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Preface 

IN THIS BOOK, I present a solution to the ecological inference problem: 
a method of inferring individual behavior from aggregate data that 
works in practice. Ecological inference is the process of using aggre­
gate (i.e., "ecological") data to infer discrete individual-level relation­
ships of interest when individual-level data are not available. Existing 
methods of ecological inference generate very inaccurate conclusions 
about the empirical world—which thus gives rise to the ecological in­
ference problem. Most scholars who analyze aggregate data routinely 
encounter some form of the this problem. 

The ecological inference problem has been among the longest 
standing, hitherto unsolved problems in quantitative social science. It 
was originally raised over seventy-five years ago as the first statistical 
problem in the nascent discipline of political science, and it has held 
back research agendas in most of its empirical subfields. Ecological 
inferences are required in political science research when individual-
level surveys are unavailable (for example, local or comparative 
electoral politics), unreliable (racial politics), insufficient (political ge­
ography), or infeasible (political history). They are also required in 
numerous areas of major significance in public policy (for example, 
for applying the Voting Rights Act) and other academic disciplines, 
ranging from epidemiology and marketing to sociology and quanti­
tative history.1 

Because the ecological inference problem is caused by the lack 
of individual-level information, no method of ecological inference, 
including that introduced in this book, will produce precisely ac­
curate results in every instance. However, potential difficulties are 
minimized here by models that include more available information, 
diagnostics to evaluate when assumptions need to be modified, and 
realistic uncertainty estimates for all quantities of interest. For po­
litical methodologists, many opportunities remain, and I hope the 

1 What is "ecological" about the aggregate data from which individual behavior is to 
be inferred? The name has been used at least since the late 1800s and stems from the 
word ecology, the science of the interrelationship of living things and their environ­
ments. Statistical measures taken at the level of the environment, such as summaries of 
geographic areas or other aggregate units, are widely known as ecological data. Eco­
logical inference is the process of using ecological data to learn about the behavior of 
individuals within these aggregates. 
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results reported here lead to continued research into and further 
improvements in the methods of ecological inference. But most im­
portantly, the solution to the ecological inference problem presented 
here is designed so that empirical researchers can investigate sub­
stantive questions that have heretofore proved intractable. Perhaps it 
will also lead to new theories and empirical research in areas where 
analysts have feared to tread due to the lack of reliable ecological 
methods or individual-level data. 

OUTLINE 

This book is divided into five main parts. Part I contains two intro­
ductions. Chapter 1 is a qualitative introduction to the entire book 
and includes a summary of results, an overview of some of the uses 
to which the method can be put, and a brief outline of the statisti­
cal model; because it includes no technical details about the statistical 
method developed in the subsequent fifteen chapters, it should be ac­
cessible even to those without a background in statistics. Chapter 2 
gives a formal statement of the ecological inference problem along 
with the mathematical notation used throughout the remainder of the 
book. 

Part II is divided into aggregation problems (Chapter 3) and prob­
lems unrelated to aggregation (Chapter 4). In the first of these chap­
ters, I prove that all of the diverse problems attributed to aggregation 
bias in the literature are mathematically equivalent, so that only one 
aggregation problem remains to be solved. The second of these chap­
ters describes a series of basic statistical problems that, although un­
related to aggregation and mostly ignored in the literature, still affect 
ecological inferences. Any model intended to provide valid ecological 
inferences must resolve all non-aggregation problems as well. 

Part III describes my proposed solution to the ecological infer­
ence problem. It reformulates the data by generalizing the method 
of bounds both algebraically and with easy-to-use graphical meth­
ods as well as providing narrower, more informative bounds for the 
aggregate-level quantities of interest than have been used in the liter­
ature (Chapter 5), and introduces a statistical approach to modeling 
the remaining uncertainty within the observation-level deterministic 
bounds (Chapter 6). Chapter 7 develops procedures for estimating 
the model; Chapter 8 shows how to compute quantities of interest at 
the aggregate level and for each individual observation. Chapter 9 
explains how to verify model assumptions with only aggregate data, 
shows what can go wrong, and provides diagnostic tests, extensions 
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of the basic model, and a fully nonparametric version to cope with 
any problems that may remain. Part III also explains how the ecolog­
ical inference problem and the solution proposed are mathematically 
equivalent to aspects of the "tomography" problem, which involves 
reconstructing cross-sectional images of body parts using X-rays 
and CT scans rather than surgery, or images of the earth's interior 
via inferences from the detection of seismic waves, produced by 
earthquakes or nuclear explosions, instead of by digging. 

Part IV validates the model by comparing myriad observation-level 
estimates from the model using aggregate data with their correspond­
ing, known individual-level truths. These comparisons include a typ­
ical example of ecological inference, a study of registration by race 
in the 1960s Southern United States with all the intermediate results 
described (Chapter 10); an analysis of poverty status by sex in South 
Carolina which demonstrates that the model is highly robust to aggre­
gation bias and restricted aggregate variances (Chapter 11); a study 
of black registration in Kentucky that shows how the model gives 
reasonable answers even in the face of ecological data with almost 
all relevant information aggregated away (Chapter 12); and two clas­
sic applications of ecological inference, the transitions of voters be­
tween elections and turn-of-the-century county data on literacy by 
race (Chapter 13). The method works in practice: it gives accurate 
answers and correct assessments of uncertainty even when existing 
methods lead to incorrect inferences or impossible results (such as 
-20% of African Americans voting). 

Finally, Part V generalizes the basic model in several ways and then 
concludes. Chapter 14 analyzes three related non-ecological aggrega­
tion problems: solving the "modifiable areal unit problem" (a related 
problem in geography); combining survey and aggregate data to im­
prove ecological inferences (as often studied in the discipline of statis­
tics); and using aggregate-level data for inferences about relationships 
among continuous individual-level variables (a standard aggregation 
problem in econometrics). Chapter 15 generalizes the basic model to 
larger and multidimensional tables. 

Chapter 16 concludes with a checklist of items to consider in apply­
ing the methods developed here. Technical appendices and a Glossary 
of Symbols follow. 

ROADMAPS 

This book is intended to be read sequentially, as each chapter builds 
on the material that comes before. For example, Part I should be 
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read by all, since it includes an overview, a formal statement of the 
ecological inference problem, and the notation used throughout the 
book. Nevertheless, for a first reading, some readers may wish to 
skip certain passages by following one of the roadmaps provided 
here. 

Although Part II introduces several new results and provides mo­
tivation for many features of the solution offered in this book, read­
ers uninterested in prior approaches to ecological inference may wish 
to skim this part by reading only pages 37-43 and Section 3.5 (on 
pages 54-55) in Chapter 3, along with the indented, italicized remarks 
in Chapter 4. 

Those readers who wish a quicker introduction to the proposed 
methods should read Part I, and skim Part II as described above. 
Then, a brief summary of the most basic form of the statistical model 
requires the information about the data and bounds in Chapter 5 (es­
pecially the explanation of Figure 5.1), and the introduction to the 
model and interpretation on pages 91-96 in Chapter 6. See also Chap­
ter 10 for an application. 

AU readers should be aware that the solution to the ecological in­
ference problem put forth and verified in this book is more than the 
basic statistical model that lies at its core. It also includes various ex­
tensions to avoid specific problems, a variety of new diagnostic pro­
cedures, graphical techniques, and methods of interpretation. Each of 
these, discussed in the rest of the book, is an integral part of making 
valid inferences about relationships among individual variables using 
only aggregate data. Many of these features of the methodology are 
demonstrated during the verification of the method in Part IV. Espe­
cially important is Chapter 16, which provides a checklist for those 
who intend to use these methods. 

BACKGROUND 

Although I hope the results reported here are useful to technically so­
phisticated political methodologists in building better models of eco­
logical inference, my primary intended audience for this book is po­
litical scientists and others who need to make ecological inferences 
in real academic research, scholars for whom the substantive answer 
matters. Thus, the qualitative overview in Chapter 1 assumes no sta­
tistical knowledge. Parts I, II, and IV assume familiarity with linear 
regression. Although Parts III and V introduce a variety of tools to 
solve the ecological inference problem, most of the exposition as­
sumes knowledge of only basic maximum likelihood methods (such 
as Cramer, 1986 or King, 1989a). 
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SOFTWARE AND DATA 

Two versions of an easy-to-use, public-domain computer program 
that implement all the statistical and graphical methods proposed 
herein are available from my homepage on the World Wide Web at 
http://GKing.Harvard.Edu. One version, EI: A Program for Ecological 
Inference, works under the Gauss software package and is also dis­
tributed with Gauss, as part of its Constrained Maximum Likelihood 
module.2 The other version, E2I: A(n easy) Program for Ecological Infer­
ence, by Ken Benoit and me, is a stand-alone, menu-based system that 
is less flexible but does not require any other software. The meth­
ods introduced here are also being incorporated in several general-
purpose statistical packages; when these are complete, I will list this 
information at my homepage. 

