample portion). Our conclusions is that, conditional on our choice of
covariates, there is not enough information in the data for Argentina alone to capture
the correct trends.

Therefore we added to our priors of Equation 11.12 a functional that smoothes the
temporal pattern over countries, of the type described in Section 7.4.2. In particular,
since the temporal pattern is curved, we chose to smooth the second derivative (i.e.,
the curvature) of the time series over countries. In order to specify the “derivative”
of the dependent variable over countries we needed to specify which countries are
Argentina’s neighbors. Using the adjacency matrix provided to us by the WHO
we selected the following countries: Chile, Canada, Colombia, Costa Rica, Cuba,
USA. Adjacency is obviously defined by similarity of expected mortality, not only
geographic proximity.

The final task is to select a set of four smoothness parameters, one for each
smoothness functional. In principle we could use the same idea we used to determine
the three smoothness parameters in the previous examples. What we would need is
to add a summary measure that captures how much variation there is going from
one country to its neighbor, and search in the space of four smoothness parameters
which combinations best reproduce the summary measures. Unfortunately, this is not
very practical, since it would require sampling many times from a prior that spans all
the countries of interest, and has high dimension. Here we make the simpler choice,

1Recall that a second derivative in the smoothness functional for age groups allows the age profiles
in the null space to differ by a linear function of age, while the first derivative only allows them to
differ by a constant.
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Figure 11.12: Bayesian forecasts of log-mortality by transportation accidents for Ar-
gentina, with no smoothing over countries

instead, of picking the parameters by hand, based on what we have learned from their
values in previous experiments.

A simple rule of thumb is that a smoothness parameter on the order of 0.1 is
“small”, and one of the order of 1 is “large”. In general we do not want all the
parameters to be small or large, and therefore a good starting point is somewhere
in the middle, where either all are of medium size, or half are small and half are
large. We reasoned as follows. Since most of the covariates are smooth over time we
do not expect a major problem in over all temporal smoothness, and therefore the
parameter for smoothing over time can be set to “large” (remember that a “large”
standard deviation of the prior means that the prior has little effect). Since the point
here is to smooth over countries, we obviously want to set the parameter for the
cross-country smoothing to “small”. Similarly, since the problem with Argentina was
that different age groups had different trends, we set to “large” the parameter which
controls the smoothing of trends over age groups. If similar age groups have similar
trends then the time evolution will preserve the form of the age profile, and there is
not much need to smooth over age groups. Thus, we set the parameter for smoothing
over age groups to “large”. The results obtained for this choice of parameters is shown
in Figure 11.13.

While we could argue about the details of this forecast, it seems to be a good
starting point for further analysis. We observe that there are some “crossing” points
for some age groups. This implies a deformation of the age profiles over time, with
mortality in middle-to-old age groups becoming relatively lower. Whether we should
treat this as a property of our forecast or an error in our methods might be determined
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by looking at the data and forecasts for other countries. For example, this feature
can be observed in the in sample data from for Canada and the US, which have fairly
good data, hence giving more credibility to this trend.
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Figure 11.13: Bayesian forecasts of log-mortality by transportation accidents for Ar-
gentina, with smoothing over countries
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Chapter 12

Comparative Analyses

We now turn from illustrations of our approach to direct comparisons of forecasting
performance with other methods. We know from theory alone, and from many sim-
ulations in practice, that our method will substantially reduce forecast mean square
error, relative to existing methods, when all four of the following conditions hold:

1. We observe multiple time series of observations, each of which is relatively short,
sparsely observed, or noisy.

2. Different observations on our outcome variable are related in informative ways,
such as through the known similarity of expected mortality in neighboring age
groups, successive time points, nearby geographic areas, or interactions among
these.

3. We observe informative covariates.

4. Patterns in future data are similar to or predictable from those in our observed
data.

Under these conditions, our forecasts will easily outperform those based on separate
least squares regressions applied for each time series (due to nonlinearities or large
variances); approaches without covariates such as linear extrapolation from a ran-
dom walk with drift or Lee-Carter methods (due to omitting informative covariates);
standard time-series-cross-sectional econometric approaches (due to invalid parame-
ter constancy assumptions and the requirement that covariates be observed for all
cross-sections or be omitted); and classical Bayesian approaches that smooth based
on coefficients (because prior information is available about expected mortality, not
coefficients).

Our approach will not necessarily out-perform existing methods if all four con-
ditions do not hold. In mortality forecasting in particular, Conditions 1 and 2 hold
generally. All forecasting methods assume Condition 4, and even if it is false fore-
casters continue if only to provide the best systematic summary of our knowledge

227
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about the future based on knowledge we have available now. Thus, the key to valid
forecasts, in the area where we are able to do something, is Condition 3, informative
covariates. This is an issue since until now many of the covariates that have been
collected for mortality forecasting have been relatively weak predictors. This is pri-
marily because previous forecasting methods only worked for covariates available for
all cross-sections. Since this constraint is not necessary with the methods we propose,
new data collection strategies can proceed, and separate variables can be collected in
each country, age group, cause of death, and sex that are most appropriate for each
area. If the new technology we make available is used, then these new data collection
efforts have the potential to greatly improve the accuracy of mortality forecasts.

Making it possible to marshall the power of so many more informative and context-
specific covariates is a key advantage of our approach. Since forecasting better by
having better covariates is such an obvious result, we do not pause to demonstrate its
real value even though it will often be the biggest reason our method produces better
forecasts in practice. Instead, we make compssrisons in this chapter that illustrate
the advantages of our priors, keeping the (relatively uninformative) covariates the
same.

Yet, the simplicity of how to make the comparison is deceiving. In fact, it is not
clear at all what this method should be compared to. So called “standard methods”,
such as the Lee-Carter method, were not designed to deal with the type of problems
that this method is supposed to help to solve, namely sparse and noisy time series.
Also, usually the performance of any method can be improved by performing addi-
tional preliminary analysis, carefully estimating the parameters or the covariates to
be used, or adding extra steps (such as an intercept correction). It is not clear how
much effort should spent improving each method to obtain a fair comparison, a point
raised by Hand (2006) and Efron (2001) in the context of comparing classification
algorithms.

Here, we perform some relativately simple experiments that help to answer rea-
sonable questions many researchers would ask. For example, even if in most instances
it is not fair to compare this method to Lee-Carter, most people would still like to
see some sort of comparison anyway, at least as a reality check. Also, it is reasonable
to ask whether this method performs better than LS, and how much better. In the
next section we present the results of a few comparisons. We perform the compar-
isons on countries in our data base with more than 25 observations for the all cause
mortality time series in the period 1950–2000. We use all observations up to year
1990 as our sample, and test the forecasts on the period 1991–2000. Since the out-of-
sample period is quite short, we cannot expect, on average, huge differences among
the methods, given that all forecasts are quite smooth in such a short time period. We
perform analysis of different types, rather than performing a very detailed analysis
of one case, to emphasize that there are many ways of performing comparisons and
different ways of using our methods.
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We begin with data with strong patterns, observed over long periods of time and
little missing data. Since thes data violate Condition 1 above, we do not expect our
methods to add much value. We then move to the much more common mortality
data, where Condition 1 holds and our approach has more to add.

12.1 All Causes in Males

We start with all cause mortality, which is one case in which we expect methods
based on simple linear trends to perform quite well. In fact, in many countries all
cause mortality has been decreasing at a reasonably constant rate: We know, for
example, that the Lee-Carter method performs well on US data. (We also tried the
Murray-Lopez model, but results were far less accurate.) When comparing to the
Lee-Carter model there are some considerations to keep in mind, which play both in
favor and against new approaches. The Lee-Carter method we use in the comparison
was developed to deal with U.S. data, and therefore it may not be fair to compare on
other data. On the other hand, we will be using our method in a very straightforward
way, without making any effort to obtain the best result for each country (for example
we use the same specification for all countries).

We begin by studying a version of our approach by applying, country by country,
the same smoothness functional of Equation 11.12, and that we report here:

H[µ, θage, θtime, θage/time] ≡
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(12.1)

We do not smooth over countries using the Gibbs algorithm because that takes a
long time, especially if we want to test the sensitivity of the results to the smoothness
parameters. While this strategy is feasible, the long processing time would make life
difficult to those readers who wish to reproduce our results. Instead, in order to retain
at least some of the power of smoothing over countries, we take a slightly different
approach: we use the smoothness functional above, obtain a set of forecasts, and then
smooth the forecasts over countries, using generalized cross-validation to choose an
optimal smoothness parameter. This procedure is clearly sub-optimal, but it is fast
and will give us an idea of what smoothing over countries does.

Another way to measure the usefulness of any method is to measure not the
goodness of the results of the method itself, but of that method in conjunction with
others. In recent years it has become increasingly common to combine different
methods, for example by averaging or taking convex combinations of their forecasts.
A natural choice here is to assess the performance of forecasts based on the average
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of the Lee-Carter forecast and of our method. It is reasonable to expect that the
combined method will perform better than each of the two methods separately, since
the two methods are quite different, and therefore the forecasts should not be very
highly correlated.

In the end we decided to report the results of country by country analysis using five
methods: Lee-Carter (LC), the Bayesian method without smoothing over countries
(Bayes 1), the Bayesian method with post-processed smoothing over countries (Bayes
2), the average of Lee-Carter with Bayesian method without smoothing over countries
(Average 1), average of Lee-carter and Bayesian method with post-processing smooth-
ing over countries (Average 2). We measure the forecast error within one country as
the mean absolute error averaged over all the age groups. We report results in terms
of the percentage reduction in error (or percentage improvement in performance) over
the Lee-Carter method applied alone.

We use the following specification for the purpose of this experiment:

µat = β(0)
a + β(1)

a t + β(2)
a log(t − 1876) + β(3)

a log(GDPt) + β(4)
a log(TOBACCOat)

The tobacco variable is available for all countries except Hungary and Malta, and we
have not attempted to find a close substitute for the purpose of this exercise, although
it might be quite relevant for Hungary. The results for the 48 countries with more
than 25 observations are reported in Table 12.1. Across the four approaches, the
median improvement over Lee-Carter is between 7.3% (with Bayes1) and 14.6% (with
Average1). In general and as expected, the averages reduce the number of especially
bad results, with the 25th quantile reduced from −18% or −13% to about zero.

12.2 Lung Disease in Males

We choose lung disease because it is a case in which we do have an interesting covari-
ate, namely tobacco consumption. Mortality from lung disease has not been following
a linear temporal pattern in most countries, and therefore we would not think that
the Lee-Carter method would perform well, because the linear time trajectories are
too constrained. The alternative is to use LS, with tobacco as one of the covariates.
However, in that case we would expect that the performance will not be good for the
opposite problem: too much variation in the time trajectories. We will describe the
comparison with LS later in the section. We use the same specification as in Section
12.1.

In this example we introduce an alternative methodology for comparison. We still
use the smoothness functional of Equation 12.1 without smoothing over countries,
but take the approach of a user who wishes to analyze many countries at once with-
out necessarily having to find the optimal smoothness parameters for each country.
The question here is whether it would be difficult to find a single set of smoothness
parameters which works in most cases. Another way to pose this question is to ask
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Table 12.1: Percentage improvement of 4 methods over the Lee-Carter method for all
causes in males.

Country Bayes 1 Bayes 2 Average 1 Average 2
Mauritius −23.5 −31.4 −10.1 −13.8
Argentina −65.9 −94.0 3.2 −6.2
Barbados −25.2 −17.4 −8.6 −4.4
Belize 16.0 27.1 14.3 21.1
Canada 45.1 36.9 28.5 24.2
Chile 3.8 24.1 26.1 42.1
Colombia 0.8 −16.8 1.6 −5.5
Costa Rica −108.6 9.9 −48.1 11.8
Cuba −15.1 −9.4 0.9 5.0
El Salvador −70.9 −9.8 −9.6 12.8
Mexico 28.6 18.9 34.6 45.9
Nicaragua −53.6 −54.4 −19.1 −18.3
Panama −130.0 −62.8 −36.5 −6.1
Suriname 28.1 26.2 15.7 15.1
Trinidad and Tobago −4.4 0.7 20.7 14.4
USA 13.0 −6.5 27.9 11.8
Uruguay −73.6 −90.7 −17.0 −17.1
Venezuela 1.5 −12.9 11.6 2.0
Israel 28.8 37.7 15.4 22.0
Japan 7.8 33.6 13.7 33.0
Kuwait −1.4 −1.4 0.7 0.7
Singapore 17.9 20.8 13.3 13.6
Sri Lanka −16.3 −9.9 −3.2 −3.4
Thailand −26.8 −21.9 −7.9 −6.0
Austria 33.6 31.7 29.8 27.7
Belgium 12.6 22.4 12.1 16.9
Bulgaria −0.2 −24.1 1.2 −11.7
Denmark 16.7 37.8 15.5 27.9
Finland 24.5 25.4 25.6 30.6
France 17.3 19.6 15.5 16.8
Germany 3.5 28.3 17.3 24.3
Greece 7.5 11.9 11.9 11.8
Hungary −77.6 −40.8 −34.1 −19.0
Iceland 30.0 27.9 15.8 12.7
Ireland 43.6 62.2 26.3 34.7
Italy 32.4 41.2 23.6 27.0
Luxembourg 13.2 15.1 7.4 9.5
Malta −1.9 14.0 8.7 16.4
Netherlands 20.1 28.4 19.9 17.9
Norway 42.0 49.1 20.8 24.5
Poland −56.1 −35.7 −24.0 −15.2
Portugal −25.3 −24.5 9.1 9.2
Spain 1.9 11.6 15.8 11.8
Sweden 30.5 7.1 14.5 3.6
Switzerland 20.1 22.9 18.4 14.1
United Kingdom 58.3 27.0 37.2 36.2
Australia 20.9 16.5 15.2 8.9
New Zealand 7.2 36.6 16.2 28.3

Median 7.3 14.6 14.0 12.8
Q25 −18.1 −13.9 0.9 −0.4
Q75 21.8 27.3 18.8 24.2
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what would happen if a user picked the smoothness parameters at random in a wide
interval: how often would our method outperform the base method? Or is there only
a narrow range of parameters that guarantees better performance?

In order to answer these questions we perform the comparison over a wide range
of the parameters, and analyze the entire distribution of results. We can then, a
posteriori, see what would have happened if an average user had made a reasonable
choice of parameters. The range we have chosen for the parameters is very large,
sampling 13 points on a logarithmic scale from 0.05 to 100.

The results of the experiment is a table with 4 columns: the first three columns
are the smoothness parameters and the 4th column is the percentage improvement
in mean absolute error over the Lee-Carter method. There are 2,197 rows in the
table, corresponding to all 133 the possible combinations of the parameters. We are
interested in finding out for which values of the parameters our method performs
better than the LC method. Ideally we would plot the percentage improvement over
LC as a function of the three smoothness parameters. Since this is not possible in three
dimensions, we “stratify” the plot: we plot the percentage improvement as a function
of σage and σage/time for several fixed values of σtime. We choose σtime as the stratifying
variable because, as we demonstrate shortly, it explains most of the results in this
particular data set. In Figures 12.1 and 12.2 we plot the percentage improvement of
our method over the Lee-Carter method as a function of the logarithm of σage and
σage/time. The vertical axes of both 3D figures is the percentage improvement over
Lee-Carter.

