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The translation of citizen votes into legislative seats is of cen-
tral importance in democratic electoral systems. It has been a longstanding concern
among scholars in political science and in numerous other disciplines. Throughout this
literature, two fundamental tenets of democratic theory, partisan bias and democratic
representation, have often been confused. We develop a general statistical model of the
relationship between votes and seats and separate these two important concepts
theoretically and empirically. In so doing, we also solve several methodological
problems with the study of seats, votes, and the cube law. An application to U.S. con-
gressional districts provides estimates of bias and representation for each state and
demonstrates the model’s utility. Results of this application show distinct types of
representation coexisting in U.S. states. Although most states have small partisan biases,

there are some with a substantial degree of bias.

The relationship
between legislative seats and citizen votes
is a longstanding concern in democratic
theory (e.g., Balinski and Young 1982;
Dahl 1956, 147-49; Farrand 1911; Locke
1965, 419-20; Rae 1967; Schattschneider
1942). Through this relationship, legisla-
tive majorities are formed and minorities
protected. Constitutionally mandated re-
apportionment and shifting patterns of
partisanship have created opportunities
for state legislatures and partisan gerry-
manders to alter the congressional seats-
votes relationship (Cain 1984; Grofman et
al. 1982; Polsby 1971). Over the last cen-
tury, scholars in political science, sociol-
ogy, economics, mathematics, statistics,
and political geography have studied
these normative theoretical questions and
sought empirical estimates of bias and
unfairness (Hay and Rumley 1984; Ken-

dall and Stuart 1950; March 1957-58;
Theil 1970; Tufte 1973). Furthermore, the
recent spate of court challenges, the
courts’ willingness to hear political gerry-
mandering cases, and the Supreme
Court’s interest in a threshold of political
discrimination, have rekindled the seats-
votes controversy (Karcher v. Daggett,
462 U.S. 725 [1983]; Davis v. Bandemer,
478 U.S. [1986]; Brown v. Thomson, 462
U.S. 835 [1983]).

Concern with and, we believe, confu-
sion over two fundamental tenets of
democratic theory, partisan bias and
democratic representation, dominate this
literature. Partisan bias introduces asym-
metry into the seats-votes relationship,
resulting in an unfair partisan differential
in the ability to win legislative seats: the
advantaged party will be able to receive a
larger number of seats for a fixed number
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of votes than will the disadvantaged
party. Although bigs is easily defined, it
is not always as apparent or as easily
measured (Grofman 1983). Even in the
absence of partisan bias, several forms of
democratic representation are possible:
strict proportional representation—in
which the percentage of seats equals the
percentage of votes—and winner-take-all
elections are the pure forms, with many
other possibilities in between.! Whereas
the extent of bias is a separate problem,
the precise effect of partisan bias depends
on the specific form of democratic
representation,

Much of the literature either treats par-
tisan bias and democratic representation
as one concept or mistakenly confuses dif-
ferent democratically legitimate forms of
representation with clearly invidious par-
tisan bias. Because bias and represen-
tation are related, the separate estima-
tions in most previous research can be
shown to be statistically inconsistent. By
expressing each of these concepts as a
separate parameter in a unified model, we
show that it is possible and useful to
emphasize the analytical and empirical
distinctions by developing a model that
jointly estimates both of these parame-
ters. In a single and conceptually simple
equation, we incorporate the full range of
possible values for bias and representa-
tion. The result is a general form that is
useful in understanding both the fairness
of legislative reapportionment and the
democratic character of legislative repre-
sentation. The validity and utility of this
model is then demonstrated with an appli-
cation to state level congressional seats
and votes for the period 1950-84.