In order to meet the replication standard (King, 1995), I have de­
posited all data used in this manuscript, all computer software written 
for it, and all additional information necessary to replicate the empir­
ical results herein with Inter-University Consortium for Political and 
Social Research (ICPSR) in their Publication-Related Archive. 
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PART I 

Introduction 

Chapter 1 provides a qualitative overview of the entire book. It should 
be accessible even to readers without statistical background. Chapter 2 
gives a formal algebraic statement of the ecological inference problem 
and sets out the basic notation used throughout the book. 





CHAPTER 1 

Qualitative Overview 

POLITICAL SCIENTISTS have understood the ecological inference prob­
lem at least since William Ogburn and Inez Goltra (1919) introduced 
it in the very first multivariate statistical analysis of politics published 
in a political science journal (see Gow, 1985; Bulmer, 1984). In a study 
of the voting behavior of newly enfranchised women in Oregon, they 
wrote that "even though the method of voting makes it impossible 
to count women's votes, one wonders if there is not some indirect 
method of solving the problem. The height of a waterfall is not mea­
sured by dropping a line from the top to the bottom, nor is the dis­
tance from the earth to the sun measured by a rod and chain" (p. 414).1 

Ogburn and Goltra's "indirect" method of estimating women's 
votes was to correlate the percent of women voting in each precinct 
in Portland, Oregon, with the percent of people voting "no" in se­
lected referenda in the same precincts. They reasoned that individual 
women were probably casting ballots against the referenda ques­
tions at a higher rate than men "if precincts with large percentages of 
women voting, vote in larger percentages against a measure than the 
precincts with small percentages of women voting." But they (cor­
rectly) worried that what has come to be known as the ecological 
inference problem might invalidate their analysis: "It is also theoreti­
cally possible to gerrymander the precincts in such a way that there 
may be a negative correlative even though men and women each dis­
tribute their votes 50 to 50 on a given measure" (p. 415). The essence 
of the ecological inference problem is that the true individual-level 
relationship could even be the reverse of the observed aggregate cor­
relation if it were the men in the heavily female precincts who voted 
disproportionately against the referenda. 

Ogburn and Goltra's data no longer appear to be available, but the 
problem they raised can be illustrated by this simple hypothetical ex­
ample reconstructed in part from their verbal descriptions. Consider 

1 In 1919, the possibility of what has since come to be known as the "gender gap" 
was a central issue for academics and a nontrivial concern for political leaders seeking 
reelection: Not only were women about to have the vote for the first time nationwide; 
because women made up slightly over fifty percent of the population, they were about 
to have most of the votes. 
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two equal-sized precincts voting on Proposition 22, an initiative by 
the radical "People's Power League" to institute proportional repre­
sentation in Oregon's Legislative Assembly elections: 40% of voters 
in precinct 1 are women and 40% of all voters in this precinct op­
pose the referenda. In precinct 2, 60% of voters are women and 60% 
of the precinct opposes the referenda. Precinct 2 has more women 
and is more opposed to the referenda than precinct 1, and so it cer­
tainly seems that women are opposing the proportional representation 
reform. Indeed, it could be the case that all women were opposed 
and all men voted in favor in both precincts, as might have occured 
if the reform were uniformly seen as a way of ensuring men a place 
in the legislature even though they formed a (slight) minority in ev­
ery legislative district. But however intuitive this inference may ap­
pear, simple arithmetic indicates that it would be equally consistent 
with the observed aggregate data for men to have opposed propor­
tional representation at a rate four times higher than that of women.2 

These higher relative rates of individual male opposition would oc­
cur, given the same aggregate percentages, if a larger fraction of men 
in the female-dominated precinct 2 opposed the reform than men in 
precinct 1, as might happen if precinct 2 was a generally more radical 
area independent of, or even because of, its gender composition. 

But if Ogburn and Goltra were Leif Ericson, William Robinson was 
Christopher Columbus: for not until Robinson's (1950) article was the 
problem widely recognized and the quest for a valid method of mak­
ing ecological inferences begun in earnest.3 Robinson's article remains 
one of the most influential works in social science methodology. His 
(correct) view was that, with the methods available at the time, valid 
ecological inference was impossible. He warned analysts never to use 
aggregate data to infer individual relationships, and thus to avoid 
what has since come to be known as "the ecological fallacy." His work 

2 That is, given these aggregate numbers, a minimum of 0% of females in precinct 
1 and 20% in precinct 2 (for an average of 10%) could have opposed the referenda, 
whereas a maximum of 40% of males in each precinct could have opposed it. Chapter 
5 provides easy graphical methods of making calculations like these. 

3 Other early works that recognized the ecological inference problem include All-
port (1924), Bernstein (1932), Gehlke and Biehl (1934), Thorndike (1939), Deming and 
Stephan (1940), and Yule and Kendall (1950). Robinson (1950) cited several of these 
studies as well as Ogburn and Goltra. Scholars writing even earlier than Ogburn and 
Goltra (1919) made ecological inferences, even though they did not recognize the prob­
lems with doing so. In fact, even the works usually cited as the first statistical works of 
any kind, which incidentally concerned political topics, included ecological inferences 
(see Graunt, 1662, and Petty, 1690, 1691). See Achen and Shively (1995) for other details 
of the history of ecological inference research. 
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sent two shock waves through the social sciences that are still being 
felt, causing some scholarly pursuits to end and another to begin. 

First, the use of aggregate data by political scientists, quantitative 
historians, sociologists, and others declined relative to use of other 
forms of data; scholars began to avoid using aggregate data to ad­
dress whole classes of important research questions (King, 1990). In 
many countries and fields of study, this "collapse of aggregate data 
analysis . . . and its replacement by individual survey analysis as the 
dominant method of quantitative social research" (Achen and Shiv-
ely, 1995: 5) meant that numerous, often historical and geographical, 
issues were put aside, and many still remain unanswered. What might 
have become vibrant fields of scholarship withered. The scholars who 
continue to work in these fields—such as those in comparative poli­
tics attempting to explain who voted for the Nazi party, or political 
historians studying working-class support for political parties in the 
antebellum Southern U.S.—do so because of the lack of an alterna­
tive to ecological data, but they toil under a cloud of great suspi­
cion. The ecological inference problem hinders substantive work in 
almost every empirical field of political science, as well as numer­
ous areas of sociology, education, marketing, economics, history, ge­
ography, epidemiology, and statistics. For example, historical election 
statistics have fallen into disuse and studies based on them into at 
least some disrepute. Classic studies, such as V. O. Key's (1949) South­
ern Politics, have been succeeded by scholarship based mostly on sur­
vey research, often to great advantage, but necessarily ignoring much 
of history, focused as it is on the few recent, mostly national, elections 
for which surveys are available. 

The literature's nearly exclusive focus on national surveys with ran­
dom interviews of isolated individuals means that the geographic 
component to social science data is often neglected. Commercial state-
level surveys are available, but their quality varies considerably and 
the results are widely suspect in the academic community. Even if the 
address of each survey respondent were available, the usual 1,000-
2,000 respondents to national surveys are insufficient for learning 
much about spatial variation except for the grossest geographic pat­
terns, in which a country would be divided into no more than perhaps 
a dozen broad regions. For example, some National Election Study 
polls locate respondents within congressional districts, but only about 
a dozen interviews are conducted in any district, and no sample is 
taken from most of the congressional districts for any one survey. The 
General Social Survey makes available no geographic information to 
researchers unless they sign a separate confidentiality agreement, and 
even then only the respondent's state of residence is released. Survey 
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organizations in other countries are even more reticent about releasing 
local geographic information. 

Creative combinations of quantitative and qualitative research are 
much more difficult when the identity and rich qualitative informa­
tion about individual communities or respondents cannot be revealed 
to readers. Indeed, in most cases, respondents' identities are not even 
known to the data analyst. If "all politics is local," political science 
is missing much of politics. In contrast, aggregate data are saturated 
with precise spatial information. For example, the United States can 
be divided into approximately 190,000 electoral precincts, and detailed 
aggregate political data are available for each. Only the ecological in­
ference problem stands between the scientific community and this rich 
source of information. 