The first thing to notice in these two figures is that if σtime is “too small” (meaning
σtime ≤ 0.2), then our method always performs worse than the Lee-Carter method,
independently of the values of σage and σage/time. However, when σtime is equal to
or larger than 0.6 then our method performs better than the Lee-Carter method,
independently of the values of σage and σage/time. This implies that there is a huge
range of values of the smoothness parameter for which our method performs better
than Lee-Carter.

In order to better quantify the improvement over the Lee-Carter method we sum-
marize the information of Figures 12.1 and 12.2 in Table 12.2. In the first column of
the table we report a value for σtime, while in the second, third, and fourth column
we report the minimum, maximum, and median value of the percentage improvement
as σage and σage/time vary in the interval [0.05, 100]. Table 12.2 makes clear that as
σtime crosses some value between 0.33 amd 0.63 (let us say 0.5 for simplicity) then the
Bayesian method is always better than the Lee-Carter method, even picking values
of σage and σage/time and even using the same values for all the countries.

Thus, can we assure ourselves that any reasonable researcher would pick values
of the smoothness parameters in the ranges where our method would improve the
results? (The range for σage and σage/time is so broad that there is no question about
these parameters being set in a range where our approach would be advantagous.)
The restriction that σtime ≥ 0.5 is more delicate, since values around 0.5 are not
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Figure 12.1: Percentage improvement of the MAP method over the Lee-Carter
method plotted as a function of log(σage) and log(σage/time) for 4 different values
of σtime. The time series being forecast is lung disease in males age 30 or older. The
red dots corresponds to a percentage improvement equal to 0.
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Figure 12.2: Percentage improvement of the MAP method over the Lee-Carter
method plotted as a function of log(σage) and log(σage/time) for 4 different values
of σtime. The time series being forecast is lung disease in males age 30 or older.
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Table 12.2: Percentage improvement over Lee-Carter, as a function of σtime. For a
given value of σtime the values of σage and σage/time vary between 0.05 and 100, and
the resulting range in percentage improvement is reported.

σtime min max median
0.05 −29.58 −23.79 −27.81
0.09 −25.00 −18.81 −22.78
0.18 −16.38 −8.98 −13.02
0.33 −4.26 4.18 0.24
0.63 7.03 15.51 11.80
1.19 13.89 21.95 18.82
2.24 17.26 24.41 21.79
4.21 16.39 24.21 20.96
7.94 14.08 23.38 19.20

14.95 12.42 22.72 18.22
28.17 11.26 22.45 17.65
53.08 10.07 22.06 17.15

100.00 8.46 21.22 15.77

uncommon for smoothness parameter across applications. In order to show that it
would be unusual to choose such a smoothness parameter we performed experiments
on single countries, using our method for choosing the optimal choice of the smooth-
ness parameters. In all cases we tested, the optimal value of σtime was larger than
1.2, confirming that a value of 0.5 is neither reasonable nor likely.

12.2.1 Comparison with LS

Once the comparison with the Lee-Carter method has been performed, it is easy to
modify it in order to obtain a comparison with LS. In fact, let eMAP, eLC and eLS be
the median absolute error of our method, of the Lee-Carter method, and of the LS
method respectively. The percentage improvement of our method over the Lee-Carter
method is defined as:

∆MAP/LC ≡ eLC − eMAP

eLC

Similarly we define:

∆MAP/LS ≡ eLS − eMAP

eLS

and
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∆LC/LS ≡ eLS − eLC

eLS

Some simple algebra shows that the following relationship holds:

∆MAP/LS ≡ ∆MAP/LC + ∆LC/LS − ∆LC/LS∆MAP/LC

The important term in this sum is the improvement of the Lee-Carter method with
respect to LS, ∆LC/LS, which is equal to 11.9%. The last term is a second order
concern, which is at most 2%. Therefore, overall, the percentage improvement of our
method over LS is about 10 percentage points more than the percentage improvement
over the Lee-Carter method.

12.2.2 Country by Country Analysis

We also performed an analysis similar to the one performed for all cause mortality,
in which we estimated country-specific parameters for 48 countries. Results for this
analysis are shown in Table 12.3. Although there are several countries for which our
method does not perform well, the median improvement of the Bayesian method is a
respectable 21.5%, which climbs to 24.9% when some country smoothing is imposed.
Averaging the Bayesian and the LC model does not lead to any improvement in this
case.

12.3 Breast Cancer in Females

Next we study breast cancer in females. In this case we do not have a good set of
covariates, that is covariates known to reliably predict breast cancer. Instead, we
choose a specification similar to the one for lung disease, to which we add human
capital. The specification is as follows:

µat = β(0)
a + β(1)

a t + β(2)
a log(t − 1876) + β(3)

a log(GDPt) + β(4)
a log(TOBACCOat) + β(5)

a log(HCt)

It would be surprising if we found levels of improvements similar to the ones observed
for lung disease, since the covariates are not optimal. We perform the experiment
and reports the results in the same way we did for lung disease. The percentage
improvement of our method over the Lee-Carter method is shown in Figure 12.3 for
different values of σtime.

Unlike in the case of lung disease, here the range of values of σtime which produce
improvement is not extremely large: for σtime > 7 our method performs worse than
Lee-Carter. However, small values of σtime are those which produce the best results:
for σtime = 0.59 our method performs better than Lee-Carter for any values of σage and
σage/time, with improvement up to 11%. The question here is whether any researcher
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Table 12.3: Percentage improvement of 4 methods over the Lee-Carter method for
lung disease in males.

Country Bayes 1 Bayes 2 Average 1 Average 2
Mauritius 2.6 1.9 6.8 5.2
Argentina 23.6 −105.4 16.1 −20.1
Barbados 23.7 34.4 20.0 30.2
Belize 22.1 24.8 18.3 37.3
Canada 46.0 70.0 26.1 53.6
Chile 14.0 −36.1 26.5 10.7
Colombia 4.7 −33.7 25.2 11.8
Costa Rica −20.2 −37.5 −10.2 −17.1
Cuba 20.9 42.3 37.2 50.4
El Salvador 11.1 15.2 13.5 12.0
Mexico 25.6 −30.4 22.4 −8.3
Nicaragua 27.3 34.7 30.4 24.8
Panama −122.0 −72.3 −57.3 −32.5
Suriname 45.0 47.1 30.8 33.9
Trinidad and Tobago 1.7 −6.5 3.6 1.5
USA 56.8 54.9 44.8 66.8
Uruguay −83.0 26.7 −27.0 30.3
Venezuela 4.6 11.7 26.9 28.1
Israel 33.5 31.9 21.4 21.3
Japan 14.3 33.1 48.0 49.1
Kuwait −7.1 −7.1 −0.7 −0.7
Singapore 25.3 39.4 12.9 20.5
Sri Lanka −37.4 −27.2 −14.5 −9.3
Thailand −11.9 −7.5 10.5 13.0
Austria 17.6 24.9 37.2 30.2
Belgium 24.7 39.9 17.1 49.6
Bulgaria −41.5 −31.0 1.9 1.9
Denmark 29.0 32.8 15.5 24.9
Finland 20.6 45.7 23.4 30.8
France 36.6 20.1 26.1 22.7
Germany −20.7 19.0 −9.1 8.3
Greece 14.4 31.3 12.8 18.9
Hungary −63.0 −17.7 −5.2 15.6
Iceland −1.3 −12.7 10.2 8.6
Ireland 52.6 65.8 41.8 35.1
Italy 49.8 64.1 25.3 33.3
Luxembourg 10.8 11.5 20.0 25.7
Malta −4.3 6.6 9.3 14.5
Netherlands 59.2 79.0 37.5 50.0
Norway 35.5 27.8 20.1 15.6
Poland 25.6 24.9 19.0 21.0
Portugal −2.2 −30.4 2.2 −8.7
Spain 31.9 34.5 16.9 26.1
Sweden 38.9 −23.0 28.9 −10.4
Switzerland 31.0 35.7 13.2 20.4
United Kingdom 66.2 77.9 58.3 58.3
Australia 70.6 52.6 42.2 28.4
New Zealand 55.5 52.4 37.8 27.4

Median 21.5 24.9 19.5 21.2
Q25 0.9 −8.8 10.0 8.5
Q75 34.0 39.5 27.4 30.4
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Figure 12.3: Percentage improvement of the MAP method over the Lee-Carter
method plotted as a function of log(σage) and log(σage/time) for 4 different values
of σtime. The red dots corresponds to a percentage improvement eqautl to 0. They
have been reported to make it easier to see that for very large values of log(σage)
and log(σage/time) the performance of our method drop below the performance of the
Lee-carter
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would set the values of the smoothness parameters in intervals which guarantee good
results. As in the case of lung disease, we use our method for determining the optimal
values of the smoothness parameters on several countries, and find optimal values in
the following range:

σage ∈ [0.05, 1.7] , σage/time ∈ [1, 4] , σage ∈ [1, 2]

Using values in these ranges we find that our method always perform better than Lee-
Carter, with a median improvement of 9.6%. This results support the notion that
setting the smoothness parameters in “reasonable” ranges one would always obtain
results which are better than Lee-Carter.

12.3.1 Breast cancer in females: comparison with LS

Since the specification we use has 4 covariates, we expect the LS method to perform
very poorly and exhibit a huge variance. This indeed the case: we find that the
improvement of Lee-Carter over LS is 61%. Thus, even when our method performs
worse then Lee-Carter, it performs better than LS. Another way to state this result
is that even the wrong amount of smoothing is preferable to no smoothing at all.

12.3.2 Breast cancer in females: country by country analysis

We also performed an analysis similar to the one performed for all cause mortality, in
which we estimated country-specific parameters for 48 countries. The results, shown
in Table 12.4, are not as good as those for lung cancer, although they are better than
those obtained for all causes, with a median improvement of 13.2%, which climbs to
17.6% when country smoothing is introduced. As in the lung disease case, averaging
Bayes and LC method does not improve the results.

12.4 Comparison on OECD countries

So far we have performed our comparisons on the same set of 48 countries, originally
chosen as those whose time series for all-cause mortality has more than 25 observation
in the period 1950-2000. It is natural to ask how the results change if we restrict that
original set to some more specific and homogenous set of countries. Data like these
therefore should have more statistical strength that is available to borrow with our
method from neighboring cross-sections. Here we consider the case in which we select,
out of those 48 countries, those that belong to the OECD (Organization for Economic
Co-operation and Development)1.

1In so doing we do not represent the entire OECD: we loose 5 countries
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Table 12.4: Percentage improvement of 4 methods over the Lee-Carter method for
breast cancer in females

Country Bayes 1 Bayes 2 Average 1 Average 2
Mauritius 21.5 27.4 10.8 13.0
Argentina 21.3 −30.6 10.7 −14.3
Barbados 45.6 46.2 31.7 31.7
Belize 29.6 40.9 14.8 20.9
Canada 44.2 46.3 29.9 26.8
Chile 14.5 −27.6 11.2 −10.7
Colombia −4.8 20.4 16.6 26.7
Costa Rica 13.5 28.2 21.1 28.0
Cuba −157.6 −86.9 −56.8 −22.9
El Salvador 2.9 15.1 2.5 8.9
Mexico 28.9 −0.5 39.0 20.9
Nicaragua −70.5 −39.1 −25.8 −12.7
Panama 2.0 12.7 7.0 7.5
Suriname 44.3 44.6 34.0 33.3
Trinidad and Tobago 17.3 21.7 10.4 10.6
USA 24.4 43.6 20.1 27.9
Uruguay 28.5 42.2 19.6 28.9
Venezuela 13.0 44.6 9.4 31.7
Israel 34.8 31.5 20.6 19.4
Japan 23.4 −42.2 39.1 55.3
Kuwait 32.1 32.1 25.9 25.9
Singapore 25.9 32.3 19.8 21.4
Sri Lanka −18.7 −16.8 −9.0 −7.9
Thailand 24.5 23.4 12.9 12.4
Austria −20.0 −20.4 5.8 3.4
Belgium 3.8 36.0 14.4 26.3
Bulgaria 7.7 3.5 10.4 11.9
Denmark 18.8 11.2 15.9 6.2
Finland 36.9 26.4 29.6 38.5
France 3.5 −4.2 6.7 −1.8
Germany 0.8 19.3 2.5 10.5
Greece 45.9 37.2 28.0 25.3
Hungary −5.3 3.4 −1.6 2.0
Iceland 6.6 13.8 7.2 8.8
Ireland 8.6 22.3 17.5 21.4
Italy 1.1 16.0 9.2 17.1
Luxembourg 27.4 32.8 19.1 19.4
Malta −10.9 −15.5 12.9 10.8
Netherlands 26.0 13.0 24.2 21.8
Norway 0.9 15.0 8.4 14.5
Poland 21.3 38.9 28.2 26.7
Portugal −9.4 6.2 3.9 11.1
Spain 49.0 46.5 25.3 27.8
Sweden −1.3 −10.9 11.7 1.5
Switzerland −17.7 7.2 2.1 18.0
United Kingdom −15.6 49.8 1.5 32.0
Australia −46.6 −31.9 −11.5 −4.7
New Zealand −41.8 −20.7 −6.8 5.3

Median 13.2 17.6 12.3 17.5
Q25 −2.2 −1.4 6.5 7.2
Q75 26.3 33.6 20.7 26.7
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12.4.1 Transportation Accidents in Males

We do not have very good covariates for predicting transportation accidents. We do
not expect the time series to follow a linear pattern, so we certainly want a non-linear
trend in our specification. In terms of other covariates, it seems reasonable to include
GDP, since economic growth can certainly influence the amount of traffic on the
roads, and therefore the number of accidents. We would then need a variable which
controls for the increases safety of the roads, which captures at least some aspects of
public health policy. For the lack of a better candidate we chose tobacco consumption,
which is a variable which is affected by safety and public health concerns: one could
argue that countries with more rapid decline of tobacco consumption are also those
countries where there is more activity in the public health arena, and therefore those
who are more likely to implement road safety measures.

Clearly, covariates that predict transportation accidents are available, and so it
should be possible to greatly improve these forecasts and the extent to which our
method outdistances others. For our methodological purposes, we have not attempted
to collect them. Our final specification is therefore:

µat = β(0)
a + β(1)

a t + β(2)
a log(t − 1876) + β(3)

a log(GDPt) + β(4)
a log(TOBACCOat)

The results are shown in Table (12.5). Despite some notable failures, such as Japan,
the median improvement is of the order of 30%. Considering that the results were
obtained literally by “pushing a button”, that no cross-validation was involved, and
that and we invested no effort in finding the right covariates, this seems encouraging.
Part of the success is due to the fact that we restricted ourselves to a smaller and
more homogenous set of countries. In fact, had we started from the original set of 48
countries the average improvement would have been 18% without country smoothing
and 25% with country smoothing. In the final set of examples, we consider a case
where a more appropriate set of covariates is available.