The essence of bias and representation
in democratic regimes is realized in the
translation of votes into seats.? Assume
initially that there are only two parties,
Democratic and Republican, and that the
legislature is composed of a set of single-
member, winner-take-all districts, We
begin with a few standard definitions. Let

the number of votes cast for
Democratic party candidates

T = the total number of votes cast for
candidates of both parties

vg = T — v = the number of votes
cast for Republican party can-
didates

V = v/T = the proportion of votes
cast for Democratic candidates

Vg = 1 — V = the proportion of votes
cast for Republican candidates

s = the number of seats allocated to

the Democratic party candidates
sg = the number of seats allocated to
the Republican party candidates

D = the total number of single-
member legislative districts

S = s/D = the proportion of seats
allocated to the Democratic can-
didates

Sg = 1 — § = the proportion of seats

allocated to the Republican can-
didates

We express the absence of partisan bias
as partisan symmetry. In general, this
means that in an election system where
x% of the Democratic votes produces an
allocation of y% of the seats to the Demo-
crats, then in another election under the
same system x% of the Republican votes
would yield the same y% Republican
allocation of seats. This is the situation
that Grofman (1983) calls “completely
unbiased.”

Stated more formally, if V=x = S =
y then Vg = x = Sg = y, forall xand y.
This completely unbiased system requires
only one point at which the percentage of
votes equals the percentage of seats: when
each party receives 50% of the votes, the
seats must be divided equally between
them. The partisan fairness expressed by
this symmetry does not restrict x to equal
y at any but this point. When it is true
that x = y, for all x and y, we have the
situation of unbiased proportional
representation. However, there are many
other interesting types of unbiased
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representation systems, and our model ex-
plicitly incorporates the full range of
these.?

Bias, formalized as partisan asym-
metry, makes it possible for one party to
receive 50% of the votes but not neces-
sarily 50% of the seats. This situation is
modeled similarly: If V= x =5 =y,
then Vg = x = Sg = z, where y is not
necessarily equal to z. However, in the
United States, even a biased system would
not allocate any seats to a party without
any votes. This means that both biased
and unbiased systems are restricted to
pass through the (0%, 0%) and (100%,
100%) points on the votes-to-seats curve;
it is near the middle range of votes and
seats that the potential for bias is greatest.

Our model of representation and bias
will now be developed and explained in
more detail. We introduce the mathe-
matical form and explain the substantive
significance of the bias and representation
parameters of each. Those preferring a
nonmathematical exposition are referred
to Figures 1-3.

Modeling Representation

There are a number of plausible func-
tional forms that could be used to model
the full range of representation while still
restricting the system to be unbiased.
Most of these forms lead to nearly iden-
tical conclusions, if not to the same
models. We believe our model best
matches the definitions above and has the
additional advantage of being a general-
ized form of the best-known model of the
votes-seats relationship, the “cube law” of
electoral politics. Our generalization also
extracts the hidden features of this formal
“law,” known at least since 1909 (see
Kendall and Stuart 1950), and expresses
them in a more interpretable form. We
show how this form can realistically and
flexibly model concepts and relationships
of fundamental importance to democratic
theorists, political scientists, and the
courts.

Equation 1, with p set equal to 3, is the
classic cube law:

ERVE

Some time after its inception, investiga-
tion with actual election results indicated
that values for p other than 3 were better
descriptions of many electoral systems
(see Taagepera 1973; Tufte 1973; and the
citations in Grofman 1983, 317). While
this mathematical relationship is straight-
forward, it is difficult to interpret in a
theoretically meaningful way without
either knowledge of analytical geometry
or specific applications.

As an alternative, consider the alge-
braic characterization that follows. First,
by taking natural logs, we rewrite Equa-
tion1 as

ln< 5 >=pln< v ) )
1-S5 1-V

Tufte (1973, 545), making unrealistic
assumptions about the disturbance term
(see Linehan and Schrodt 1978), estimated
p by running a linear regression of
In[S/(1—5)] on In[V/(1—V)] and includ-
ing a constant term in the equation.* With
some additional algebraic manipulation,
Equation 2 can be expressed as a modifi-
cation of the dichotomous logit model
(see King 1986a). Thus, from the perspec-
tive of models common in political sci-
ence, Equation 3 should be more directly