Whereas the first shock wave from Robinson's article stifled re­
search in many substantive fields, the second energized the social 
science statistics community to try to solve the problem. One par­
tial measure of the level of effort devoted to solving the ecological 
inference problem is that Robinson's article has been cited more than 
eight hundred times.4 Many other scholars have written on the topic 
as well, citing those who originally cited Robinson or approaching the 
problem from different perspectives. At one extreme, the literature in­
cludes authors such as Bogue and Bogue (1982), who try, unsuccess­
fully, to "refute" the ecological fallacy altogether; at the other extreme 
are fatalists who liken the seventy-five year search for a solution to 
the ecological inference problem to seeking "alchemists' gold" (Flan-
igan and Zingale, 1985) or to "a fruitless quest" (Achen and Shively, 
1995). These scholars, and numerous others between these extreme 
positions, have written extensively, and often very fruitfully, on the 
topic. Successive generations of young scholars and methodologists 
in the making, having been warned off aggregate data analysis with 
their teachers' mantra "thou shalt not draw conclusions about indi­
vidual behavior from aggregate data," come away with the conviction 
that the ecological inference problem presents an enormous barrier to 
social science research. This belief has drawn a steady stream of social 
science methodologists into the search for a solution over the years, 
myself included. 

Numerous important advances have been made in the ecological 
inference literature, but even the best current methods give incorrect 
answers a large fraction of the time, and nonsensical answers very 

4 This is a vast underestimate, as it depends on data from the Social Science Citation 
Index, which did not even begin publishing (or counting) until six years after Robinson's 
article appeared. 
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frequently (such as 115% of blacks voting for the Democrats or —4% 
of foreign-born Americans being illiterate). No proposed method has 
been scientifically validated. Any that have been tried on data sets for 
which the individual-level relationship of interest is known generally 
fail to give the right answer. It is a testimony to the difficulty of the 
problem that no serious attempts have even been made to address 
a variety of basic statistical issues related to the problem. For exam­
ple, currently available measures of uncertainty, such as confidence 
intervals, standard errors, and others, have never been validated and 
appear to be hopelessly inaccurate. Indeed, for some important ap­
proaches, no uncertainty measures have even been proposed. 

Unlike the rest of this book, this chapter contains no technical de­
tails and should be readable even by those with little or no statistical 
background. In the remainder of this chapter, I summarize some other 
applications of ecological inference (Section 1.1), define the problem 
more precisely by way of a leading example of the failures of the most 
popular current method (Section 1.2), summarize the nature of the so­
lution offered (Section 1.3), provide some brief empirical evidence that 
the method works in practice (Section 1.4), and outline the statistical 
method offered (Section 1.5). 

1.1 THE NECESSITY OF ECOLOGICAL INFERENCES 

Contrary to the pessimistic claims in the ecological inference litera­
ture (since Robinson, 1950), aggregate data are sometimes useful 
even without inferences about individuals. Studies of incumbency 
advantage, the political effects of redistricting plans, forecasts of 
macro-economic conditions, and comparisons of infant mortality 
rates across nations are just a few of the cases where both questions 
and data coincide at the aggregate level.5 Nevertheless, even studies 
such as these that ask questions about aggregates can usually be im­
proved with valid inferences about the individuals who make up the 
aggregates. And more importantly, numerous other questions exist 
for which only valid ecological inferences will do. 

Fundamental questions in most empirical subfields of political sci­
ence require ecological inferences. Researchers in many other fields 

5 There are even several largely independent lines of research that give conditions un­
der which aggregate data is not worse than individual-level data for certain purposes. 
In political science, see Kramer (1983); in epidemiology, see Morgenstern (1982); in psy­
chology, see Epstein (1986); in economics, see Grunfeld and Griliches (1960), Fromm 
and Schink (1973), Aigner and Goldfeld (1974), and Shin (1987); and in input-output 
analysis, a field within economics, see Malinvaud (1955) and Venezia (1978). 
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of academic inquiry, as well as the real world of public policy, also 
routinely try to make inferences about the attributes of individual be­
havior from aggregate data. If a valid method of making such infer­
ences were available, scholars could provide accurate answers to these 
questions with ecological data, and policymakers could base their de­
cisions on reliable scientific techniques. Many of the ecological infer­
ences pursued in these other fields are also of interest to political sci­
entists, which reemphasizes the close historical connection between 
the ecological inference problem and political science research. The 
following list represents a small sample of ecological inferences that 
have been attempted in a variety of fields. 

• In American public policy, ecological inferences are required to imple­
ment key features of federal law. For example, the U.S. Voting Rights 
Act of 1965 (and its extensions in 1970, 1975, and 1982) prohibited vot­
ing discrimination on the basis of race, color, or language. If discrimi­
nation is found, the courts or the U.S. Justice Department can order a 
state or local jurisdiction to redistrict its political boundaries, or to im­
pose or prevent various other changes in electoral laws. Under present 
law, legally significant discrimination only exists when plaintiffs (or the 
Justice Department) can first demonstrate that members of a minority 
group (usually African American or Hispanic) vote both cohesively and 
differently from other voters.6 Sometimes they must also prove that ma­
jority voters consistently prevent minorities from electing a candidate of 
their choice. Since survey data are rarely available in these cases, and 
because they are not often trustworthy in racially polarized contests, an 
application of the Voting Rights Act requires a valid ecological inference 
from electoral data and U.S. Census data. 

Voting Rights Act assessments of minority and majority voting begins 
with electoral returns from precincts, the smallest geographic unit for 
which electoral data are available. In addition to the numbers of votes 
received by each candidate in a precinct, census data also gives the frac­
tion of voters in the same precinct who are African American (or other 
minority) or white.7 With these two sets of aggregate data, plaintiffs 
must make an ecological inference about how each racial group casts its 
ballots. That is, since the secret ballot prevents analysts from following 
voters into the voting booth and peering over their shoulders as they 

6 In this book, I use "African American" and "black" interchangeably and, when ap­
propriate or for expository simplicity, often define "white" as non-black or occasionally 
as a residual category such as non-black and non-Hispanic. 

7 In some states, precincts must be aggregated to a somewhat higher geographical 
level to match electoral and census data. 
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cast their ballots, the voting behavior of each racial group must be in­
ferred using only aggregate electoral and census data. Because of the 
inadequacy of current methods, in some situations the wrong policies 
are being implemented: the wrong districts are being redrawn, and the 
wrong electoral laws are being changed. (Given the great importance 
and practicality of this problem, I will use it as a running example.)8 

• In one election to the German Reichstag in September 1930, Adolf 
Hitler's previously obscure and electorally insignificant National Social­
ist German Worker's party became the Weimar Republic's second largest 
political party. The National Socialists continued their stunning elec­
toral successes in subsequent state, local, and presidential elections, and 
ultimately reached 37.3% of the vote in the last election prior to their 
taking power. As so many have asked, how could this have happened? 
Who voted for the Nazis (and the other extreme groups)? Was the Nazi 
constituency dominated by the downwardly mobile lower middle class 
or was support much more widespread? Which religious groups and 
worker categories supported the National Socialists? Which sectors of 
which political parties lost votes to the Nazis? The data available to an­
swer these questions directly include aggregate data from some of the 
1,200 Kreise (districts) for which both electoral data and various cen­
sus data are available. Because survey data are not available, accurate 
answers to these critical questions will only be possible with a valid 
method of ecological inference (see Hamilton, 1982; Childers, 1983; and 
Falter, 1991). 

• Epidemiologists and public policy makers need to know whether and to 
what extent residential levels of radioactive radon are a risk factor for 
lung cancer (Stidley and Samet, 1993; Greenland and Robins, 1994a). 
Radon leaks through basement floors and may pose a significant health 
risk. Legislators in many states are considering bills that would require 
homeowners to test for radon and, if high levels are found, to install one 
of several mechanical means of reducing future exposure. 