12.4.2 Cardiovascular Disease in Males

For cardiovascular disease we have a better choice of covariates: tobacco consumption
and fat consumption. Unlike the tobacco consumption covariate, which is age-specific,
the fat consumption covariate does not vary with age, and so the specification we use
is as follows:

µat = β(0)
a + β(1)

a t + β(2)
a log(t − 1876) + β(3)

a log(GDPt) + β(4)
a log(TOBACCOat) + β(5)

a log(FATt)

In addition, while we have tobacco consumption for all but 1 OECD countrY,
the fat consumption covariate is missing in 25% of the countries we analyze. Despite
these shortcomings, we still expect reasonably good results.

The results are shown in Table (12.6), and are indeed quite favorable: The im-
provement over Lee-Carter is 30% or 44% depending on whether we use or do not
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Table 12.5: Percentage improvement of 4 methods over the Lee-Carter method for
transportation accidents in males: most OECD countries

Country Bayes 1 Bayes 2 Average 1 Average 2
Canada 44.7 50.2 44.2 37.1
USA 7.5 −51.2 14.4 8.7
Japan −172.6 −133.3 −23.4 −17.0
Austria 46.5 46.0 52.5 55.2
Belgium −46.2 −77.8 32.2 21.0
Bulgaria 71.4 72.2 51.9 46.7
Denmark −50.1 −35.6 19.8 24.6
Finland 4.0 5.2 56.9 57.0
France 18.5 27.9 43.1 44.0
Germany 22.4 31.3 14.4 19.1
Greece 37.4 12.2 56.8 61.8
Hungary 59.8 68.4 32.2 37.8
Iceland 17.1 24.3 8.9 13.4
Ireland 38.8 45.2 19.9 25.7
Italy −65.6 −38.9 5.8 11.2
Netherlands −257.5 −72.5 −62.6 −3.4
Norway 44.2 47.0 36.0 36.8
Poland 73.5 68.1 44.3 50.3
Portugal 57.6 70.3 30.1 42.3
Spain 68.4 75.6 52.4 52.7
Sweden 27.8 30.4 24.4 21.2
Switzerland 25.5 31.1 27.8 30.9
United Kingdom 63.6 37.0 44.7 22.9
Australia 34.1 45.6 31.5 35.9
New Zealand 5.6 29.0 6.0 23.1

Median 27.8 31.1 31.5 30.9
Q25 5.6 5.2 14.4 21.0
Q75 46.5 47.0 44.3 44.0
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Table 12.6: Percentage improvement of 4 methods over the Lee-Carter method for
cardiovascular disease in males

Country Bayes 1 Bayes 2 Average 1 Average 2

Canada 24.8 55.6 21.8 42.2

USA −8.2 −10.4 23.7 28.8

Japan 14.1 49.9 51.0 52.6

Austria 58.2 64.1 32.5 36.1

Belgium 46.1 44.4 35.3 29.2

Bulgaria 30.0 −46.0 17.4 −17.7

Denmark 26.6 21.9 24.2 21.6

Finland 54.5 63.6 36.2 43.2

France −14.0 −39.6 27.5 11.5

Germany 44.8 57.8 23.1 32.8

Greece −12.4 −62.4 −3.1 −13.0

Hungary −69.7 −42.0 −27.0 −14.5

Iceland 44.8 8.4 31.2 14.2

Ireland 38.1 57.6 28.5 41.1

Italy 75.3 73.2 48.9 39.8

Netherlands 64.0 62.7 36.8 38.0

Norway 53.1 44.9 38.8 36.0

Poland −40.0 −16.9 −12.2 0.3

Portugal 26.9 33.0 26.8 33.2

Spain −0.9 34.8 15.4 24.1

Sweden 33.9 52.1 27.9 29.3

Switzerland 55.1 52.5 36.5 32.9

United Kingdom 25.4 65.2 15.8 38.2

Australia 26.3 38.2 23.8 30.7

New Zealand 39.2 40.5 28.5 31.7

Median 30.0 44.4 27.5 31.7

Q25 14.1 8.4 21.8 21.6

Q75 46.1 57.6 35.3 38.0

use country smoothing. Part of the success is because we limited ourselves to a set of
more homogenous countries with better covariates. However, if we perform the same
analysis on the original 48 countries, the fat covariate would be missing in 50% of the
cases, but the median improvement would still be about 21.5%.
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Chapter 13

Concluding Remarks

As we discuss in more detail in Section 1.2.3, scientific forecasting is the (1) system-
atic distillation and summary of relevant information about the past and present that
(2) by some specific assumption may have something to do with the future. Observed
mortality rates in large enough population groups tend to move smoothly over time,
and so forecasts a few years ahead are usually easy and accurate by most any sensible
method. Attempting to see farther into the future — which is required for impor-
tant policy purposes — will never be guaranteed because of the required choice of
assumptions, but we can improve our distillation of existing information by incorpo-
rating more knowledge about the past and present in our forecasting models. We do
this in two ways, first by enabling scholars to include the covariates appropriate to the
time series analysis in each cross-section, even if different from the covariates in other
cross-sections, and still borrowing strength statistically to improve the estimation of
them all. And second, we incorporate qualitative information known to researchers
about common mortality patterns but not explicitly coded in any list of covariates.
Both sources of information will certainly increase our ability to systematically distill
current mortality patterns, and we hope they will lead to more accurate assessments
of the future.

The framework we provide here can be used to improve forecasts beyond those in
our empirical analyses. For example, the same ideas can be used to borrow strength
between mortality rates for males and females, since we have knowledge about how
long each live, and their relative frequencies of dying from particular causes. Similarly,
regions within countries could be use to smooth geographically and produce finer
grade forecasts. Causes of death do not have the properties of “compositional data,”
as do election statistics, budget figures, or time use data (Aitchison, 1986; Katz and
King, 1999), in that reducing death from one cause does not necessarily lead to
increases in mortality rates from other causes. Thus, unlike these other applications,
conditioning on all-cause mortality when predicting cause-specific mortality is not as
useful or approprpriate as it would be for truly compositional data. However, the

245
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mortality rates from different causes do follow relatively common patterns that could
be incorporated in our models. This can be done with our technology designed to
smooth over geographic regions, with proxmity defined by information from studies
of comorbidity or epidemiological transition.

Although we have only used mortality data for our running examples in this book
and as the testing ground for our methodological studies, the procedures we intro-
duce here may be more widely applicable. The statistical methods we introduce for
modeling ignorance in Bayesian analysis, for smoothing based on the expected value
of the dependent variable rather than the coefficients, and for connecting all hyper-
prior parameters to genuine knowledge available to subject matter experts should all
extend beyond our application.

For any applications, including mortality, our methods constitute a set of methods
rather than just one, as well as a set of tools for constructing new methods and
adapting the ones we have derived for new purposes. Throughout, we have attempted
to lay bare the choices among assumptions that are required for producing forecasts,
and to leave these for the investigator to make and live with rather than for us or
our methods to impose on anyone. Our goal instead has been to provide a way to
include more information in forecasts: The quality of any forecasts produced using our
methods (and our software) will depend largely on the quality of prior and covariate
information included, and on assumptions about the future.

Finally, as we emphasized in Chapter 1, no method can ever guarantee that real
forecasts will be accurate in any application. Indeed, all good forecasters know per-
fectly well that unexpected events will sometimes occur and cause forecasts to fail
miserably in ways that model-based standard errors and confidence intervals cannot
hope to capture. In any one application, some models will be inappropriate; co-
variates can be picked badly so that they map idiosyncracies rather than systematic
patterns likely to persist; choosing the wrong priors can cause us to propagate errors
from neighboring cross-sections rather than to borrow statistical strength; and when
the priors are not correct or strong enough to compensate, any of the usual problems
with regression modeling can cause forecasts using these methods to miss their mark.
In our view, the best anyone can do is to (a) gather as much context-specific infor-
mation as possible, (b) ensure that in-sample modeling and out-of-sample forecasts
include as much of this information as possible, (c) verify with numerous and diverse
out-of-sample tests when a method and particular set of assumptions works and when
it fails, and (d) provide software to make sophisticated methods sufficiently intuitive
so that they can be widely used and so researchers can build intuition and expertise
in their use. These are the tasks we tried to accomplish in this book.
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Appendix A

Notation

A.1 Principles

Variables and Parameters We use Greek symbols for unknown quantities, such
as regression coefficients (β), expected values (µ), disturbances (ε), and variances
(σ2), and Roman symbols for observed quantities, such as y and m for the dependent
variable, while the symbols X and Z refer to covariates.

Parameters that are unknown, but are treated as known rather than estimated,
appear in the following font: abcdef. Examples of these user-chosen parameters
include the number of derivatives in a smoothing prior (n) and some hyper-prior
parameters (e.g., f,g).

Indices The indices i, j = 1, . . . , N refer to generic cross-sections. When the cross-
sections are countries they may be labeled by the index c = 1, . . . C, while when they
are age groups, or specific ages, they may be labeled by the index a = 1, . . . , A. Each
cross-section also varies over time, which is indexed as t = 1, . . . , T . Cross-sectional
time series variables have the cross-sectional index (or indices) first and the time
index last. For example, mit denotes the value of the variable m in cross-section i at
time t, and similarly mcat is the value of the variable m in country c and age group
a at time t.

Cross-section i contains ki covariates. Therefore Zit is a ki×1 vector of covariates
and βi is a ki × 1 vector of coefficients. Every vector or matrix with one or more
dimensions equal to ki, such as Zit or βi, will be in bold.

Dropping one index from a quantity with one or more indices implies taking the
union over the dropped indices, possibly arranging the result in vector form. For
example, if mit is the observed value of the dependent variable in cross-section i at
time t, then mt is an N × 1 column vector whose j-th element is mjt. We refer to
the vector mt as the cross-sectional profile at time t. If the cross-sections i are age
groups we call the vector mt the age profile at time t. Applying the same in reverse,
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we denote by mi the T × 1 column vector of the time series corresponding to cross-
section i. Iterating this rule results in denoting by m the totality of elements mit,
and by β the totality of vectors βi. Similarly, Zi denotes the standard T × ki data
matrix for cross-section i, with rows equal to the vector Zit.

If X is a vector, then diag[X] is the diagonal matrix with X on its diagonal. If
W is a matrix, then diag(W ) is the column vector whose elements are the diagonal
elements of W .

Sums We use the following short-hand for summation whenever it does not create
confusion:

∑

t

≡
T

∑

t=1

,
∑

i

≡
N

∑

i=1

,
∑

c

≡
C

∑

c=1

,
∑

a

≡
A

∑

a=1

We also define the “summer” vector 1 ≡ (1, 1, . . . , 1) so that for matrix X, X1 denotes
the row sums.

Norms For a matrix x, we define the weighted Euclidean (or Mahalanobis) norm as
‖x‖2

Φ ≡ x′Φx, with the standard Euclidean norm as a special case, so that ‖x‖I = ‖x‖,
with I as the identity matrix.

Functions We denote probability densities by capitalized symbols in calligraphic
font. For example, the normal density with mean µ and standard deviation σ is
N (µ, σ2). We denote generic probability densities by P, and for ease of notation we
distinguish one density from another only by their arguments. Therefore, for example,
instead of writing Px(x) and Pz(z) we simply write P(x) and P(z).

Sets Sets such as the real line R and its subsets (S ⊂ R), or the natural numbers
N and the integers Z are denoted with these capital blackboard fonts. We denote the
null space of a matrix, operator, or functional as N.

A.2 Glossary

� a: index for age groups.

� A: number of age groups.

� bit: an exogenous weight for an observation at time t in cross-section i;

� βi: vector of regression coefficients for cross-section i;

� βWLS
k ≡ (X′

kXk)
−1X′

kyk, the vector of weighted least squares estimates.
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� c: index for country.

� C: number of countries.

� dit: the number of deaths in cross-sectional unit i occurring during time period
t.

� δij: Kronecker’s delta function, equal to 1 if i = j and 0 otherwise.

� E[·]: the expected value operator.

� ε: an error term.

� F (µ), summary measures

� η: an error term.

� i: index for a generic cross-section (with examples being a for age, or c for
country).

� I: the identity matrix (generic);

� Id, Id×d: the d × d identity matrix;

� j: index for a generic cross-section.

� ki: the number of covariates in cross-section i, and the dimension of all corre-
sponding bold-face quantities, such as βi and Zit.

� L: generic diagonal matrix.

� λ: mean of a Poisson event count (Section 3.1.1)

� ln(·): the natural logarithm.

� Mit: mortality rate for cross-sectional unit i at time t: Mit ≡ dit/pit.

� mit: a generic symbol for the observed value of the dependent variable in cross-
section i at time t. When referring to an application, we use mit = ln(Mit), the
natural log of the mortality rate.

� m̄a: The mean log-mortality age profile, averaging over time,
∑T

t=1 mat/T .

� m̃: matrix of mean centered logged mortality rates, with elements m̄at ≡ mat −
1
T

∑

t mat.

� µit: expected value of the dependent variable in cross-section i at time t;

� N : number of cross-sectional units.
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� N: the set of natural numbers.

� n: generic order of the derivative of the smoothness functional.

� N: the null space of an operator or a functional.

� N⊥: the orthogonal complement of the null space N.

� ν: an error term.

� Oq×d: a q × d matrix of zeros;

� pit: population (number of people) in cross-sectional unit i at the start of time
period t.

� P : denotes probability densities. The same P may refer to two different densi-
ties, with the meaning clarified from their arguments.

� Q: generic correlation matrix of the data.

� R: the set of real numbers.

� sij: the weight describing how similar cross-sectional unit i is to cross-sectional
unit j. This “similarity measure” sij is large when the two units are similar,
except that, for convenience but without loss of generality, we set sii = 0.

� s+
i ≡ ∑

j sij. If sij is zero or one for all i and j, s+
i is known as the degree

of i and is interpreted as the number of i’s neighbors (or the number of edges
connected to vertex i).

� Σ: an unknown covariance matrix.

� t: a generic time period (usually a year).

� T : total number of time periods (length of time series, when they all have the
same length);

� Ti: number of observations for cross-section i (if Ti = Tj , ∀i, j = 1, . . . N then
we set Ti = T );

� θ: The drift parameter in the Lee-Carter model. We reuse this symbol for the
smoothing parameter in our approach.

� Uit: a missingness indicator equal to 0 if the dependent variable is missing in
cross-section i at time t, and 1 if observed.

� V : generic orthogonal matrix.

� V[·]: the variance.
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� W : A symmetric matrix constructed from the similarity matrix s. See Appendix
B.2.6 (Page 277).