interpretable:
v -1
-V (3)

s=D{1+exp [—p’ln(

There are two differences between
Equation 3 and the logit model commonly
used to analyze dichotomous dependent
variables: In(V/1 — V) is a log-odds func-
tion of V: and there is no constant term.
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Figure 1. Forms of Unbiased Representation (Based on Equation 3)
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However, the inverse of the term in braces
still ranges between 0 and 1, and, when

multiplied by D, the entire right-hand side

is restricted to vary between 0 and D, the
number of districts. Since a log-odds
transformation is the inverse of a logit, we
call Equation 3 the bilogit functional
form. Thus, we have in Equation 3 a
model that generates the forms of repre-
sentation depicted in Figure 1.3

Figure 1 demonstrates the range of
functional forms that can emerge from
Equation 3 and depend on the value of
p (rho), the representation parameter. We
discuss winner-take-all representation (p
= ®), majoritarian representation (1 < p
< ), and proportional representation

(p = 1). Equation 3 can also be used to
model antimajoritarian or unresponsive
representation (0 < p < 1), not discussed
here.

When p = 1, the translation of votes
into seats is by proportional representa-
tion. As the figure indicates, some pro-
portion of votes will yield exactly that
proportion of seats for the Democratic
party. Exact proportional representation
is unlikely in actual U.S. district-based
elections, if only because there are fewer
seats than votes: it would require a pro-
portional increase in seats (1/ T, to be pre-
cise) for even one additional vote; this is
impossible, unless there were one seat for
each voter. Other more realistic condi-
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tions, such as incumbency and party com-
petition, can also lead to results that are
not proportional.

Majoritarian representation is the situa-
tion where 1 < p < o, The further p is
from 1, the further the electoral system is
from proportional representation. A com-
mon example of this is the cube law (p =
3), portrayed as the curve in Figure 1 in
the shape of an escalator. This relation-
ship between seats and votes helps majori-
ties to form. When a party approaches
50% of the votes, each additional incre-
ment of voters increases the proportion of
seats by a larger amount, as evidenced by
the steep slope at V = .5); thus, parties
are encouraged in their search for majori-
ties. There is also an incentive for more
partisan competition, since the marginal
benefit, in terms of seats, of an additional
increment of votes is greatest as both par-
ties approach 50% of the votes. But one
aspect of this relationship has been over-
looked: although this form of representa-
tion favors majority and near-majority
parties, there is a sense in which it pro-
tects minorities. This can be seen by look-
ing near the top and bottom of the graph,
where the slope of the line becomes pro-
gressively flatter. After a party gets 50%
of the vote (and a majority of seats), each
additional increment of votes yields a
smaller incremental proportion of seats.
The increase in the proportion of
majority-party voters it would take to
eliminate the last percentage point of
minority seats (i.e., from 99% to 100%
for the majority party) is far greater than
the increase in voters it would take to
reduce minority representation by one
percentage point near the middle of the
curve (say, from 55% to 56% for the
majority party). This majoritarian elec-
toral system thus encourages majorities to
form but simultaneously makes it more
difficult for minority representation to be
eliminated. Although only one type of
majoritarian representation is pictured in
Figure 1, there are an infinite number of

possibilities—from just beyond propor-
tional representation (p > 1) to just
before winner-take-all (r < o0).