Policymakers' decisions about such legislation obviously depend in 
part on the demonstrated health effects of radon. Unfortunately, collect­
ing random samples of individual-level data would be impractical, as 
it would require measures of radon exposure over many years for each 
subject. Moreover, because only a small fraction of people with or with­
out radon exposure get lung cancer, and because other variables like 
smoking are powerful covariates, reliably estimating the differences in 
lung cancer rates for those with different levels of radon exposure in 
an individual-level study would require measurements for tens of thou-

8 The litigation based on the Voting Rights Act is vast; see Grofman, Handley, and 
Niemi (1992) for a review. 
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sands of individuals. This would be both prohibitively expensive and 
ethically unacceptable without altering the radon levels for individuals 
in a way that would probably also ruin the study. Researchers have tried 
case-control studies, which avoid the necessity of large samples but risk 
sample selection bias, and extreme-case analyses of coal miners, where 
the effects are larger but their high levels of radon exposure makes the 
results difficult to extrapolate back to residential settings. The most ex­
tensive data that remain include information such as county-level counts 
of lung cancer deaths from the federal Centers for Disease Control, and 
samples of radon concentration from each county. Ecological inferences 
are therefore the only hope of ascertaining the dose-response effect of 
radon exposure from these data. Unfortunately, without a better method 
of making ecological inferences, the evidence from these data will likely 
remain inconclusive (Lubin, 1994).9 

• In the academic field of marketing (and its real-world counterpart), re­
searchers try to ascertain who has bought specific products, and where 
advertising is most likely to be effective in influencing consumers to buy 
more. In many situations, researchers do not have data on the demo­
graphic and socio-economic characteristics of individuals who buy par­
ticular products, data that would effectively answer many of the research 
questions directly. Instead, they have extensive indirect data on the av­
erage characteristics of people in a geographic area, such as at the level 
of the zip code (or sometimes 9-digit zip code) in the United States. Re­
searchers generally also have information from the company about how 
much of a product was sold in each of these areas. The question is, given 
the number of new products sold in each geographic area and, for ex­
ample, the fraction of households in each area that have children, are 
in the upper quartile of income, are in single-parent families, or have 
other characteristics, how does demand for the product vary by these 
characteristics within each community? Only with a valid ecological in­
ference in each geographic area can researchers learn the answers they 
seek. With this information, scholars will be able to study how prod­
uct demand depends on these family and individual characteristics, and 
companies will be able to decide how to target advertising to consumers 
likely to be interested in their products. 

• Since voter surveys are neither always possible nor necessarily reliable, 
candidates for political office study aggregate election returns in order 

9 Most epidemiological questions require relatively certain answers and thus, in most 
cases, large-scale, randomized experiments on individuals. Because each such experi­
ment can cost hundreds of millions of dollars, a valid method of ecological inference 
would probably be of primary use in this field for helping scholars (and funding agen­
cies) choose which experiments to conduct. 



1.1. The Necessity of Ecological Inferences 11 

to decide what policies to favor, and also to tailor campaign appeals. 
Understanding how the support for policies varies among demographic 
and political groups is critical to the connections between elected officials 
and their constituents, and for the smooth operation of representative 
democracy. 

• Historians are also interested in the political preferences of demographic 
groups, and usually for time periods for which modern survey research 
had not even been invented. For example, only valid ecological infer­
ences will enable these scholars to ascertain the extent to which working-
class voters supported the Socialist party in depression-era America. 

• An important sociological question is the relationship between unem­
ployment and crime, especially as affected by race and as mediated by 
divorce and single parenthood. Unfortunately, the best available data are 
usually aggregated at the level of cities or counties (Blau and Blau, 1982; 
Messner, 1982; Byrne and Sampson, 1986). Official U.S. government data 
on race-specific crime rates (in the form of the Uniform Crime Report) are 
usually insufficient, and individual-level survey data are in very short 
supply and, because they are based on self-reports, are often of dubious 
quality (Sampson, 1987). Only better data or a valid method of ecological 
inference will enable scholars to determine the critical linkages between 
unemployment, family disruption, race, and crime. 

• The ecological inference problem, and other related aggregation prob­
lems, are central to the discipline of economics, as explained by Theil in 
his classic study (1954: 1): "A serious gap exists between the greater part 
of rigorous economic theory and the pragmatic way in which economic 
systems are empirically analyzed. Axiomatically founded theories refer 
mostly to individuals, for instance the consumer or the entrepreneur. 
Empirical descriptions of economic actions in large communities, on the 
other hand, are nearly always extremely global: they are confined to the 
behavior of groups of individuals. The necessity of such a procedure 
can scarcely be questioned But the introduction of relations pretend­
ing to describe the reactions of groups of individuals instead of single 
individuals raises questions of fundamental importance, which are not 
very well understood." Economists have made much progress in clari­
fying the links between microeconomic and macroeconomic behavior in 
the more than forty years since these words were written (see Stoker, 
1993). They also have some good survey data, and much more impres­
sive formal theories, but a method of ecological inference would enable 
economists to evaluate some of their sophisticated individual-level the­
oretical models more directly. This would be especially important in a 
field where there is much reason to value individual responses to sur­
veys less than revealed preference measures that are best gathered at the 
aggregate level. Economists are also interested in developing models of 
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aggregate economic indicators that are built from and consistent with 
individual-level economic theories and data, even when the individual 
level is not of direct interest (see Section 14.3). 

• A controversial issue in education policy is the effects of school choice 
voucher programs, where states or municipalities provide vouchers to 
students who cannot afford to attend private schools. Private schools 
are then composed of students from wealthy families and from those 
who pay with state vouchers. One of the many substantive and method­
ological issues in this field is determining the differential performance 
of students who take advantage of the voucher system to attend private 
schools, compared to those who would be there even without the pro­
gram. Thus, data exist on aggregate school-level variables such as the 
dropout rate or the percent who attend college, as well as on the propor­
tion of each private school's students who paid with a voucher. Because 
of privacy concerns, researchers must make ecological inferences in or­
der to learn about the fraction of voucher students who attend college, 
or the fraction of non-voucher students who drop out. 

The point of this list is to provide a general sense of the diversity of 
questions that have been addressed by (necessarily) inadequate meth­
ods of ecological inference. No tiny sample of ecological inferences 
such as this could do justice to the vast array of important scholarly 
and practical questions about individual attributes for which only ag­
gregate data are available. 

1.2 THE PROBLEM 

On 16 and 17 November 1994, a special three-judge federal court met 
in Cleveland to hear arguments concerning the legality of Ohio's State 
House districts. A key part of the trial turned on whether African 
Americans vote differently from whites. Although the required facts 
are only knowable for individual voters, and survey data were un­
available (and are unreliable in the context of racial politics), the only 
relevant information available to study this question was political and 
demographic data at the aggregate level.10 

Table 1.1 portrays the issue in this case as an example of the more 
general ecological inference problem. This table depicts what is known 

101 had a small role in this case as a consultant to the state of Ohio and therefore 
witnessed the following story firsthand. My primary task in the case was to evaluate the 
relative fairness of the state's «districting plan to the political parties, using methods 
developed in King and Browning (1987), King (1989b), and Gelman and King (1990, 
1994a, b). 
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Race of 
Voting-Age 
Person 

black 

white 

Voting Decision 

Democrat Republican No Vote 

? ? ? 

? ? ? 

19,896 10,936 49,928 

55,054 

25,706 

80,760 

Table 1.1 The Ecological Inference Problem at the District Level: 
The 1990 Election to the Ohio State House, District 42. The goal 
is to infer from the marginal entries (each of which is the sum of 
the corresponding row or column) to the cell entries. 

for the election to the Ohio State House that occurred in District 
42 in 1990. The black Democratic candidate received 19,896 votes 
(65% of votes cast) in a race against a white Republican opponent. 
African Americans constituted 55,054 of the 80,760 people of vot­
ing age in this district (68%). Because this known information ap­
pears in the margins of the cross-tabulation, it is usually referred to 
as the marginals. The ecological inference problem involves replacing 
the question marks in the body of this table with inferences based 
on information from the marginals. (Ecological inference is tradition­
ally defined in terms of a table like this and thus in terms of discrete 
individual-level variables. Most political scientists, sociologists, and 
geographers, and some statisticians, have retained this original def­
inition. Epidemiologists and some others generalize the term to in­
clude any aggregation problem, including continuous individual-level 
variables. I use the traditional definition in this book in order to em­
phasize the distinctive characteristics of aggregated discrete data, and 
discuss aggregation problems involving continuous individual-level 
variables in Chapter 14.) 

For example, the question mark in the upper left corner of the ta­
ble represents the (unknown) number of blacks who voted for the 
Democratic candidate. Obviously, a wide range of different numbers 
could be put in this cell of the table without contradicting its row and 
column marginals, in this case any number between 0 and 19,896, a 
logic referred to in the literature as the method of bounds.11 As a result, 
some other information or method must be used to further narrow 
the range of results. 