� Xit ≡ Uit

√
bitZit, the explanatory variable vector (Xit) weighted by the exoge-

nous weights bit when observed (Uit = 1) and 0 when missing.

� ξ denotes an error term.

� x◦: the projection of the vector x on some subspace.

� x⊥: the projection of the vector x on the orthogonal complement of some sub-
space.

� yit ≡ Uit
√

pitmit, the log-mortality rate (mit) weighted by population (pit), when
observed (Uit = 1) and 0 when missing.

� Zit: a ki-dimensional vector of covariates, for cross-sectional unit i at time t.
The vector of covariates usually includes the constant.

� Zi: the ki × Ti data matrix for cross-section i, whose rows are given by the
vectors Zit;

� Z: the set of integers.
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Appendix B

Mathematical Refresher

This appendix presents mathematical concepts we use in developing our main argu-
ments in the text of this book. This appendix can be read in the order in which it
appears, or as a reference. Items are ordered so that simpler concepts appear ear-
lier and, except where noted, each concept introduced does not depend on anything
appearing after it.

B.1 Real Analysis

A vector space (Section B.1.1) is a set over which one can define a meaningful notion
of a “sum” between two elements, and “multiplication of an element by a scalar”.
For our applications we impose additional structure on a vector space, and thus use
normed spaces (Section B.1.3), which require also the notion of “length”, and scalar
product and Euclidean spaces (Section B.1.4), which add the notion of “projection”.
We only introduce the notion of a vector space here for its role as a basic building
block for these other spaces, and do not use it by itself. We will see that the structure
associated with a scalar product or Euclidean space is “more restrictive” than the one
associated with a normed space, in the sense that with each Euclidean space we can
associate in a natural way a normed space, but the opposite is in general not true.

Another useful construction is the metric space (Section B.1.2), which is a set
over which we can define a notion of “distance” between two elements. One does not
need the notion of sum between two elements in order to define the distance, and so
a metric space is not necessarily a vector space. However, many vector spaces can
be endowed with the structure of a metric space. In particular, with every scalar
product, Euclidean, and normed spaces, we can always associate a metric space in a
natural way.
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B.1.1 Vector Space

Let X be a set where each element is defined as a vector, and where the following
two operations are defined:

1. Addition: to every pair of vectors x, y ∈ X corresponds an element x + y ∈ X
such that the communative and associative properties hold:

x + y = y + x and x + (y + z) = (x + y) + z , ∀z ∈ X.

In addition, X contains a unique vector, denoted by 0 (called the zero vector),
such that x + 0 = x , ∀x ∈ X. Moreover, to each x ∈ X corresponds a unique
vector −x such that x + (−x) = 0.

2. Multiplication by a Scalar: to every a ∈ R and x ∈ X corresponds a vector
ax such that:

1x = x and a(bx) = (ab)x , ∀b ∈ R

In addition, the following distributive properties hold:

a(x + y) = ax + ay and (a + b)x = ax + bx , ∀a, b ∈ R ∀x, y ∈ X

In this book if we refer to a set X as “the space X” we always mean “the vector
space X”.

Example 1 The set R
n, n = 1, 2, . . . is a vector space with respect to the familiar

operations of addition between two vectors and multiplication by a scalar.

Example 2 The set C[a, b] of continuous functions over the interval [a, b] is a vector
space. Any continuous function on [a, b] is a vector belonging to this vector space. The
operations of addition and scalar multiplication corresponds to the usual operations
of addition between two functions and multiplication of a function by a scalar.

Example 3 The three dimensional unit sphere S3 ≡ {(x1, x2, x3) ∈ R
3 | x2

1 + x2
2 +

x2
3 = 1} is not a vector space with respect to the usual operations of addition between

vectors and multiplication of a vector by a scalar. For example, the sum of two vectors
on the sphere may be a vector which lies off of it.
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B.1.2 Metric Space

A metric space is a pair (X, d), where X is a set and d : X × X → [0, +∞) is a
function, called distance or metric with the following properties:

1. Positiveness: d(x, y) ≥ 0 and d(x, y) = 0 if and only if x = y.

2. Symmetry: d(x, y) = d(y, x).

3. Triangle Inequality: d(x, y) + d(y, z) ≥ d(x, z).

A semi-distance is a distance except that d(x, y) = 0 does not imply that x = y.

Example 1 (Rn, d), where d(x, y) =
√

(x − y)′(x − y) is a metric space. This
distance is known as the Euclidean distance.

Example 2 (R, d), where d(x, y) = |x−y|
1+|x−y| is a metric space.

Example 3 (C[0, 1], d), where d(f, g) = maxx∈[0,1] |f(x) − g(x)|, f, g ∈ C[0, 1], is a
metric space.

The set X of a metric space (X, d) does not have to be a vector space, as we see
in the following:

Example 4 (Sn, d), where Sn is the n-dimensional sphere and d(x, y) is the geodesic
distance between two points (that is the distance measured along the shortest path)
is a metric space. This metric space is not a vector space because there is no notion
of a zero vector or addition on a sphere.

B.1.3 Normed Space

A vector space X is called a normed space if it is equipped with a norm ‖ · ‖. The
norm is a function ‖ · ‖ : X → [0, +∞) with the following properties:

1. ‖x‖ ≥ 0 and ‖x‖ = 0 if and only if x = 0;

2. ‖ax‖ = |a|‖x‖ for all a ∈ R;

3. ‖x + y‖ ≤ ‖x‖ + ‖y‖ for all x, y ∈ X (triangle inequality).

If condition (1) is replaced with the weaker condition that ‖x‖ ≥ 0 then ‖x‖ is called
a semi-norm. The only difference between a semi-norm and a norm is that for a
semi-norm it is possible that ‖x‖ = 0 without x being the zero vector.

A normed space is often denoted by the pair (X, ‖ ·‖), since the same vector space
X can be endowed with different norms. Every normed space (X, ‖ · ‖) can be made
into a metric space (X, d) by defining the distance d(x, y) ≡ ‖x − y‖. We often refer
to this distance as the distance induced by the norm ‖ · ‖.
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Example 1 Denote a normed space as (Rn, ‖ · ‖A), where A is a strictly positive
definite symmetric matrix (see B.2.3, Page 272), and we have defined,

‖x‖A ≡ (x′Ax)
1
2 .

which is known as the Mahalanobis norm. When A = I, this norm is called the
Euclidean norm and is simply denoted by ‖x‖.

Example 2 The pair (Rn, ‖ · ‖p), where ‖x‖p = (
∑n

i=1 xp
i )

1/p is a normed space if
p ≥ 1. This normed space is often denoted by Lp(R

n), and the norm ‖ · ‖p is often
referred to as the Lp norm.

Example 3 The set (C[a, b], ‖ · ‖L2
), with the norm defined as

‖x‖L2
≡

(∫ b

a

dx f(x)2

)

1
2

,

is a normed space, which is usually denoted by L2[a, b].

Example 4 The set (C[a, b], ‖ · ‖W 1
2
), with the semi-norm defined as

‖x‖W 1
2
≡

(

∫ b

a

dx

(

df(x)

dx

)2
) 1

2

,

is a semi-normed space, which is usually denoted by W 1
2 [a, b]. In fact, ‖x‖W 1

2
is a

semi-norm, rather than a norm, because there are functions which are not zero (like
f(x) = a, for all a ∈ R) but whose norm is zero.

B.1.4 Scalar Product Space

A vector space (or normed space) is called a scalar product space (or sometimes
“inner product space”) if, with each ordered pair of vectors x and y, we can associate
a positive number (x, y), called the scalar, or inner, product of x and y, such that the
following properties hold:

1. (x, y) = (y, x), for all x, y ∈ X;

2. (x + y, z) = (x, z) + (y, z), for all x, y, z ∈ X;

3. (ax, y) = a(x, y) for all x, y ∈ X, a ∈ R.

4. (x, x) ≥ 0 and (x, x) = 0 only if x = 0.
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If property (4) above is replaced by (x, x) ≥ 0 the result is a semi-scalar, or semi-
inner, product space. Since we can define different scalar products on the same vector
space X, it is convenient to think of a scalar product space as a pair (X, (·, ·)). To
every scalar product space (X, (·, ·)) we can associate in natural way a normed space
(X, ‖ · ‖) by defining the norm ‖x‖ =

√

(x, x). We refer to this norm as the norm
induced by the scalar product (·, ·). Therefore any scalar product space can be a
normed space. The opposite of this proposition is not true in general, but it is true
if the norm has the following property:

‖x + y‖2 + ‖x − y‖2 = 2(‖x‖2 + ‖y‖2) , ∀x, y ∈ X

When this is the case then it is possible to show that one can define a meaningful
scalar product by setting (x, y) ≡ 1

4
(‖x + y‖2 − ‖x − y‖2).

Example 1 Let A be any strictly positive definite n × n symmetric matrix. The
set R

n with the following inner product

(x, y) ≡ x′Ay , ∀x, y ∈ R
n

is a scalar product space. The norm induced by this scalar product is ‖x‖2 = x′Ax
(see “Normed spaces”, page 257). A Euclidean space is a scalar product space where
A = I, and the norm induced by the scalar product in the Euclidean space is the
Euclidean norm.

Example 2 Let C[a, b] be the set of continuous functions on the interval [a, b]. We
can make this set an inner product space by defining the following inner product
between any two functions f, g ∈ C[a, b]:

(f, g) ≡
∫ b

a

dxf(x)g(x)

Example 3 Let C1[a, b] be the set of continuous and differentiable functions on the
interval [a, b]. We can make this set an inner product space by defining the following
inner product between any two functions f, g ∈ C[a, b]:

(f, g) ≡
∫ b

a

dxf(x)g(x) +

∫ b

a

dx
df(x)

dx

dg(x)

dx

Example 4 Let C1[a, b] be the set of continuous and differentiable functions on
the interval [a, b]. We can make this set a semi-inner product space by defining the
following semi-inner product between any two functions f, g ∈ C[a, b]:

(f, g) ≡
∫ b

a

dx
df(x)

dx

dg(x)

dx
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This semi-inner product naturally defines a semi-norm ‖f‖ ≡
√

(f, f), which coin-
cides with the semi-norm defined in example 4 under the “Normed Spaces” heading
(page 257).

Example 5 Let Mp,q be the set of p × q matrices. This is a vector space which
becomes an inner product space if endowed with the Frobenius inner product between
any two of its elements A and B, which is defined as follows:

(A,B) ≡ tr(AB′)

The norm associated to this inner product is called the Frobenius norm. Given a
generic matrix A its Frobenius norm can be easily computed as follows:

‖A‖2 = tr(AA′) =

p
∑

i=1

q
∑

j=1

A2
ij

Therefore the square of the Frobenius norm of a matrix is the sum of the squares of
its elements. The Frobenius norm can be used to define the distance between two
matrices A and B by setting d(A,B) ≡ ‖A−B‖. If the matrix B is an approximation
of the matrix A, the Frobenius distance between A and B is a natural measure of
the approximation error, since it coincides with the error given by a least squares
criterion.

B.1.5 Functions, Mappings, and Operators

Let X and Y be two sets. A rule that associates each element x ∈ X with a unique
element y ∈ Y is called a mapping from X into Y and is written as y = f(x). The
element y is called the image of x under the mapping f . The set X is the domain of
the map f . The set of elements y ∈ Y such that y = f(x) for some x ∈ X is called
the range of f and is often denoted by f(X). By definition f(X) ⊂ Y (which, in
words, means that that the set f(X) is a subset of the set Y ).

When f(X) = Y we say that f maps X onto Y . If f maps X onto Y and, to
every element y ∈ Y we can associate a unique element x ∈ X such that f(x) = y,
then we say that f is invertible. In this case we denote the element x ∈ X which
corresponds to y ∈ Y by x = f−1(y), and the mapping f−1 from Y to X is called the
inverse of f .

Other words instead of “mapping” are sometimes used, depending on the proper-
ties of X and/or Y . For example when Y is the set of real numbers we also refer to
f as a real function on X. Mappings are also called operators, although this word is
usually reserved for cases in which neither X nor Y are the set of real numbers.

B.1.6 Functional

A functional is a real-valued function defined on a vector space X. When X ⊂ R
d

this coincides with the definition of a real function on X.
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Example 1 Let X be a normed space. The norm ‖x‖ is a functional over X.

Example 2 Let C[a, b] be the set of continuous functions on the interval [a, b], and
let x0 ∈ [a, b]. Then, for f ∈ C[a, b], we can define the functional F [f ] ≡ f(x0).

Example 3 Let C1[a, b] be the set of functions whose first derivative is continuous
on [a, b]. Then, for f ∈ C1[a, b], we can define the functional:

F [f ] ≡
∫ b

a

dx

(

df(x)

dx

)2

.

as one simple measure of the smoothness of the function f .

B.1.7 Span

Let x1, . . . , xl ∈ R
d be l vectors in R

d. The span of these vectors is a linear space
defined by all the possible linear combinations of these vectors:

X ≡
{

x ∈ R
d | x =

l
∑

i=1

cixi , ci ∈ R , i = 1, . . . , l

}

We also say that the vectors x1, . . . , xl ∈ R
d span the space X, or that X is spanned

by the vectors x1, . . . , xl ∈ R
d.

B.1.8 Basis and Dimension

A basis for a vector space X is a set of vectors x1, . . . , xd which are linearly indepen-
dent and that span X. If the vectors x1, . . . , xd form a basis for X then every vector
x ∈ X can be uniquely written as:

x = c1x1 + c2x2 + · · · + cdxd, ci ∈ R, i = 1, . . . , d

If a vector space X has a basis with d elements then the number d is known as the
dimension of the vector space and denoted by dim(X). We then say that the vector
space X is d-dimensional, or has dimension d, and write dim(X) = d.

A vector space may have many different bases, but they must all have the same
dimension. The number of elements of a basis can be infinite: in this case we refer to
the vector space as an infinite dimensional vector space.

Example The vectors x1 = (1, 0, 0), x2 = (0, 1, 0) and x3 = (0, 0, 1) form a basis
for R

3. The vectors y1 = (2, 1, 5), y2 = (3, 3, 2) and y3 = (0,−1, 6) also form a basis
for R

3. The vectors y1 = (2, 1, 5), y2 = (3, 3, 2) and y3 = (4, 2, 10) do not form a basis
for R

3, since they are not linearly independent (y3 = 2y1) and therefore do not span
R

3.
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B.1.9 Orthonormality

Let x1, . . . , xl ∈ R
d be l vectors in R

d. We say that these vectors are orthonormal if
they are mutually orthogonal and of length 1:

x′
ixj = δij , i, j = 1, . . . , l

where, as always, δij = 1 if i = j and 0 otherwise. If a set of orthonormal vectors
forms a basis for a vector space X we refer to them as an orthonormal basis.

Example 1 The vectors x1 = (1, 0, 0) and x2 = (0, 1, 0) are orthonormal. However,
they do not form an orthonormal basis for R

3, since they do not span R
3 and therefore

they are not a basis.