A third situation is winner-take-all,
which occurs when p = o, This is also
portrayed in Figure 1. In this case, 50%
plus one vote translates into 100% of the
seats. Although this situation exists for
each congressional district, for example, it
does not usually apply to aggregates of
them.®

Although proportional representation
is most often proffered as the standard of
fairness, we see no a priori reason to
believe that one form of representation is
inherently more fair than the others, pro-
vided that there is partisan symmetry.
Convincing arguments can be made in
favor of each of these types of democratic
representation. At first glance propor-
tional representation seems fair, since the
translation process reflects underlying
voter preferences most directly. But repre-
sentation systems need not only reflect to
be fair and meaningful (King and Rags-
dale 1987; Pitkin 1967). Winner-take-all
systems, for example, have some elements
of reflection but also recognize that only
one party can, and assume that only one
party should, govern. These electoral sys-
tems thus emphasize ability to govern and
reflection in the method of translating
citizen votes into legislative seats. In
general, there is a trade-off between these
two criteria, but since winner-take-all
systems do not favor one political party
over the other, there is no real reason to
consider it unfair. In fact, one can argue
that majoritarian representation, falling
between proportional and winner-take-all
representation, best describes many
popular notions of U.S. democracy:
majorities are encouraged, but small
minorities are protected and thus repre-
sented. An “optimal” value of p is there-
fore a matter for political or judicial deci-
sion. Thus, there appears to be no a priori
or axiomatic basis on which to choose one
system over another.’
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Modeling Bias

Although there are many types of “fair”
democratic systems of representation,
partisan bias is usually condemned.
Unfortunately, although partisan bias is
often discussed, it is seldom estimated.
Indeed, it is not even included as part of
the cube law. In order to incorporate the
possibility of bias into this model, we
must choose a form that still restricts the
votes-seats curve to pass through the (0,0)
and (1,1) points; this means that a party
with no votes will receive no seats. At the
same time, this model must still allow for
the full range of forms of representation
already explicated.

Our solution is to augment Equation 1
(reinterpreted as Equation 3) with a bias
parameter; this allows the joint estimation
of both partisan bias and democratic rep-
resentation. Letting 8 (beta) be the bias
parameter, the new generalized cube law
can be written as®

S
1—-5

\'% p
1-V

=g 4

This form allows the curves drawn in
Figure 1, from Equation 3, to be asym-
metric, our definition of partisan bias.®
Almost every empirical study of the
cube law has implicitly assumed that 8 =
1, the situation of no bias. When there is
in fact no bias, the 8 = 1 constraint
causes no problem. However, when there
is bias toward one of the political parties,
the constraint will result in statistically
inconsistent estimates. The model in
Equation 4 allows for bias without the
possibility of statistical inconsistency.
Tufte (1973) was probably the first to
recognize that bias and representation
could be modeled in one equation, and his
was a linear approximation to Equation 4.
We believe our nonlinear model is a more
realistic version than Tufte’s in that we
allow for every possible degree of partisan
bias and every possible form of demo-

cratic representation. Unlike the linear
model, even systems with widely varying
and quite extreme values of S and V can
be incorporated in this model.

Equation 4 can also be written in an
algebraically equivalent, but more sub-
stantively interpretable, bilogit form:

s=D[1+exp[—ln(B)

L)

We incorporate the bias parameter in
this model because of widespread concern
about the fairness of the congressional
reapportionment process. We therefore
provide a more realistic model of both
bias and representation, allowing for the
exact form of the bias to depend upon the
specific type of electoral representation.
Consider now what happens when bias is
added to the unbiased forms of represen-
tation pictured in Figure 1.

Generically, bias refers to asymmetry
in the seats-votes relationship for the two
parties. The easiest type of bias to under-
stand is for winner-take-all systems (p =
o). A bias in favor of the Republicans is
the case where the discontinuity in the
curve (the vertical part of the line in Fig.
1, p = o) is moved to the right: the pro-
portion of the vote that the Democrats
would have to win in order to take all the
seats would be greater than half. Similar-
ly, if the discontinuity moved to the left,
the bias would help the Democrats. Bias
in winner-take-all systems is so apparent
that it rarely occurs in U.S. elections,
except in the presence of fraud or other
abuses.’® The particular forms of bias
associated with the other two types of
representation are quite distinct and more
complex. The empirical results presented
below indicate that bias coexists with
many forms of representation in a number
of U.S. states.

Table 1 summarizes the possible ranges
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