11 That is, although the row total is 55,054, the total number of people in the upper 
left cell of Table 1.1 cannot exceed 19,896, or it would contradict its column marginal. 



14 

Race of 
Voting-Age 
Person 

black 

white 
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Voting Decision 

Democrat Republican No Vote 

? ? ? 

? ? ? 

130 92 483 

221 

484 

705 

Table 1.2 The Ecological Inference Problem at the Precinct Level: 
Precinct P in District 42 (1 of 131 in the district described in Ta­
ble 1.1). The goal is to infer from the margins of a set of tables 
like this one to the cell entries in each. 

Fortunately, somewhat more information is available in this exam­
ple, since the parties in the Ohio case had data at the level of precincts 
(or sometimes slightly higher levels of aggregation instead, which I 
also will refer to as precincts). Ohio State House District 42 is com­
posed of 131 precincts, for which information analogous to Table 1.1 
is available. For example, Table 1.2 displays the information from 
Precinct P, which in District 42 falls between Cascade Valley Park and 
North High School in the First Ward in the city of Akron. The sum of 
any item in the precinct tables, across all precincts, would equal the 
number in the same position in the district table. For example, if the 
number of blacks voting for the Democratic candidate in Precinct P 
were added to the same number from each of the other 130 precincts, 
we would arrive at the total number of blacks casting ballots for the 
Democratic candidate represented as the first cell in Table 1.1. 

The ecological inference problem does not vanish by having access 
to the precinct-level data, such as that in Table 1.2, because we ulti­
mately require individual-level information. Each of the cells in this 
table is still unknown. Thus, knowing the parts would tell us about 
the whole, but disaggregation to precincts does not appear to reveal 
much more about the parts. 

With a few minor exceptions, no method has even been proposed to 
fill in the unknown quantities at the precinct level in Table 1.2. What 
scholars have done is to develop methods to use the observed varia­
tion in the marginals over precincts to help narrow the range of results 
at the district level in Table 1.1. For example, if the Democratic can­
didate receives the most votes in precincts with the largest fractions 
of African Americans, then it seems intuitively reasonable to suppose 
that blacks are voting disproportionately for the Democrats (and thus 
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the upper left cell in Table 1.1 is probably large). This assumption is 
often reasonable, but Robinson showed that it can be dead wrong: the 
individual-level relationship is often the opposite sign of this aggre­
gate correlation, as will occur if, for example, whites in heavily black 
areas tend to vote more Democratic than whites living in predomi­
nately white neighborhoods. 

Unfortunately, even the best available current methods of ecological 
inference are often wildly inaccurate. For example, at the federal trial 
in Ohio (and in formal sworn deposition and in a prepared report), 
the expert witness testifying for the plaintiffs reported that 109.63% 
of blacks voted for the Democratic candidate in District 42 in 1990! 
He also reported in a separate, but obviously related, statement that 
a negative number of blacks voted for the Republican candidate. Lest 
this seem like one wayward result chosen selectively from a sea of 
valid inferences, consider a list of the results from all districts re­
ported by this witness (every white Republican who faced a black 
Democrat since 1986), which I present in Table 1.3. A majority of these 
results are over 100%, and thus impossible. No one was accusing the 
Democratic candidates of stuffing the ballot box; dead voters were not 
suspected of turning out to vote more than they usually do. Rather, 
these results point out the failure of the general methodological ap­
proach. For those familiar with existing ecological inference methods, 
these results may be disheartening, but they will not be surprising: 
impossible results occur with regularity. 

What of the analyses in Table 1.3 that produced results that were not 
impossible? For example, in District 25, the application of this stan­
dard method of ecological inference indicated that 99% of blacks voted 
for the Democratic candidate in 1990. Is this correct? Since no exter­
nal information is available, we have no idea. However, we do know, 
from other situations where data do exist with which to verify the re­
sults of ecological analyses, that the methods usually do not work. 
The problem, of course, is that when they give results that are tech­
nically possible we might be lulled into believing them. As Robinson 
so clearly stated, even technically possible results from these standard 
methods are usually wrong. 

When ridiculous results appear in academic work, as they some­
times do, there are few practical ramifications. In contrast, inaccu­
rate results used in making public policy can have far-reaching conse­
quences. Thus, in order to attempt to avoid this situation, the witness 
in this case used the best available methods at the time and had at 
his disposal far more resources and time than one would have for al­
most any academic project. The partisan control of a state legislature 
was at stake, and research resources were the last things that would be 
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Year 

1986 

1988 

1990 

District 

12 
23 
29 
31 
42 
45 

12 
23 
29 
31 
42 
45 

12 
14 
16 
23 
25 
29 
31 
36 
37 
42 
45 
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Estimated Percent of Blacks 
Voting for the Democratic Candidate 

95.65% 
100.06 
103.47 
98.92 

108.41 
93.58 

95.67 
102.64 
105.00 
100.20 
111.05 
97.49 

94.79 
97.83 
94.36 

101.09 
98.83 

103.42 
102.17 
101.35 
101.39 
109.63 
97.62 

Table 1.3 Sample Ecological Inferences: All Ohio State 
House Districts Where an African American Democrat 
Ran Against a White Republican, 1986--1990. Source: 
"Statement of Gordon G. Henderson," presented as part 
of an exhibit in federal court. Figures above 100% are 
logically impossible. 

spared if the case could be won. (The witness also had extensive expe­
rience testifying in similar cases.) Moreover, he was using a method (a 
version of Goodman's "ecological regression") that the U.S. Supreme 
Court had previously declared to be appropriate in applications such 
as this (Thornburg v. Gingles, 1986). If there was any way of avoiding 
these silly conclusions, he certainly would have done so. Yet, even 
with all this going for him he was effectively forced by the lack of bet­
ter methods to present results that indicated, in over half the districts 
he studied, that more African Americans voted for the Democratic 
candidate than there were African Americans who voted. 

Two types of statistical difficulties cause inaccurate results such as 
these in ecological inferences. The first is aggregation bias. This is the 
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effect of the information loss that occurs when individual-level data 
are aggregated into the observed marginals. The problem is that in 
some aggregate data collections, the type of information loss may be 
selective, so that inferences that do not take this into account will be 
biased. 

The second cause of inaccurate results in ecological inferences is 
a variety of basic statistical problems, unrelated to aggregation bias, 
that have not been incorporated into existing methods. These are the 
kinds of issues that would be resolved first in any other methodolog­
ical area, although most have not yet been addressed. For example, 
much data used for ecological inferences have massive levels of "het-
eroskedasticity" (a basic problem in regression analysis), but this has 
never been noted in the literature—and sometimes explicitly denied— 
even though it is obviously present even in most published scatter 
plots (about which more in Chapter 4). 

1.3 THE SOLUTION 

This section sets forth seven characteristics of the proposed solution to 
the ecological inference problem not met by previous methods. How­
ever, unlike the proof of a mathematical theorem, statistical solutions 
can usually be improved continually—hence the phrase a solution, 
rather than the solution, in the title of this book. Modern statistical 
theory does not date back even as far as the ecological inference prob­
lem, so as we learn more we should be able to improve on this so­
lution further. Similarly, as computers continue to get faster, we can 
posit more sophisticated models that incorporate more information. 
The method offered here is the first that consistently works in prac­
tice, but it is also intended to put the ecological inference literature 
on a firmer theoretical and empirical foundation, helping to lead to 
further improvements. 

First, the solution is scientifically validated with real data. Several ex­
tensive collections of real aggregate data, for which the inner cells of 
the cross-tabulation are known from public records, are used to help 
validate the method. For example, estimates of the levels of black and 
white voter registration are compared to the known answer in pub­
lic records. (These are real issues, not contrived for the purpose of a 
methodological treatise; they are the subject of considerable academic 
inquiry, and even much litigation in many states.) Data from the U.S. 
Census aggregated to precinct-sized aggregates in South Carolina are 
used to study the relative frequency with which males and females are 
in poverty. Also useful for this purpose are data from Atlanta, Geor­
gia, that include information about voter loyalty and defection rates 
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in the transitions between elections, and from turn-of-the-century U.S. 
county-level data on black and white literacy rates, in order to vali­
date the model in those contexts. Finally, I have been able to study 
the properties of aggregate data extensively with a large collection of 
merged U.S. Census data and precinct-level aggregate election data 
for most electoral offices and the entire nation. The method works in 
practice. In contrast, if the only goal were to develop a method that 
worked merely in theory, then the problem might already have been 
considered "solved" long ago, as the literature includes many meth­
ods that work only if a list of unverifiable assumptions are met. 