Example 2 The vectors x1 = 1√
2
(1, 1) and x2 = 1√

2
(1,−1) are orthonormal and

form an orthonormal basis for R
2.

B.1.10 Subspace

A set Y ⊂ X (which should be read as “Y , which is a subset of the set X”) is a
subspace of the vector space X if Y itself is a vector space, with respect to the same
operations.

Example 1 The set R
2 is a subspace of R

4, since R
2 ⊂ R

4 and both R
2 and R

4 are
vector spaces.

Example 2 Let a ∈ R
3 be a fixed column vector, and let V be the set V ≡ {x ∈

R
3 | a′x = 0}. For any two elements x, y ∈ V we have x + y ∈ V , and as such the

set V is a subspace of R
3. It is easy to see that V is a two dimensional plane going

through the origin.

Example 3 Let a ∈ R
3 be a fixed column vector and let V be the set V ≡ {x ∈

R
3 | a′x = 1}. For any two elements x, y ∈ V we have x + y 6∈ V . As such, the set

V is not a subspace of R
3. It is easy to see that V is a two dimensional plane which

does not go through the origin.

Example 4 Let C[a, b] be the set of continuous functions on the interval [a, b].
Polynomials of degree n are continuous functions, and the sum of two polynomials
of degree n is also a polynomial of degree n. The set Πn of polynomials of degree n,
n > 0, is a subspace of C[a, b].
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Example 5 Let Mp,q be the set of p× q matrices, and let Mp,q
r , with r ≤ min(p, q),

be the set of elements of Mp,q with rank r. While Mp,q is a vector space (of dimension
pq), the subset Mp,q

r of Mp,q is not a subspace of Mp,q, since the sum of two matrices
of rank r does not necessarily have rank r. ⊠

B.1.11 Orthogonal Complement

Subspaces of R
d (and of some infinite dimensional spaces) enjoy some particular

properties of great usefulness in linear algebra. Let Y be an n dimensional subspace
of R

d, with n < d and let us endow R
d with the Euclidean scalar product. Then we

can define the orthogonal complement of Y in R
d, and denote it by Y⊥, as the set of

all vectors in R
d which are orthogonal to every element y ∈ Y :

Y⊥ = {x ∈ R
d | x′y = 0 ∀y ∈ Y }

The set Y⊥ is a subspace of R
d and has dimension r = d − n. An important result

is the following: if X is an inner product space and Y ⊂ X is a subspace of X, then
every element x of X has a unique representation as the sum of an element x◦ of Y
and an element x⊥ of Y⊥. In other words, the following representation is unique:

∀x ∈ X : x = x◦ + x⊥ , x◦ ∈ Y , x⊥ ∈ Y⊥

The statement above is often summarized by writing: X = Y ⊕Y⊥, where the symbol
⊕ is defined in Section B.1.12. The vectors x◦ and x⊥ are called the projections of x
onto Y and Y⊥ respectively. Given a vector x ∈ X and a subspace Y , we can always
find the projection of x onto Y using the projection operator defined in Section B.1.13
(Page 264).

B.1.12 Direct sum

Let X be a vector space and let Y, Z ⊂ X be subspaces of X. We say that X is the
direct sum of Y and Z and write X = Y ⊕ Z if every x ∈ X can be written in a
unique way as:

x = y + z , y ∈ Y , z ∈ Z

If X = Y ⊕Z then we say that Y and Z are complementary subspaces. It is important
to note that if Y and Z are complementary subspaces then Y ∩ Z = 0. The notion
of a direct sum applies to generic vector spaces, and no inner product structure is
required. When X is an inner product space the subspaces Y and Z are orthogonal
complements (see Section B.1.11).
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Example 1 Let X = R
3, Y = {x ∈ X | x = (a, b, 0) , a, b ∈ R} and Z = {x ∈

X | x = (c, c, c) , c ∈ R}. The subspace Y is the two dimensional (x1, x2) plane,
and the subspace Z is the diagonal of the positive orthant (that is the line at a 45◦

angle with all the coordinate axis). Then Y and Z are complementary subspaces, and
X = Y ⊕Z. This is equivalent to saying that that every vector in R

3 can be uniquely
written as the sum of a vector in the two dimensional plane and a vector “slanted”
of 45◦ with respect to all the axis.

Example 2 Let X = R
3, Y = {x ∈ X | x = (a, b, 0) , a, b ∈ R} and Z = {x ∈

X | x = (0, c, d) , c, d ∈ R}. The subspace Y is the two dimensional (x1, x2) plane,
and the subspace Z is the the two dimensional (x2 − x3) plane. Although it is true
that every x ∈ X can be written as the sum of an element of Y and an element of
Z, this representation is clearly not unique, and therefore X is not the direct sum
of Y and Z, and Y and Z are not complementary subspaces (in fact, Y ∩ Z = {x ∈
X | x = (0, b, 0) , b ∈ R} 6= {0}).

B.1.13 Projection Operators

Definition and Properties Let X be a vector space, and let P : X → X be
a linear operator which maps X into itself. The operator P is called a projection
operator, or a projector if P (Px) = Px , ∀x ∈ X (in short: P 2 = P ). In all the cases
in which we use projectors in this book the vector space X is R

d, and therefore we
can think of a projector P simply as an d× d matrix such that P 2 = P . In addition,
where projectors are involved, we always assume that R

d is endowed with the usual
Euclidean inner product. Projectors are very useful whenever we are given a vector
x ∈ X and are interested in picking the part of X which lies in a subspace Y (that is,
which is “explained” by Y ). In order to see the connection between projectors and
subspaces, remember that if Y is a subspace of an inner product vector space X, then
X = Y ⊕ Y⊥, that is any vector x ∈ X can be uniquely written as x = x◦ + x⊥, with
x◦ ∈ Y and x⊥ ∈ Y⊥. This means that there is a well defined map P◦ that associates
with the vector x ∈ X, the vector x◦ ∈ Y , so that x◦ = P◦x. This map is clearly
linear and since x◦ ∈ Y it satisfies the identity P◦(P◦x) = P◦x◦ = x◦. Therefore
P 2
◦ = P◦, and P◦ is a projector, which is often referred to as the projector of X onto

Y . We also say that x◦ is the projection of x onto Y .

Example 1 Let X = R
3 and Y be the (x1, x2) plane, that is Y = {x ∈ X | x =

(a, b, 0) , a, b ∈ R}. Since Y is a subspace of X, X = Y ⊕ Y⊥. The orthogonal
complement Y⊥ of Y is the vertical axis: Y⊥ = {x ∈ X | x = (0, 0, c) , c ∈ R}. In
words: any vector x = (a, b, c) can be written as x = (a, b, 0)+(0, 0, c), and the vectors
(a, b, 0) and (0, 0, c) are orthogonal. Therefore the projection x◦ of x = (a, b, c) onto
Y is x◦ = (a, b, 0), and it is easily verified that the projector P◦ of X onto Y has the
form:
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P◦ =





1 0 0
0 1 0
0 0 0



 ⊠

If Y is a subspace of X, with its associated projector P◦, its orthogonal complement
is also a subspace, and it has a corresponding projector that we define as P⊥, with
the property that if x = x◦ + x⊥ then x⊥ = P⊥x. Therefore the two projectors P◦
and P⊥ are related:

P◦ + P⊥ = I.

Writing this relationship as P⊥ = I − P◦ makes clear that P⊥ should be interpreted
as the “residual making matrix” with respect to Y . In fact x◦ is the component of x
“explained” by Y , and the residual is x⊥ = x − x◦ = P⊥x. Since the residual x⊥ is
orthogonal to x◦, it also follows that the two projectors P◦ and P⊥ have the property
that P◦P⊥ = P⊥P◦ = 0. We summarize the properties of these projectors as

P◦P◦ = P◦ , P⊥P⊥ = P⊥ , P◦ + P⊥ = I , P◦P⊥ = P⊥P◦ = 0.

Constructing Projectors Assume that X = R
d and Y is an n-dimensional sub-

space of X. Let {u1, . . . , un ∈ X} be a basis for Y , that is a set of n vectors which
span Y (they do not have to be orthonormal). This means that any vector in Y can
be written as a linear combination of the vectors u1, . . . , un. Our goal is to find a
unique decomposition of an arbitrary vector x as x◦ + x⊥, with x◦ ∈ Y and x⊥ ∈ Y⊥.
Since x◦ ∈ Y then it can be written as x◦ =

∑n
i=1 aiui for some coefficients ai. There-

fore our goal is to find, for every x ∈ X, coefficients ai such that the following two
conditions are satisfied:

x =
n

∑

i=1

aiui + x⊥ , x′
⊥

n
∑

i=1

aiui = 0 (B.1)

where the last condition ensures that x⊥ and x◦ are orthogonal. Defining an n-
dimensional vector a = (a1, . . . , an) and the n×d matrix U with the vectors u1, . . . , un

on its columns the expression above can be rewritten as:

x = Ua + x⊥ , x′
⊥Ua = 0 (B.2)

Substituting x⊥ = x−Ua in the orthogonality condition above, we conclude that the
vector of coefficients a must satisfy:

(x − Ua)′Ua = 0 , ⇒ a′(U ′x − U ′Ua) = 0

Since we know that the decomposition of Equation B.1 is unique, the solution of
the equation above is obtained by setting U ′x − U ′Ua to 0, so that we obtain a =
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(U ′U)−1U ′x. Therefore x◦ = Ua = U(U ′U)−1U ′x. This implies that the projector P◦
of X on the subspace Y is the following matrix:

P◦ = U(U ′U)−1U ′. (B.3)

Therefore all we need in order to construct the projector P◦ onto an arbitrary subspace
Y of X is a basis for the subspace Y . If the basis for Y is orthonormal then U ′U = I,
and the formula above simplifies to:

P◦ = UU ′. (B.4)

The derivation of P◦ has an obvious interpretation in linear regression theory. In
fact, Equation B.2 can be seen as a linear specification for the vector of observations
x, in which a is the vector of unknown regression coefficients, U is the the matrix of
covariates, and x⊥ is a residual disturbance. The condition x′

⊥Ua = 0 expresses the
well known fact that the residuals and the fitted values (Ua) are mutually orthogonal,
and the residual making matrix I − U(U ′U)−1U ′ is immediately identified with P⊥.
Equation B.3 is often called the “hat matrix.”

The connection with linear regression helps to explain an important property of
projection operators, and one of the reasons for which they are so useful in practice:
the projection of x on the subspace Y is the vector of Y which has minimum distance
from x. This follows from the observation that the vector of coefficients a which we
have derived above is also the vector which minimize the least squares error ‖x−Ua‖2,
which is exactly the Euclidean distance between x and a generic element Ua of Y .
In other words, if we have a vector space X and a subspace Y , and we want to
approximate a vector x ∈ X with an element of Y , the solution of this problem is
simply P◦x, where P◦ is the projector of X on Y and can be computed using Equation
B.3.

Example 2 Let X = R
3, w ∈ X be a given vector of norm 1, and Y = {x ∈

X | w′x = 0}. Y is a two-dimensional subspace, and more precisely a two-dimensional
“slanted” plane going through the origin. Since Y is constructed as the set of points
which are orthogonal to the vector w, the orthogonal complement Y⊥ of Y is simply
the set of vectors which are multiples of w, that is a line through the origin. Let x
be a generic point in X: we wish to find the closest point to x on the plane Y . From
what we have seen above this point is simply P◦x, where P◦ is the projector of X onto
Y . In order to find P◦ we need a basis for Y , which is not readily available. However,
we have a basis for Y⊥, which is given by w. Therefore we can find the projector P⊥
of X on Y⊥ and obtain P◦ as I − P⊥. Applying formula B.4 we have P⊥ = ww′, and
therefore:

P◦ = I − ww′.
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B.2 Linear Algebra

B.2.1 Range, Null Space, Rank, and Nullity

In order to understand the properties of a matrix it is important to understand the
effect it has when it acts on a vector. Crucial to this understanding are two subspaces
associated with a matrix: its range and its null space, which we now describe. Let A
be a q × d matrix, and let x be a d-dimensional column vector. The first question we
ask is what happens (that is, what kind of vectors do we obtain) when we operate
with A on x? To answer this question we need to study the range of A, that is the set
of all the vectors y ∈ R

q which can be written as y = Ax for some x ∈ R
d. Formally

we have:

range(A) ≡ {y ∈ R
q | y = Ax , for some x ∈ R

d} (B.5)

Since the expression Ax can be read as “a linear combination of the columns of A
with coefficients given by the components of x”, we can also define the range of A as
the vector space spanned by the columns of A. For this reason the range of A is often
referred to as the column space of A. Denoting by a1, . . . ad ∈ Rq the columns of A,
this definition is formalized as follows:

range(A) ≡ {y ∈ R
q | y =

d
∑

i=1

xiai , for some xi ∈ R , i = 1, . . . , d} (B.6)

Let us assume that q ≥ d: this definition makes clear that in this case the range of A
is a vector space whose dimensionality r is at most d. The reason for which we say
“at most” d, rather than equal to d, is that the columns of A may not be linearly
independent, and therefore they may not span R

d. Let us assume instead that q < d:
then, since the d vectors ai are q-dimensional, they can span at most a q-dimensional
space. Therefore, by defining the rank of A as the dimensionality r of range(A), and
denoting it by rank(A), we conclude that:

rank(A) ≤ min(q, d)

When rank(A) = min(q, d) we say that the matrix A has full rank, otherwise we say
that is rank deficient.

To summarize: the matrix A takes R
d and maps into a subspace of R

q whose
dimensionality is rank(A) and is at most d. A fundamental result of linear algebra,
which we do not prove here but that we will use later, is the following:

rank(A) = rank(A′) (B.7)

We now present 4 examples which exhaust all the possibilities for the values of the
rank of a matrix.
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Example 1: q ≥ d, full rank Consider the following matrix A:

A ≡





1 0
0 1
1 1



 (B.8)

The rank of A is 2, since the two columns of A are linearly independent. Since
2 = min(3, 2) the matrix has full rank. The range of A is a 2-dimensional subspace of
R

3, that is a slanted plane going through the origin. Every point on the slanted plane
is the image of at least one point x ∈ R

2 (see Section B.1.5 , Page 260 for definition
of image). Vectors in R

3 which are not in the range of A, that is do not lie on the
slanted plane, are not the image of any point in R

2.

Example 2: q ≥ d, rank deficient Consider the following matrix A:

A ≡





1 2
1 2
1 2



 (B.9)

The rank of A is 1, since the second column is a multiple of the first. Since 1 <
min(3, 2) the matrix is rank deficient. The range of A is a 1-dimensional subspace of
R

3, that is the set of vectors x which are multiples of the vector (1, 1, 1). This subspace
is therefore the diagonal of the positive orthant. Every point on the diagonal is the
image of at least a point x ∈ R

2. Vectors in R
3 which are not in the range of A, that

is do not lie on the diagonal of the positive orthant, are not the image of any point
in R

2.

Example 3: q < d, full rank Consider the following matrix A:

A ≡
(

1 0 1
0 1 1

)

(B.10)

The rank of A is 2, since the third column of A is the sum of the first 2. Since the
columns are 2-dimensional vectors the rank is as high as it can be and the matrix has
full rank (2 = min(2, 3)). The range of A is the entire space R

2: every two-dimensional
vector y is the image of at least one point x under A.

Example 4: q < d, rank deficient Consider the following matrix A:

A ≡
(

1 2 3
1 2 3

)

(B.11)

The rank of A is 1, since the 2nd and 3rd column of A are both multiple of the first.
Since 1 < min(2, 3) the matrix is rank deficient. The range of A is not the entire
space R

2, but a one dimensional subspace, which is easily identified with the diagonal
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of the positive quadrant: only points on the diagonal are images of points in R
3 under

A. ⊠

The range of a matrix is important because it allows us identify those vectors for
which the matrix equation Ax = y has at least one solution. Clearly, if y is not in
the range of A then there is no solution and if y is in the range of A there is at least
one solution. The reason for which there may be more than one solution is that there
may be vectors x◦ such that Ax◦ = 0. In this case, if we have Ax = y then we also
have A(x + x◦) = y. The set of vectors x ∈ R

d such that Ax = 0 is called the null
space of the matrix A, and it is denoted by N(A) (or just N if no confusion arises).
Formally we have:

N(A) ≡ {x ∈ R
d | Ax = 0} (B.12)

By rewriting the condition Ax = 0 as
∑d

i=1 xiai = 0 we see that if the columns of
A are linearly independent then N(A) = {0}, and we say that null space is trivial.
In fact, if the columns of A are linearly independent the only numbers xi such that
∑d

i=1 xiai = 0 are zeros (if the xi were not 0 one could express one of the ai as a
linear combination of the others). Therefore if A has full rank its null space is trivial,
and if a solution to Ax = y exists it is unique. When A is rank deficient we can
expect a non-trivial null space: in this case the equation Ax = y has an infinite set of
solutions, which differ by an element of the null space of A (if x1 and x2 are solutions
then A(x1 − x2) = 0 and x1 − x2 ∈ N(A)).

We will also need to know “how big” is the set of solutions making up the null
space. To do this we note that Ax = 0 implies that x is orthogonal to every row of A,
or every column of A′, or any linear combination of columns of A′. This is equivalent
to saying that x is orthogonal to the span of the columns of A′, which in turn is the
same as saying that x is orthogonal to the range(A′) (since range(A′) is the span of
the columns of A′). This sequence of reasoning leads us to the key result that the
null space of a matrix is the orthogonal complement of the range of its transpose:

N(A) = range(A′)⊥ (B.13)

This result is important because it allows us to compute the dimensionality of the
null space of A, which is called the nullity of A and denoted by nullity(A) ≡ dim(N).
In fact, since the range of A′ is a subspace of R

d of dimension rank(A′), we know that
its orthogonal complement must have dimension dim(range(A′)⊥) = d − rank(A).
Therefore we conclude with the fundamental decomposition:

nullity(A) = d − rank(A) (B.14)

where throughout d is the number of columns of A. As anticipated above, then, the
nullity of a matrix is zero (and the null space is trivial) only if the matrix has full
rank.
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The results of this section can be summarized as follows: the range of A allows
us to characterize the vectors y for which the linear equation Ax = y has a solution.
The null space of A allows us to characterize whether this solution is unique, and in
the case it is not, the whole set of solutions.

Example 1 (continued): q ≥ d, full rank We have considered the matrix A:

A ≡





1 0
0 1
1 1



 (B.15)

We have already seen that the rank of A is 2 = min(3, 2), so that the matrix has full
rank. Therefore its null space is trivial and every point in the range of A (the slanted
plane) is the image of only one point in R

2: the map between R
2 and the slanted

plane is one-to-one and therefore invertible. In fact, if y ∈ range(A) we can solve
Ax = y with the usual formula:

x = (A′A)−1A′y (B.16)

Notice that this shows that if A has full rank then A′A must be invertible.

Example 2 (continued): q ≥ d, rank deficient We have considered the following
matrix A:

A ≡





1 2
1 2
1 2



 (B.17)

We have already seen that A is rank deficient, since its rank is 1. As a consequence its
null space is not trivial: from Equation B.14 we have that nullity(A) = 2−rank(A) =
1, so N(A) is one dimensional. We now define N(A) explicitly. From Equation B.13
we know that it is the orthogonal complement of the range of A′:

A′ ≡
(

1 1 1
2 2 2

)

.

This expression confirms the fact that the rank of A and A′ are the same, since only
1 of the three column vectors of A′ is linearly independent of the others. The range of
A′ is therefore given by the multiples of the vector (1, 2). Its orthogonal complement,
that is N(A), is easily seen to be the set of vectors which are multiples of the vector
(−2, 1) (since (−2, 1)(1, 2)′ = 0). Therefore, every point in R

2 is mapped into a point
on the diagonal of the positive quadrant (range(A)), but all the points of the form
x + α(−2, 1), for any α ∈ R, which lie on a straight line through x, are mapped into
the same point on the diagonal. Therefore the solution to the linear equation Ax = y,
when it exists, is not unique, and Equation B.16 does not hold anymore. This implies
that when A is rank deficient the matrix A′A must be not invertible. As we will see
in Section B.2.5 in this case we can still give a meaning to the problem of solving
Ax = y, but Equation B.16 must be replaced by something else.



B.2. LINEAR ALGEBRA 271

B.2.2 Eigenvalues and Eigenvectors for Symmetric Matrices

Symmetric matrices and their eigenvectors and eigenvalues play a special role in this
book, so we list here some of their properties.

Let A be a d × d symmetric matrix. If we can find a non-null vector v ∈ R
d and

a number ℓ such that:

Av = ℓv

then we say that v is an eigenvector of A with eigenvalue ℓ. Notice that if v is
an eigenvector with eigenvalue ℓ, then kv, with k ∈ R, is also an eigenvector with
eigenvalue ℓ. We eliminate this trivial redundancy by using the convention that
eigenvectors always have length 1, so that ‖v‖ = 1 unless otherwise specified.

An important property of symmetric d × d matrices is that they always have
exactly d mutually orthogonal eigenvectors v1, . . . vd. We denote by ℓ1, . . . ℓd the
corresponding eigenvalues.

Let R be a d × d matrix with the eigenvectors of A, v1, . . . vd, as its columns.
By virtue of the orthogonality of the eigenvectors and the convention that they have
length one it follows that R is an orthogonal matrix, so that R′ = R−1. Let L be the
diagonal matrix with the eigenvalues ℓ1, . . . , ℓd on the diagonal. One can prove that
the matrix A can always be written as:

A = RLR′ (B.18)

Equation B.18, the eigenvalue/eigenvector decomposition, tells us everything we may
need to know about the matrix A. If the eigenvalues are all strictly positive then the
matrix is invertible, and the inverse is simply:

A−1 = RL−1R′

where L−1 is a diagonal matrix with the reciprocals of the eigenvalues (1/ℓ1, . . . , 1/ℓd)
on the diagonal.

The rank r of A is the number of non-zero eigenvalues, and the nullity n of A
is the number of zero eigenvalues. The eigenvectors corresponding to the non-zero
eigenvalues, that is the first r columns of R, span the range of A, while the eigenvectors
corresponding to the zero eigenvalues (the last n columns of R) span the null space
of A.

When A does not have full rank, the decomposition B.18 can be written in a
simplified form, often useful for computational purposes. Let us write the matrix L
in block form:

L =

(

ℓ 0
0 0

)

, ℓ = diag[(ℓ1, . . . ℓr)]
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Let us also write R as R = (R⊥R◦), where R⊥ is a d × r matrix whose columns are
the first r eigenvectors (a basis for N⊥), and R◦ is a d× n matrix whose columns are
the last n eigenvectors (a basis for N). Then we have the following identity:

A = RLR′ = (R⊥R◦)

(

ℓ 0
0 0

)(

R′
⊥

R′
◦

)

= R⊥ℓR′
⊥. (B.19)

B.2.3 Definiteness

Let A be an n × n symmetric matrix. If we have

x′Ax > 0 , ∀x ∈ R
n , x 6= 0

then we say that A is positive definite. If this condition is substituted with the weaker
condition

x′Ax ≥ 0 , ∀x ∈ R
n

then we say that A is positive semi-definite. The only difference between positive
definite and positive semi-definite matrices is that for a positive semi-definite matrix
A the fact that x′Ax = 0 does not imply x = 0. Similar definitions for negative
definite and negative semi-definite matrices are obtained by switching the sign in the
inequalities above.

If a matrix A is positive definite then the quantity x′Ax is a norm, while if A is
positive semi-definite then x′Ax is a semi-norm.

It can be shown that A is positive definite if and only if its eigenvalues are all
strictly positive, where we use the word “strictly” to emphasize the fact that they
cannot be equal to 0. Similarly, A is positive semi-definite if and only if its eigenvalues
are either positive or equal to zero.

Example 1 Let A be a n×d matrix of full rank. Then the d×d matrix C = A′A is
positive definite. This is seen by noticing that x′Cx = x′A′Ax = (Ax)′Ax = ‖Ax‖2 >
0. The strict inequality is a consequence of the fact that Ax = 0 implies x = 0, since
A has full rank. If A has rank smaller than d then C is positive semi-definite.

B.2.4 Singular Values Decomposition (SVD)

For symmetric matrices the eigenvalue/eigenvector decomposition tells us everything
we need to know about a matrix. The analog of this decomposition for generic,
rectangular matrices is the Singular Value Decomposition (SVD). SVD is one the
most useful and common tools of linear algebra, and it has been known for more than
a century (Beltrami, 1873; Jordan, 1874; see Stewart, 1992, for its history). Here we
give the basics facts, needed in this book, and refer the reader to a linear algebra
book (e.g., Strang, 1988) for a full explanation.
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Definition

Let A be a q × d matrix, with q ≥ d (if q < d we can look at the transpose of A). It
is possible to show that one can always write A as follows:

A = UWV ′ (B.20)

where U is an q × d matrix whose columns are mutually orthonormal (U ′U = Id), W
is a d × d diagonal matrix with positive or zero values, and V ′ is a d × d orthogonal
matrix (V ′V = V ′V = Id). The diagonal elements of W , denoted by w1, . . . wd, are
called the singular values of the matrix A. The decomposition B.20 is known as the
Singular Values Decomposition, and it is unique, up to a permutation of the columns
of U and V and of the corresponding singular values. Here we consider the general
case in which n singular values are 0, with n ≥ 0, and denote by r the number of
non-zero singular values, so that r + n = d and

w1 ≥ w2 ≥ . . . wr ≥ wr+1 = wr+2 . . . wr+n = 0

The singular values play here the role played by the eigenvalues in the eigenvalue/eigenvector
decomposition of symmetric matrices: The rank of A is equal to r, the number of
non-zero singular values, and therefore the nullity of A is n, which is the number of
singular values equal to zero. We now list some useful properties of the SVD decom-
position. To this end, we define u1, . . . ud as the column vectors of U and v1, . . . vd as
the column vectors of V .

� rank(A) = r;

� nullity(A) = n;

� The vectors u1, . . . ur (first r columns of U) form a basis for the range of A.

� The vectors vr+1, . . . vd (last n columns of V ) form a basis for the null space of
A.

� The following relationships hold:

Avi = wiui , A′ui = wivi , i = 1, . . . d

� If the matrix A is square, then it is invertible if and only if the singular values
are all strictly positive. In this case one can easily verify that the inverse of A
is given by:

A−1 = V W−1U ′
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For Approximation

We now show how to use SVD to approximate a matrix A as a linear combination of
“simpler” matrices, and how to bound the corresponding approximation error. Using
this notation Equation B.20 can be rewritten as:

A =
r

∑

i=1

wiuiv
′
i ≡

r
∑

i=1

wiai (B.21)

where we have defined the q × d matrices ai = uiv
′
i, which are all of rank 1 (the fact

that ai has rank 1 follows from its SVD). Equation B.21 is a powerful result: it says
that any matrix A of rank r can be written as a linear combination of r matrices of
rank 1. Because of the orthonormality properties of U and V , the matrices ai are
mutually orthonormal under the Frobenius inner product (see examples in Appendix
B.1.4, Page 258). In particular, they all have the same “size”, where the size is
measured by their Frobenius norm, which is equal to 1.

Therefore, if some singular values are much bigger than the others, then the
corresponding terms in the expansion B.21 will dominate the others. This suggests
that a good approximation to the matrix A can be obtained by retaining, in Equation
B.21, only the largest singular values. To quantify this observation, define Ãk as the
approximation of A obtained by retaining only the k (k < r) largest singular values
in Equation B.21:

Ãk ≡
k

∑

i=1

wiai

We quantify the approximation error as ‖A − Ãk‖2, where ‖ · ‖ is the Frobenius
norm (see Appendix B.1.4, page 258). However, this definition of error is not always
useful because it depends on the scale of matrix A. Therefore we introduce a relative
measure of error, defined as

∆Ek ≡ ‖A − Ãk‖2

‖A‖2
.

Substituting the expansion B.21 in the equation above we obtain:

∆Ek =
‖∑d

i=k+1 wiai‖2

‖∑d
i=1 wiai‖2

=

∑d
i=k+1

∑d
j=k+1 wiwj(ai, aj)

∑d
i=1

∑d
i=j wiwj(ai, aj)

=

∑d
i=k+1 w2

i
∑d

i=1 w2
i

, (B.22)

where we have used the definition of the Frobenius norm ‖ · ‖ in terms of Frobenius
inner product (·, ·) (‖A‖2 = (A,A)) and the orthonormality of the matrices ai under
the Frobenius inner product ((ai, aj) = δij). Equation B.22 is a very useful result: it
allows us to estimate precisely the error we make approximating a matrix A of rank
r by a linear combinations of k matrices of rank 1 only in terms of the singular values



B.2. LINEAR ALGEBRA 275

of A: The faster the decay rate of the singular values, the better the approximation
using a small number of terms. The relative error ∆Ek is usually referred to as “the
percentage of the variance linearly accounted for by the first k singular values”. The
term “variance” here refers to the square of the Frobenius norm of A. The reason
for this terminology is that in some applications the rows of A are realizations of a
random d-dimensional variable with zero mean, and therefore the Frobenius norm of
A (squared) is proportional to the variance of this random variable.

B.2.5 Generalized Inverse

Let A be a d×d matrix. In this section we consider the problem of finding a solution
to the linear system Ax = y. We do not consider the more general problem in which
A is rectangular to keep notation simple.