Using data to evaluate methodological approaches is, of course, 
good scientific practice, but it has been rare in this field that has 
focused so exclusively on hypothetical data, and on theoretical ar­
guments without economic, political, sociological, psychological, or 
other foundations. Indeed, the entire ecological inference literature 
contains only forty-nine comparisons between estimates from aggre­
gate data and the known true individual-level answer.12 (Because this 
work includes a variety of new data sets, and a method that gives 

12 This estimate of the number of times authors in the ecological inference literature 
have made themselves vulnerable to being wrong is based on counting data sets orig­
inal to this literature. Individual cross-tabulations that were used to study the method 
of bounds are excluded since no uncertainty, and thus no vulnerability, exists. I obvi­
ously also exclude studies that use data sets previously introduced to this literature. 
A list of data sets and the studies in which they were first used are as follows: Race 
and illiteracy from the 1930 U.S. Census (Robinson, 1950); race by domestic service 
from community area data (Goodman, 1959; used originally to study bounds by Dun­
can and Davis, 1953); infant mortality by race and by urbanicity in U.S. states (Duncan 
et al., 1961: 71-72); 1964-1966 voter transitions in British constituencies (Hawkes, 1969); 
a voter transition between Democratic primaries in Florida (Irwin and Meeter, 1969); a 
1961 German survey (Stokes, 1969); voter transition in England from Butler and Stokes 
(1969) data (Miller, 1972); survey of first-year university students (Hannan and Burstein, 
1974); vote for Labour by worker category (Crewe and Payne, 1976); voter transition 
in England compared to a poll (McCarthy and Ryan, 1977); voter transition February 
to October 1974 in England compared to a poll (Upton, 1978); voter transition from a 
general election in 1983 to an election to the European parliament in 1984 compared 
to an ITN poll (Brown and Payne, 1986); one comparison based on twenty-four obser­
vations from Lee County, South Carolina, comparing registration and turnout by race 
(Loewen and Grofman, 1989); two comparisons of a survey to Swedish election data 
(Ersson and Worlund, 1990); twenty comparisons of aggregate electoral data in Califor­
nia and nationally compared to exit polls, comparisons using census data, and official 
data on registration and voter turnout (Freedman et al., 1991); eight voter transition 
studies in Denmark compared to survey data (Thomsen et al., 1991); race and registra­
tion data from Matthews and Prothro (1966) (Alt, 1993); race and literacy from the 1910 
U.S. Census (Palmquist, 1994); housing tenure transitions from 1971 to 1981 in Eng­
land from census data (Cleave, Brown, and Payne, 1995). If you know of any work that 
belongs on this list that I missed, I would appreciate hearing from you. 
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district- and precinct-level estimates, the book presents over sixteen 
thousand such comparisons between estimates and the truth.) Many 
of these forty-nine ecological inferences are compared to estimates 
from sample surveys, but scholars rarely correct for known survey 
biases with post-stratification or other methods.13 Others use "data" 
that are made up by the investigator, such as those created with com­
puterized random number generators. AU these data sets have their 
place (and some will have their place here too), but their artificial na­
ture, exclusive use, and especially limited number and diversity fail 
to present the methodologist with the kinds of problems that arise in 
using real aggregate data and studying authentic social science prob­
lems. Scholars are therefore unable to adapt the methods to the oppor­
tunities in the data and will not know how to avoid the likely pitfalls 
that commonly arise in practice. 

Second, the method described here offers realistic assessments of the un­
certainty of ecological estimates. Reporting the uncertainty of one's con­
clusions is one of the hallmarks of modern statistics, but it is an 
especially important problem here. The reason is that ecological infer­
ence is an unusual statistical problem in which, under normal circum­
stances, we never observe realizations of our quantity of interest. For 
example, since most German citizens who voted for the Nazi party 
are no longer around to answer hypothetical survey questions, and 
could hardly be expected to answer them sincerely even if they were, 
no method will ever be able to fill in the cross-tabulation with cer­
tainty. Thus a key component of any solution to this problem is that 
correct uncertainty estimates be an integral part of all inferences. 

Many methods proposed in the literature provide no uncertainty 
estimates. Others give uncertainty estimates that are usually incorrect 
(as for example when 95% confidence intervals do not capture the 
correct answer about 95% of the time). The method proposed here 
provides reasonably accurate (and empirically verified) uncertainty 
estimates. Moreover, these estimates are useful since the intervals turn 
out to be narrower than one might think. 

Third, the basic model is robust to aggregation bias. Although this book 
also includes modifications of this basic model to compensate for ag­
gregation bias explicitly, these modifications are often unnecessary. 
That is, even when the process of aggregation causes existing meth­
ods to give answers that bear no relationship to the truth, the method 
proposed here still usually gives accurate answers. 

13 Surveys are also very underused in this literature, perhaps in part since many 
scholars came to this field because of their skepticism of public opinion polls. 
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In order to develop an explicit approach to avoiding aggregation 
bias, I prove that the numerous and apparently conflicting explana­
tions for aggregation bias are mathematically equivalent, even though 
they each appear to offer very different substantive insights. This the­
oretical result eliminates the basis for existing scholarly disagreements 
over which approach is better, or how many problems we need to deal 
with. All problems identified with aggregation bias are identical; only 
one problem needs to be solved. In the cases where an explicit treat­
ment of aggregation bias is necessary under the proposed model, this 
result makes possible the model generalization required to accomplish 
the task. 

Fourth, all components of the proposed model are in large part verifiable 
in aggregate data. That is, although information is lost in the process of 
aggregation, and thus ecological inferences will always involve risk, 
some observable implications of all model assumptions remain in ag­
gregate data. These implications are used to develop diagnostic tests 
to evaluate the appropriateness of the model to each application, and 
to develop generalizations for the times when the assumptions of the 
basic model are contradicted by the data. Thus, the assumptions on 
which this model is based can usually be verified in sufficient detail in 
aggregate data in order to avoid problems that cause other methods 
to lose their bearing. 

Fifth, the solution offered here corrects for a variety of serious statistical 
problems, unrelated to aggregation bias, that also affect ecological inferences. 
It explicitly models the main source of heteroskedasticity in aggregate 
data, allows precinct-level parameters to vary, and otherwise includes 
far more known information in the model about the problem. 

The sometimes fierce debates between proponents of the determin­
istic "method of bounds" and supporters of various statistical ap­
proaches are resolved by combining their (largely noncontradictory) 
insights into a single model. Including the precinct-level bounds in 
the statistical model substantially increases the amount of informa­
tion used in making ecological inferences. For example, imagine that 
every time you run a regression, you could take some feature of the 
model (such as a predicted value), hold it outside a window and, 
if it is wrong—completely wrong with no uncertainty—the clouds 
would part and a thunderbolt would turn your computer printout 
into a fiery crisp. Remarkably, although they have not been exploited 
in previous statistical models, the bounds provide exactly this kind 
of certain information in all ecological inference problems for each 
and every observation in a data set (albeit perhaps with a bit less 
fanfare). In any other field of statistical analysis, this valuable infor­
mation, and the other more ordinary statistical problems, would be 
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addressed first, and yet most have been ignored. Correcting these ba­
sic statistical problems is also what makes this model robust to aggre­
gation bias. 

Sixth, the method provides accurate estimates not only of the cells of 
the cross-tabulation at the level of the district-wide or state-wide aggregates 
but also at the precinct level. For example, the method enables one to 
fill in not only Table 1.1 with figures such as the fraction of blacks 
voting for the Democrats in the entire district, but also the precinct-
level fractions for each of the 131 tables corresponding to Table 1.2. 
This has the obvious advantage of providing far more information to 
the analyst, information that can be studied, plotted on geographic 
maps, or used as dependent variables in subsequent analyses. It is 
also quite advantageous for verifying the method, since 131 tests of 
the model for each data set are considerably more informative than 
one. 

Finally, the solution to the ecological inference problem turns out to be a 
solution to what geographers' call the "modifiable areal unit problem." The 
modifiable areal unit problem occurs if widely varying estimates re­
sult when most methods are applied to alternate reaggregations of 
the same geographic (or "areal") units. This is a major concern in ge­
ography and related fields, where numerous articles have been writ­
ten that rearrange geographic boundaries only to find that correlation 
coefficients and other statistics totally change substantive interpreta­
tions (see Openshaw, 1979, 1984; Fotheringham and Wong, 1991). In 
contrast, the method given here is almost invariant to the configu­
ration of district lines. If precinct boundaries were redrawn, even in 
some random fashion, inferences about the cells of Table 1.1 would 
not drastically change in most cases. 