When A has full rank the solution to this problem is obviously unique and given
by x = A−1y. When A is rank deficient, with rank(A) = r, r < d, two things happen:

� the range of A is an r-dimensional subspace of R
d, and therefore the linear

system Ax = y has a solution only if y ∈ range(A);

� the null space of A is a subspace of R
d with dimensionality n = d − r (see

Equation B.14, Page 269). Therefore, when y ∈ range(A) and a solution exist,
it is not unique. In fact, if x is a solution then x + x◦, where x◦ ∈ N(A), is also
a solution.

Here we assume that y ∈ range(A) (otherwise an exact solution does not exist), and
focus on the problem of having an infinite number of solutions. Even if all these
solutions are equivalent, in the sense that they differ from each other for an element
of N(A), which is “invisible” to A, it is important to have a consistent criterion to
pick a particular one, that we can consider as “representative”. In order to choose a
criterion we reason as follows.

Since N(A) is a subspace of R
d we write R

d = N(A) ⊕ N(A)⊥ (see Sections
B.1.10 and B.1.11 on subspaces and orthogonal complements). Let x be such that
Ax = y, and let us decompose it as x = x◦ + x⊥, with x◦ ∈ N(A) and x⊥ ∈ N(A)⊥.
Since x is a solution of Ax = y, by adding or subtracting any element of N(A) we
obtain another solution, and since x◦ ∈ N(A) therefore x−x◦ = x⊥ is also a solution.
Therefore there is always a well defined solution which lies in N(A)⊥, that is a solution
whose projection on the null space of A is zero. We take this as the “representative”
solution. We will see later how this is equivalent to choosing the solution of with
minimum norm.

To summarize, we wish to find, among all the possible vectors x such that Ax = y,
the one such x◦ = P◦x = 0. This problem is solved easily using the SVD of A. First
we notice that the condition P◦x = 0 can be written as P⊥x = x, since P◦ + P⊥ = I.
Therefore we substitute P⊥x for x in Ax = y and obtain AP⊥x = y. Now let us use
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the SVD of A and write A = UWV ′, where U and V are orthogonal d × d matrices.
The equation AP⊥x = y becomes:

UWV ′P⊥x = y ,⇒ WV ′P⊥x = U ′y , (B.23)

By the properties of the SVD the matrix W is diagonal, and since rank(a) = r,
nullity(A) = n, and d = r + n, it has the following structure:

W ≡
(

w 0r×n

0n×r 0n×n

)

where w is an r × r diagonal matrix with the first r non-zero singular values on
the diagonal. Since our goal is to “isolate” P⊥x in Equation B.23, ideally we would
multiply both sides of B.23 by the inverse of W . The inverse of W does not exist,
but we can define something which resembles it and see whether that it is enough.
We define the matrix W+ below, which we list together with one useful identity it
satisfies:

W+ ≡
(

w−1 0r×n

0n×r 0n×n

)

, W+W =

(

Ir×r 0r×n

0n×r 0n×n

)

Now we premultiply both sides of Equation B.23 by W+ and obtain:
(

Ir×r 0r×n

0n×r 0n×n

)

V ′P⊥x = W+U ′y

Now we remember that from SVD the matrix V is orthogonal and has the form
V = (V⊥ V◦), where V◦ is a basis for N(A) and V⊥ is a basis for N(A)⊥. Premultiplying
both sides of the equation above by V we obtain:

V

(

Ir×r 0r×n

0n×r 0n×n

)

V ′P⊥x = (V⊥ V0)

(

Ir×r 0r×n

0n×r 0n×n

) (

V ′
⊥

V ′
◦

)

P⊥x

As a final step we remember that since the columns of V⊥ form an orthonormal basis
for N(A)⊥, the projector P⊥ on N(A) is simply P⊥ = V⊥V ′

⊥. Therefore:

V⊥V ′
⊥P⊥x = P⊥P⊥x = P⊥x = V W+U ′y

Since we started with the assumption P⊥x = x, the solution to our problem is finally:

x = V W+U ′y ≡ A+y (B.24)

where the matrix A+ = V W+U ′ is the so-called generalized inverse of A. Notice that
applying this definition the generalized inverse inverse of W is W+, which justifies
our notation. To summarize: among the infinite number of solutions of Ax = y, with
y ∈ range(A), the solution computed using the generalized inverse is the one whose
projection on the null space of A is zero.
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In many book the generalized inverse is defined in the same way, but it is derived
according to a different criterion: among all the solutions of Ax = y the solution
computed using the generalized inverse is the one with minimum norm. We nowshow
that these two criteria are equivalent. The set of all solutions can be obtained by
adding to a known solution (for example x∗ = A+y) arbitrary points in N(A), which
can always be written as P◦z, for arbitrary z ∈ R

d. Therefore the set of solutions is
the set of vectors which can be written as x = x∗ + P◦z, with z varying in R

d. Let us
find the vector of this form with minimum norm:

min
z

‖x∗ + P◦z‖2 = min
z

[2(P◦z)′x∗ + (P◦z)′(P◦z)].

We notice that (P◦z)′x∗ = z′P ′
◦x

∗ = z′P◦x
∗ = 0, where we have used the fact that

P ′
◦ = P◦ and P◦x

∗ = 0 by definition of x∗. Therefore

min
z

‖x∗ + P◦z‖2 = min
z

(P◦z)′(P◦z)

The minimum is attained for any z such that P◦z = 0, and its value is ‖x∗‖2. Therefore
the solution whose projection in the null space of A is 0 and the solution of minimum
norm coincide.

B.2.6 Quadratic Form Identity

Let b1, . . . , bN ∈ Rd be a collection of N vectors in Rd. For any N × N symmetric
matrix s and for any d × d symmetric matrix Φ the following identity holds:

1

2

N
∑

i,j=1

sij(bi − bj)
′Φ(bi − bj) =

N
∑

i,j=1

Wijb
′
iΦbj (B.25)

where

W ≡ s+ − s , s+ ≡ diag[s+
i ] , s+

i ≡
N

∑

j=1

sij . (B.26)

Since the rows of the matrix W sum to 0 (W1 = 0), W is not full rank. If the
elements of s are all positive, the matrix W is positive semi-definite, but the reverse
does not generally hold. The values of the expression in Equation B.25 do not depend
on the diagonal elements of s. Therefore, for all expressions of the form in Equation
B.25, we assume sii = 0 ,∀i. Under this assumption, given any matrix W such that
W1 = 0, we can always find a matrix s such that W ≡ s+ − s: it is sufficient to take
s = diag(W ) − W .

A particular case of Equation B.25 which appears often in the book is when d = 1
and Φ = 1. We restate it as follows. Let u ≡ (u1, . . . , uN)′ be a column vector, then

1

2

N
∑

i,j=1

sij(ui − uj)
2 =

N
∑

i,j=1

Wijuiuj = u′Wu (B.27)
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B.3 Probability Densities

B.3.1 The Normal Distribution

Let D be a strictly positive definite d × d matrix and θ > 0. We say that a d-
dimensional random variable x has normal distribution with mean x̄ and covariance
D−1, and write x ∼ N (x̄, D−1), if its probability density is:

P(x) =

(

θ

2π

) d
2 √

det D exp

(

−1

2
θ(x − x̄)′D(x − x̄)

)

Since a density must integrate to 1 we have the multidimensional Gaussin integral:

∫

Rd

dx exp

(

−1

2
θx′Dx

)

=

(

2π

θ

) d
2 1√

det D
(B.28)

B.3.2 The Gamma Distribution

We say that a random variable x with values on the positive real axis has a Gamma
density, with a,b > 0, if its probability density is

P(x) =
1

Γ(a)
baxa−1e−bx . (B.29)

We also write the equation above as:

x ∼ G(a,b) (B.30)

The mean and variance of the Gamma(a,b) density are as follows:

E[x] =
a
b

, V[x] =
a
b2

(B.31)

B.3.3 The Lognormal Distribution

We say that a random variable x with values on the positive real axis has a lognormal
density with parameters ν and ̺, and write x ∼ logN (ν, ̺2), if its probability density
is:

P(x) =
1√

2π̺x
exp

[

−1

2

(

log x − ν

̺

)2
]

(B.32)

The lognormal density has the property that:

x ∼ logN (ν, ̺2) ⇐⇒ log x ∼ N (ν, ̺2)

The mean and variance of the lognormal density are as follows:
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E[x] = eν+ ̺2

2 , V[x] = e2(ν+̺2) − e2ν+̺2

(B.33)

It is often useful to be able to express ν and ̺ as functions of the mean and the
variance. This is done below:

̺2 = log

(

1 +
V[x]

E[x]2

)

, ν = log

(

E[x]2
√

V[x] + E[x]2

)

(B.34)
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Appendix C

Improper Normal Priors

Most of the prior densities considered in this book are improper. The fact that
they are improper has no negative consequences, since our likelihood and therefore
our posterior distribution is always proper. What is relevant is the reason they are
improper. Roughly speaking, the reason is that we only have partial prior knowledge:
That is we know certain things but are ignorant about others. This implies that our
prior density is flat over unbounded subsets of its support, which causes it to fail to
be integrable.

C.1 Definitions

In this section we describe the mathematical tools needed to deal with the kinds of
improper prior densities we use. These densities have the following form:

P(x; θ) ∝ exp

(

−1

2
θx′Dx

)

, x ∈ R
d (C.1)

where θ > 0 and D is a symmetric, d×d positive semi-definite matrix with rank(D) =
r < d and nullity(D) = n = d−r. The obvious way to see why this density is improper
is to notice that its covariance, which would be calculated by taking the inverse of
the matrix D, does not exist since D does not have full rank. We now develop a
richer understanding of improperness through a geometric interpretation. The key to
understanding and manipulating improper densities of the form C.1 is noting that,
since D is symmetric, it can be diagonalized. That is, every such D can be uniquely
decomposed in the following (see Appendix B.2.2 , Page 271):

D = RLR′, (C.2)

where R is an orthogonal matrix (so that R−1 = R′ and det(R) = 1) and L is diagonal.
This implies that we can always put ourselves in a reference system where the density

281
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in Equation C.1 is the product of one dimensional densities. In fact, if we make the
change of variables x = Rz, the density above can be written as a function of z:

P(z; θ) ∝ exp

(

−1

2
θz′Lz

)

=
n

∏

i=1

exp

(

−1

2
θℓiz

2
i

)

. (C.3)

where ℓi are the diagonal elements of L. This observation suggests that everything
we need to know about improper densities of the type C.1 can be learned analyzing
the simpler densities like that in Equation C.3. For this reason we next analyze in
detail a simple but highly informative example in 3 dimensions.

C.2 An Intuitive Special Case

Here we take θ = 1 and we consider a diagonal matrix D:

D ≡





1 0 0
0 1 0
0 0 0





This matrix is positive semi-definite, since its eigenvalues, which coincide with the
elements on the diagonal, are greater than or equal to zero. The rank of this matrix
is 2 and its nullity is 1 = 3 − 2. The range of D is the (x1, x2) plane: range(D) ≡
{(x1, x2, 0) ∈ R

3}, while its null space is the x3-axis: N(D) ≡ {(0, 0, x3) ∈ R
3}. Since

the matrix is symmetric, its range coincides with the orthogonal complement of its
null space: range(D) = N(D)⊥. In the following we refer to the null space of D and
its orthogonal complement as N and N⊥.

The density corresponding to this matrix is

P(x1, x2, x3) ∝ exp

(

−1

2
(x2

1 + x2
2)

)

(C.4)

and is not integrable, since we have:
∫

R3

exp

(

−1

2
(x2

1 + x2
2)

)

=

∫

R

dx1 exp

(

−1

2
x2

1

) ∫

R

dx2 exp

(

−1

2
x2

2

) ∫

R

dx3 = +∞.

This density has two important features:

1. It does not carry any information about the probability of the realization of
values of x3: it is ignorant with respect to x3. More formally, we have:

P(x1, x2, x3) = P(x1, x2, x
′
3) , ∀x3, x

′
3 ∈ R

The fact that the density is uniform in the direction of x3 is what causes the
density not to be integrable. The key observation here is that the direction
along which the density is uniform coincides with the null space N.
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2. Since the density C.4 does not depend on x3 we can always set x3 to 0 (or any
other value) in its argument, and look at it as a density over R

2 rather than R
3.

In this case the density is informative and proper:

∫

R2

dx1dx2P(x1, x2, 0) < +∞ (C.5)

The set of points in R
3 of the form (x1, x2, 0) is N⊥, the orthogonal complement

of the null space.

We conclude from this simple analysis that the support of the density C.4, that is R
3,

can be decomposed in two orthogonal parts: One is the null space N, over which the
density is flat and that represents our ignorance, and the other is N⊥, the orthogonal
complement of N, over which the density is proper and carries information.

More formally, every vector x ∈ R
3 can be decomposed as follows:

x = (x1, x2, x3) = (x1, x2, 0) + (0, 0, x3) = P⊥x + P◦x

where P⊥ is the projector onto N⊥, and P◦ = I − P⊥ is the projector onto the null
space N. In our case we have:

P⊥ ≡





1 0 0
0 1 0
0 0 0





Using this notation we can summarize what we have learned so far as:

P(P◦x) = is uniform on N P(P⊥x) = P(x) is proper on N⊥

We conclude from these observations that while expected values of functions of x
cannot be computed under the density C.4, since x as a random variable is ill-defined,
expected values of functions of P⊥x are well defined, as long as we remember that
in order to compute them we must restrict the support of the density to N⊥. For
example, while the covariance matrix of x does not exist, the covariance matrix of
P⊥x is well defined, since it is the covariance matrix of the density P(x1, x2) ∝
exp

(

−1
2
(x2

1 + x2
2)

)

, which is the identity.

C.3 The General Case

We now move to the general case, where the null space is a generic subspace of R
d.

As we have seen above, meaningful expectations can be computed if we restrict the
support of P to N⊥: The only difficulty here is that computing integrals over the
subspace N⊥ is a bit more complicated. As an exercise, and in order to convince
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ourselves that the density C.1 is indeed well defined on N⊥, we compute its integral,
and show that it is finite. Therefore we want to compute the quantity

K =

∫

N⊥

dx exp

(

−1

2
θx′Dx

)

In the following we denote by r the rank of D, and by n = d − r the dimensionality
of its null space. We adopt the convention that the eigenvalues of D, that is the
diagonal elements of L in Equation C.2, are sorted in descending order, so that
ℓ1 ≥ ℓ2 ≥ . . . ℓr > ℓr+1 = ℓr+2 = · · · = ℓr+n = 0. We start by substituting Equation
C.2 in the equation above:

K =

∫

N⊥

dx exp

(

−1

2
θ(R′x)′LR′x

)

This expression suggests that we perform the change of variable R′x = y, which makes
the integrand a product of independent terms. The Jacobian of this transformation
is one since R is a rotation matrix. The only thing left to do is to figure out how the
domain of integration, N⊥, changes under this transformation. Remember that N⊥
is the subspace of vectors which are orthogonal to the null space, that is such that
P◦x = 0. Since P◦ = I − P⊥ we have:

N⊥ = {x ∈ R
d | x = P⊥x}.