Every methodologist dreams of inventing a statistical procedure 
that will work even if the researcher applying it does not understand 
the procedure or possess much "local knowledge" about the substance 
of the problem. This dream has never been fulfilled in statistics, and 
the same qualification holds for the method proposed here: The more 
contextual knowledge a researcher makes use of, the more likely the 
ecological inference is to be valid. The method gives the researcher 
with this local knowledge the tools to make a valid ecological infer­
ence. That is, with a fixed, even inadequate, amount of local knowl­
edge about a problem, a researcher will almost always do far better by 
using this method than those previously proposed. But making valid 
ecological inferences is not usually possible without operator inter­
vention. Valid inferences require that the diagnostic tests described be 
used to verify that the model fits the data and that the distributional 
assumptions apply. Because the basic problem is a lack of information, 
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bringing diverse sources of knowledge to bear on ecological inferences 
can have an especially large payoff. 

1.4 THE EVIDENCE 

As a preview of Part IV, which reports extensive evaluations of the 
model from a variety of data sets, this section gives just two applica­
tions, one to demonstrate the accuracy of the method and the other 
to portray how much more information it reveals about the prob­
lem under study. The first application provides 3,262 evaluations of 
the ecological inference model presented in this book—67 times as 
many comparisons between estimates from an aggregate model and 
the truth as exist in the entire history of ecological inference research. 
The second is a brief geographic analysis in another application that 
serves to emphasize how much more information about individual 
behavior this method provides than even the (unrealized) goal of pre­
vious methods. 

The data for the first application come from the state of Louisiana, 
which records by precinct the number of blacks who vote and the 
number of whites who vote (among those registered). These data 
make it possible to evaluate the ecological inference model described 
in this book as follows. For each of Louisiana's 3,262 precincts, the 
procedure uses only aggregate data: the fraction of those registered 
who are black and the fraction of registered people turning out to 
vote for the 1990 elections (as well as the number registered). These 
aggregate, precinct-level data are then used to estimate the fraction 
of blacks who vote in each precinct. Finally, I validate the model by 
comparing these estimates to the true fractions of blacks who turn out 
to vote. (That is, the true fractions of black and white turnout are not 
used in the estimation procedure.)14 

One brief summary of the results of this analysis appears in Figure 
1.1. This figure plots the estimated fraction of blacks turning out to 
vote in 1990 (horizontally) by the true fraction of blacks voting in 
that year (vertically). Each precinct is represented in the figure by a 
circle with area proportional to the number of blacks in the precinct. 
If the model estimates were exactly correct in every precinct, each 

14 The 3,262 evaluations of the model in this section are from the same data set and, 
as such, are obviously related. However, each comparison between the truth and an 
estimate provides a separate instance in which the model is vulnerable to being wrong. 
These model evaluations simulate the usual situation in which the ecological analyst has 
no definite prior knowledge about whether the parameters of interest are dependent, 
unrelated, or all identical. 
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Figure 1.1 Model Verification: Voter Turnout among African Americans in 
Louisiana Precincts. This figure represents 3,262 precincts in 1990, with each 
circle size proportional to the number of voting-age African Americans in the 
precinct. That the vast majority of circles fall near the diagonal line, indicating 
that the estimated and true fractions of blacks voting are nearly identical, is 
strong confirmation of the model. 

circle would be centered exactly on the 45° line. In fact, almost all of 
the 3,262 precincts fall on or near this diagonal line, demonstrating the 
success of this method of making inferences about individual behavior 
using only aggregate data. The few precincts that are farther from the 
line have tiny numbers of African Americans, so the vast majority of 
individual voters are correctly estimated. 

The results are compelling. If Figure 1.1 were merely a plot of the 
observed values of a variable by the fitted values of the same vari-
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able used during the estimation procedure, any empirical researcher 
should be pleased: the fit is extremely good. If instead the figure were 
based on the harder problem of making out-of-sample predictions, 
where past realizations were used to calibrate the prediction, the result 
would be even better. But the result here is even more dramatic, since 
the estimates in the figure were computed from only aggregate data. 
The true fraction of blacks turning out to vote (the vertical dimension 
in the figure) was not part of the estimation procedure. Moreover, no 
past realizations of the truth being estimated were used. 

Part IV provides many more model evaluations and of many types. 
These evaluations include data sets for which existing methods do 
reasonably well at estimating the statewide average, in which case 
the method offered here also gives reasonable statewide results and 
in addition much more information in the form of correct confidence 
intervals and accurate results for each precinct in the state. Part IV also 
gives examples of data sets where existing methods are hopelessly 
biased, but the method offered here gives highly accurate estimates. 
For example, the best existing method indicates that 20% fewer males 
in South Carolina fall below the poverty level than there are males 
in that state (see Table 11.2 on page 220). In contrast, the method 
offered here gives accurate answers for this statewide aggregate (see 
Figure 11.2 on page 222) as well as for the fraction of males in poverty 
in each of the 3,187 precinct-sized geographic units (see Figure 11.3 on 
page 223). 

The book also includes situations in which almost all information 
was aggregated away and standard methods give even more ridicu­
lous results; in those cases, the method described here gives reason­
able results with wider confidence intervals, reflecting accurately the 
degree of uncertainty in the ecological inference (see Chapter 12). The 
method usually even gives accurate estimates when all the conditions 
for "aggregation bias" are met, when the process of aggregation elim­
inates most of the variation in one of the aggregate variables, and 
when extrapolations far from the range of observed data are neces­
sary. In all these difficult examples, the method offered here gives ac­
curate answers with correct confidence intervals. The method will not 
always work: since information is lost during aggregation, no method 
of ecological inference could work in all data sets. However, the pro­
cedures introduced here come with diagnostics that researchers can 
use to evaluate the risks and avoid the problems in most cases. 

Finally, I give a brief report of an analysis of 1990 turnout by race 
in New Jersey's 567 minor civil divisions (mostly cities and towns). 
These data cannot be used to verify ecological inferences since the 
true individual-level answers are not known, but they can be used 
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Figure 1.2 Non-Minority Turnout in New Jersey Cities and Towns. In contrast 
to the best existing methods, which provide one (incorrect) number for the en­
tire state, the method offered here gives an accurate estimate of white turnout 
for all 567 minor civil divisions in the state, a few of which are labeled. 

to demonstrate how much more information the method offered here 
provides to users. The most popular existing method (Goodman's re­
gression) gives only two numbers of relevance, the state-wide frac­
tions of blacks who vote and whites who vote (the latter estimate, 
incidentally, is five standard deviations above its maximum possible 
value given by the method of bounds). In contrast, the solution to the 
ecological inference problem offered here gives reliable estimates of 
these two numbers for the state-wide average as well as for each of 
the 567 cities and towns. 

In order to emphasize the rich information this method unearths, 
Figure 1.2 maps the estimated degree of voter turnout among non-
minorities. In this map, minor civil divisons in New Jersey are given 
darker shades when the estimated degree of non-minority voter 
turnout is higher. A few landmarks are labeled to give readers some 
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bearing. The vast increase in information the method provides is rep­
resented by the interesting geographic variation in this map (and an 
additional complete map for minority turnout). For example, Fig­
ure 1.2 shows that non-minority turnout is substantially higher in the 
city of Newark than the neighboring city of Elizabeth. Is this because 
of a racial threat posed by Newark's larger minority population? Is 
the white mobilization in the wealthy towns of Bergen County near 
Englewood Cliffs a result of the state government's attempt to in­
tegrate schools by regionalizing its school districts? By providing 
reliable individual-level geographic-based information, the solution 
to the ecological inference problem can be used to raise numerous 
questions such as these. The method also provides opportunities 
for answering such questions by using the estimates provided as 
dependent variables in second-stage analyses (using, in this case, 
explanatory variables such as fraction minority population, or state 
attempts at integration). 

1.5 THE METHOD 

This section gives a brief non-mathematical sketch of the nature of the 
basic model introduced. Although several approaches are discussed 
in the methodological literature, the only method of ecological infer­
ence widely used in practice is Goodman's model, which is based on 
a straightforward linear regression and effectively assumes that the 
quantities of interest (such as the proportion of blacks and whites 
who vote) are constant over all precincts (see Section 3.1). Allowing 
these quantities to vary over the precincts and estimating them all, 
as is done in this book, provides far more detailed information about 
the individual-level relationships, and moderately improves the over­
all results. 