This can be rewritten in terms of the variable y as:

N⊥ = {y ∈ R
d | Ry = P⊥Ry} = {y ∈ R

d | y = R′P⊥Ry}.

In order to understand the form R′P⊥Ry, denote by ri the columns of R. As shown
in Section B.2.2, the first r columns form a basis for range(D) = N⊥, and the last n
columns form a basis for N. Denoting by yi the components of y, we have:

Ry =
d

∑

i=1

yiri , ⇒ P⊥Ry =
d

∑

i=1

yiP⊥ri =
r

∑

i=1

yiri

where we have used the fact that P⊥ri = ri if ri ∈ N⊥ and P⊥ri = 0 if ri ∈ N.
Therefore :

R′P⊥Ry =
r

∑

i=1

yiR
′ri =

r
∑

i=1

yiei = (y1, y2, . . . , yr, 0, . . . , 0)

where ei is the vector (0, . . . , 0, 1, 0, . . . 0), with the 1 in the i-th place, and we have
used the fact that the columns of R are mutually orthogonal. We conclude that the
only vectors y such that y = R′P⊥Ry are those whose last n components are zero,
and therefore:
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N⊥ = {y ∈ R
d | yr+1 = yr+2 = · · · = yr+n = 0}

This last expression implies that when we integrate over the variable y we should
keep the values of the last n components of y fixed at 0, while the first r components
of y are unconstrained. Since integrating over a variable held constant is equivalent
to not integrating over that variable, we summarize this finding as

∫

N⊥

dx =

∫

Rd

dy

d
∏

i=r+1

δ(yi) , x = Ry. (C.6)

where δ(yi) stands for the probability density (as a function of yi) with unit mass at
the origin. Now we complete our change of variables, and rewrite:

K =

∫

Rd

dy

d
∏

i=r+1

δ(yi) exp

(

−1

2
θy′Ly

)

.

The exponent in this expression does not depend on yr+1, . . . , yr+n, and so simplifies
to:

K =

∫

Rr

dy1 . . . dyr exp

(

−1

2
θ

r
∑

i=1

ℓiy
2
i

)

=
r

∏

i=1

[∫

R

dyi exp

(

−1

2
θℓiy

2
i

)]

.

From the Gaussian integral identity in Equation B.28, we have:

∫

R

dyi exp

(

−1

2
θℓiy

2
i

)

=

(

2π

θℓi

) 1
2

.

Putting everything together we obtain:

K =

(

2π

θ

) r
2 1

√
∏r

i=1 ℓi

.

Defining the quantity:

det D⊥ ≡
r

∏

i=1

ℓi

we can finally rewrite the expression above as the following identity:

∫

N⊥

dx exp

(

−1

2
θx′Dx

)

=

(

2π

θ

) r
2 1√

det D⊥
. (C.7)



286 CHAPTER C. Improper Priors

Notice the complete analogy between this expression and the identity in Equation
B.28. The number above can be thought of as the normalization constant for the
density C.1 restricted to N⊥, that we present here for completeness:

P(x; θ) =

(

θ

2π

) r
2 √

det D⊥ exp

(

−1

2
θx′Dx

)

, x ∈ R
d , x ∈ N⊥. (C.8)

Using a similar technique we can now compute the expected values of several quan-
tities of interest. In the following we denote by E⊥[·] the expected value with respect
to the density C.8. It is possible to show that the covariance matrix is:

E⊥[xx′] =
1

θ
D+ (C.9)

where D+ is the pseudo-inverse of D, as defined in Section B.2.5 (Page 275). Using
this result it is then easy to see that:

E⊥[x′Dx] =
r

θ
. (C.10)

This last result can also be derived by first computing the distribution of the quantity
H = x′Dx, and then computing its expected value. The quantity H, which in general
is interpreted as a smoothness functional, has the following distribution:

P(H) = KH
r
2
−1e−

1
2
θH (C.11)

In the notation of Chapter 9 we would write H ∼ G(r, θ).

C.4 Drawing Random Samples

Here we consider the problem of sampling from the improper normal density of Equa-
tion C.1. We have seen in the previous sections that this density is not proper, but it
becomes proper if we restrict its argument to the r-dimensional subspace N⊥, that is
the portion of R

d on which the prior is informative. This restriction means that we
should think of the argument x of the density as a linear combination of r independent
elements N⊥. We know from results about the eigenvectors/eigenvalue decomposition
(Section B.2.2 , Page 271) that a basis for N⊥ is given by the first r columns of R
(where D = RLR′), which we collect as columns of a d × r matrix R⊥. Therefore
the restriction of the domain of the improper density P (x; θ) is simply expressed as
x = R⊥z, z ∈ R

r. The role of the matrix R⊥ here is simply to take R
r and rotate it

to obtain N⊥. We notice that this transformation is invertible (z = R′
⊥x) and that,

since it is a rotation, its Jacobian is 1. Therefore the density of the variable z is:

P(z; θ) ∝ exp

(

−1

2
θ(R⊥z)′DR⊥z

)

= exp

(

−1

2
θz′R′

⊥DR⊥z

)
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This probability density is now well defined, and therefore all we have to do in order
to sample from the improper normal of Equation C.1 is the following:

x = R⊥z , z ∼ N
(

0,
1

θ
(R′

⊥DR⊥)
−1

)

(C.12)

The covariance of the variable z in the expression above is unnecessarily complicated,
and can be greatly simplified. To this end it suffices to remember that, from Equation
B.19, the matrix D can be written as D = R⊥ℓR′

⊥, where ℓ is the r×r diagonal matrix
whose diagonal elements are the non-zero eigenvalues of D. Substituting this formula
in Equation C.12, and remembering that R′

⊥R⊥ = I, we arrive at the following simple
formula:

x = R⊥z , z ∼ N
(

0,
1

θ
ℓ−1

)

. (C.13)
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Appendix D

Discretization of the Derivative
Operator

In this section we consider the problem of evaluating the derivative of a function
known at a finite number of points on an equally spaced grid. This is the case
for examples when the variable is age or time. We report here a simple way to
obtain an approximate derivative of arbitrary order, and refer the reader to texts
on numerical analysis for an analysis of the error. The equations given here will
reproduce, with appropriate choices of the parameters, well known formulas (like the
Richardson extrapolation; Press et al., 1987).

Let f(x) be a function whose values are known on an integer grid (so x is always
an integer in the following). Our problem is to evaluate the derivative of some order
at the point x. The starting point is to assume that f can be represented by a
polynomial of degree k:

f(x + n) = f(x) +
k

∑

j=1

nj

j!
f (j)(x) (D.1)

where the k derivatives f (j)(x) in this expression are unknown. The idea here is that
if we evaluate Equation D.1 at k different points we obtain a linear system that we
can solve for f (j)(x).

Let n be a set of k integers that excludes 0, for example n = {−2,−1, 1, 2}. We
then rewrite Equation D.1 as

f(x + ni) − f(x) =
k

∑

j=1

Aijf
(j)(x) i = 1, . . . k,

where the matrix A has elements Aij ≡ nj
i

j!
. By inverting this linear system, we obtain

the intuitively pleasing formula:
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f (j)(x) =
k

∑

i=1

A−1
ji [f(x + ni) − f(x)] (D.2)

This is just the statement of the fact that the derivative of order j at a point is
a weighted combination of the values of the function at nearby points: the points
f(x + ni) receive a weight A−1

ji , while f(x) receives a weight −∑k
i=1 A−1

ji , so that the
sum of the weights is zero.

With reasonable choices of the set of integers n Equation D.2 is sufficient to recover
the standard formulas for numerical derivatives. For example, choosing k = 4 and
n = {−2,−1, 1, 2} we obtain, for j = 2, the classic 5-point central second derivative
formula, which is fourth-order accurate:

f (2)(x) ≈ 1

12
(f(x − 2) − 8f(x − 1) + 8f(x + 1) − f(x + 2)) .

While choosing a set n which is symmetric around the origin is always recom-
mended, a non-symmetric n is needed when the function is defined over a finite
segment and we need to evaluate the derivative near the end points. For example if
we know the values of the function at the integers 0, 1, . . . 10 and we want the deriva-
tive at x = 0 using a five point formula (that is k = 4), the boundary at 0 forces us to
choose n = {1, 2, 3, 4}. Following the criterion that the set n should be as symmetric
as possible, for the evaluation of the second derivative at x = 1 we will make the
choice n = {−1, 1, 2, 3}. Therefore if we denote by f the vector whose elements are
the values of the function f on an integer grid, its derivative of order j is the vector
Djf where Dj is a square matrix whose rows contain the weights that can be com-
puted according to Equation D.2. The matrix Dj is a k-band matrix: except for the
first and last few rows, where we cannot use a symmetric choice of n, the elements
along the band are equal to each other. In addition, we know from Equation D.2
that each row sums up to 0, that is

∑

ij Dj
ik = 0. This property is just a reflection of

the fact that any differential operator of degree at least one annihilates the constant
function, that is Djf = 0 if f is a a constant vector.

For example, using k = 4 and j = 1 we have:

D1 =

∣

∣

∣

∣

∣

∣

∣

∣

−2.0833 4 −3 1.333 −0.25 0 0 0 0 0 0 0 0 0 0 0 0

−0.25 −0.8333 1.5 −0.5 0.083 0 0 0 0 0 0 0 0 0 0 0 0

0.0833 −0.6667 0 0.6667 −0.0833 0 0 0 0 0 0 0 0 0 0 0 0

0 0.0833 −0.6667 0 0.6667 −0.0833 0 0 0 0 0 0 0 0 0 0 0

· · · · · · · · · · · · · · · · ·

0 0 0 0 0 0 0 0 0 0 0 0 0.0833 −0.6667 0 0.6667 −0.0833

0 0 0 0 0 0 0 0 0 0 0 0 −0.083 0.5 −1.5 0.8333 0.25

0 0 0 0 0 0 0 0 0 0 0 0 0.25 −1.333 3 −4 2.0833

∣

∣

∣

∣

∣

∣

∣

∣

The matrix D1 is nearly antisymmetric (that is is antisymmetric except for the
“border” effects). This is not an accident: it follows from simple properties of differ-
ential operators that Dj will be almost antisymmetric for j odd and almost symmetric
for j even.



Appendix E

Smoothness over Graphs

This appendix defines the mathematical notion of smoothness over geographic areas
using concepts from graph theory. The ideas here have relatively few practical uses
in the book, but they do convey the essential unity of the priors we offer defined
across any type of underlying variable. For priors defined over discretized continuous
variables, we use analogous ideas to reduce the task of specifying the (non)spatial
contiguity matrix to the choice of a single number (the order of the derivative in the
smoothing functional). Unfortunately, a parallel reduction of effort is not possible for
geographic space, although similar ideas apply.

We begin by denoting by G the set of cross-sectional indexes. When cross-sections
vary by age, or similar variables, the set G is a discrete or continuous set endowed
with a natural metric, and it is easy to formalize the notion of smoothness using
derivatives or their discretized versions. When the cross-sectional indexes are labels
like country, familiar calculus does not help to define a notion of smoothness, but
graph theory does.

In fact, when we have a number of cross-sections that we want to pool (partially),
it is natural to represent each of them as a point on the 2-dimensional plane, and join
by a line segment points corresponding to cross-sections that we consider “neighbors”
of each other. This construction is called a graph, where we call the points vertices
and the line segments edges of the graph. We denote the vertices and edges by V
and E, respectively. Both vertices and edges are numbered using increasing positive
integers: Any numbering scheme is allowed, as long as it is used consistently. If i
and j are two vertices connected by the edge e, we assign to e a weight w(e) ≡ sij,
which represents our notion of how close the two cross-sections are. The quantity
ρ(i, j) ≡ 1√

sij
is called the length of the edge e and it is thought of as the distance

between cross-sections i and j. In the simplest case s, which is called the adjacency
matrix of the graph, is a matrix of zeros and ones, where the ones denote country
pairs which are considered as neighbors. If no edge exists between i and j, we set
sij = 0. Vertex i could be connected to itself (in which case we would have a loop),
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so that we could have sii 6= 0: We will see below that for our purposes the value of
sii is irrelevant, so we arbitrarily set sii = 0. The number of edges connected to the
vertex i is called the degree of i, and we denote it by s+

i ≡ ∑

j sij (in other words s+
i

is the sum of the elements of the i-th row of s, which is the number of neighbors).

If we have a function f defined over the graph, that is f : V → V , it is possible to
introduce the notion of a gradient. This is done by introducing the oriented incidence
matrix Q, which is a #V × #E matrix whose rows and columns are indexed by the
indices for V and E. To define Q, we first need to orient the graph, that is we assign
a direction to each edge, so that edge e will point from some vertex i (the initial
vertex) to some other vertex j (the terminal vertex). The orientation is arbitrary for
our purposes, as long as it is fixed once for all. The matrix Q is built by setting entry
Qie to

√

w(e) if i is the initial vertex of e, to −
√

w(e) if i is the terminal vertex of e,
and 0 otherwise.

For example, if the first of row of Q is (0, 0, 1, 0,−2), then vertex 1 is the terminal
vertex of edge 5, which has a weight w(5) = 4, and the initial vertex of edge 3, which
has a weight w(3) = 1. Notice that since each edge must have one initial and one
terminal point, the columns of Q have even numbers of non-zero elements, and must
sum up to 0.

Now that we have the matrix Q we define a meaningful differential operator. At
any given vertex we think of the edges connected to that point as abstract “directions”
from which one can leave that vertex. Therefore, given a function defined over V ,
it makes sense to characterize its local variation in terms of how much the function
changes along each direction, that is to assign to the edge e running from vertex i to
vertex j the quantity

f(j) − f(i)

ρ(i, j)
,

which obviously resembles a derivative. The matrix Q allows us to group all the
quantities of this type in one single vector, which we think of as the gradient of the
function f . In fact, denote by f the vector (f)i ≡ f(i) ∀i ∈ V , and suppose e is the
edge that runs from i to j, then by construction

(Q′f)e =
f(j) − f(i)

ρ(i, j)
,

Therefore we think of Q′f as the gradient of f , and as Q′ as the gradient operator.
A measure of the smoothness of a function f defined over V is therefore obviously the
quantity ‖Q′f‖2. The definition of smoothness we give in Chapter 4 is operationally
equivalent to this. A simple result of graph theory shows, however, that we need
not compute the matrix Q′ of the gradient in order to compute ‖Q′f‖2. In fact, the
gradient operator is strictly connected to another important operator defined over the
graph, that is the Laplacian, defined more simply in terms of the adjacency matrix s:
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W ≡ s+ − s

where following relationship is well known:

W = QQ′.

A general smoothness functional for a function f defined over the graph therefore
has the following form:

H[f ] = ‖Q′f‖2 = f · Wf =
∑

ij

Wijfifj,

which can alternatively be written as:

H[f ] =
1

2

∑

ij

sij(fi − fj)
2.
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