Applying the deterministic information from the method of bounds 
to each and every precinct-level quantity of interest provides very 
substantial improvements and makes inferences especially robust to 
aggregation bias. Goodman's regression does not restrict the quan­
tities of interest (which are proportions) even to the [0,1] interval. 
Many have suggested modifying Goodman's regression by restricting 
these aggregate quantities of interest to this interval, but this results 
in implausible corner solutions and, more importantly, imposes no 
restrictions on any of the individual precinct quantities. In contrast, 
the method offered here uses the bounds on the quantities of inter­
est in every precinct, most of which turn out in practice to be much 
narrower than [0,1]. Because, also, these bounds are known with cer-
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tainty, this procedure adds a surprising amount of information to the 
statistical model.15 

This combination of the precinct-level deterministic bounds with a 
statistical model unifies the two primary competing parts of the eco­
logical inference literature. First, by treating each precinct in isolation, 
the method uses all available information to give a range of possi­
ble values for its precinct-level quantities of interest. Then, in order 
to close in further on the right answer, the statistical model "bor­
rows strength" from all the other precincts in the data set to give the 
probable location of each true quantity of interest within its known 
deterministic bounds. 

The method introduced also includes a model of variability that 
matches the patterns in real aggregate data and that is internally con­
sistent even in the presence of areal units that are modified. This and 
other features provide another significant boost in the performance of 
the model. Extensions of the model allow for the model assumptions 
to be evaluated, modified, or dropped, and for several types of exter­
nal information to be included. A fully nonparametric version is also 
provided. 

Some features of the model are related in part to variable param­
eter models in econometrics (e.g., Swamy, 1971); empirical Bayesian 
models in statistics and biostatistics (Efron and Morris, 1973; Rubin, 
1980; Breslow, 1990); Manski's (1995) approach to identification via 
parameter bounds; models of multiple imputation for missing values 
in surveys (Rubin, 1987) and for coarse data problems (Heitjan, 1989; 
Heitjan and Rubin, 1990); hierarchical linear models in education re­
search (Bryk and Raudenbush, 1992); and "inverse problems" in tomo­
graphic imaging (Vardi et al., 1985; Johnstone and Silverman, 1990). 
The solution to the ecological inference problem offered here is also 
related to some statistical models for the aggregation of individual-
level continuous variables developed in econometrics (Stoker, 1993), 
as described in Section 14.3. 

15 As an analogy, consider how much information could be added to the usual linear 
regression if we knew for certain a different narrow range within which each observa­
tion's y must fall. 



CHAPTER 2 

Formal Statement of the Problem 

THIS CHAPTER formalizes the ecological inference problem as intro­
duced in Chapter 1. It provides notation that will be used throughout 
the rest of the book and identifies the quantities of interest at each 
level of analysis (see also the Glossary of Symbols at page 313). 

The ecological inference problem begins with a set of cross-tabula­
tions for each of ρ aggregate units. Given the marginals from each of 
the ρ tables, the goal is to make inferences about the cells of each 
of the tables. The ρ cross-tabulations are usually from geographic 
units, such as precincts districts, or counties.1 For electoral applica­
tions, choosing data in which all geographic units have the same can­
didates (such as precincts from the same district or counties from the 
same statewide election) is advisable so that election effects are con­
trolled. The cross-tabulations could also be groups of survey respon­
dents (such as the fractions of working-class and middle-class voters 
preferring the Labour party) in a series of independent cross-sections 
and for which we wish to estimate the transitions between groups. 

AU results and models in this book can be generalized to arbitrar­
ily large contingency tables, as demonstrated in Section 8.4 and Chap­
ter 15. The method of ecological inference introduced is also applicable 
to almost all types of aggregate data, and is not limited by substantive 
area. However, the method is capable of taking advantage of what­
ever additional substantive information is available about a specific 
ecological inference. In order to highlight the types of information to 
watch out for, I introduce the notation in this chapter and the model 
in the rest of the book in the context of a specific substantive example. 
This will also fix ideas and make it easier to follow the subsequent al­
gebraic developments. The example causes no loss of generality, even 
though all applications have unique elements. The specific example is 
based on various aspects of race and voting, as introduced in Chap­
ter 1. This example is real and has important practical, scholarly, 
legal, and public policy implications. Details about it appear through­
out the book in order to give a better sense of how the arguments 

1 Wherever possible, I use notation that is mnemonic, and identify this in the text by 
underlying the relevant character in the corresponding word. Thus, in this case, ρ is 
mnemonic for precincts. 
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Race of 
Voting-Age 
Person 

black 

white 

Voting Decision 

Democrat Republican No Vote 

NbD 

NwD 

NiR 

NwR 

N™ 

NwN 

N,L N* MA 

N," 

N1" 

H 

Table 2.1 Basic Notation for Precinct i, i = \,..., p. All items in 
this table are counts of the Number of people in each cell posi­
tion. The two elements in each superscript refer to the row and 
column position, respectively, with mnemonics indicated by the 
underlined letter in the labels. The column and row marginals, 
which are sums of the elements in the corresponding row or 
column, are observed. The interior cell entries are the object of 
inference. 

apply to similar problems in other empirical examples. Part IV ana­
lyzes real data from this particular example, and from a diverse vari­
ety of others. 

Begin by delineating a formal version of Table 1.2 (page 14) for 
each of ρ individual precincts.2 Table 2.1 provides some notation for 
observed data and unobserved quantities of interest. 

This table describes a single precinct (or other geographic entity) 
labeled i from a data set of ρ precincts in a single electoral district 
(such as a state assembly seat). The table is based on a simple ex­
ample with two variables, the race of the voting-age person (black 
or white, with "white" defined as non-black) and the voting decision 
(Democrat, Republican, or no vote). 

Every symbol in Table 2.1 has a subscript i, referring to the ; t h 

precinct (i = 1 , . . . , p). Each cell in Table 2.1 is a raw count of the 
number of people who fall in that cell. Superscripts refer to positions 
in the table (and thus values of the row and column variables, respec­
tively). For example, N,bD is the Number of black persons of voting 
age casting a ballot for the Democratic candidate in precinct i. I denote 

2 In order to gather both race and electoral results, electoral precincts must be 
matched with census geography. This sometimes means that precincts must be ag­
gregated to a slightly higher level. The Census Bureau calls these "voter tabulation 
districts" or VTDs, although it sometimes makes sense to use "places," "minor civil di­
visions," counties, school districts, or other census jurisdictions. I use the more familiar 
term "precincts" to refer to the lowest level of geography for which both variables can 
be collected within an electoral district. 
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Voting Decision 

Democrat Republican 

A? 

K 

1 - A f 

l - A j " 

Subtotal 
(Turnout) 

β? 

No Vote 

i - t f X, 

1-X. 

D, T, 

Table 2.2 Alternative Notation for Precinct /. This table reexpresses the ele­
ments of Table 2.1 as proportions, and inserts an extra summary column for 
voter turnout. The goal is to estimate the quantities of interest, the fraction of 
blacks and whites who vote (β\, /35") and who vote for the Democratic candi­
date (Af, AJ"), from the aggregate variables, the fraction of voting-age people 
who are black (X,), who vote (T1), and who vote for the Democrat (D,), along 
with the number of voting-age people (N1). 

aggregation by dropping the superscript or subscript corresponding 
to the dimension being summed. This includes column totals (such as 
the number of Republicans in precinct i, N;

R = N^R + N™R), row totals 
(such as the number of blacks in precinct i, N1* = N,bD + N1

1* + N,b N), 
and the number of voting-age people in the entire precinct (as indi­
cated by the symbol in the bottom right corner of the table, N1). 

Although the basic ecological inference problem is described com­
pletely in Table 2.1, the following summaries of it will prove con­
venient for later analysis. First, denote the total number of blacks who 
Turn out to vote as N?T = N™ + NfR, whites who Turn out as N f T , 
and total Turnout as N,T. Then, Table 2.2 reexpresses all the counts as 
proportions, and also inserts a subtotal column between the "Repub­
lican" and "No vote" columns to refer to voter turnout proportions. 
The meaning of the proportion in the enclosed box in Table 2.2 cor­
responds to the count in the same position of each enclosed box in 
Table 2.1. 

Table 2.3 is the final table of notation, and it is taken from the last 
three columns of Table 2.2. Whenever possible, this simpler 2 x 2 table 
serves as our running example, with variables black vs. white, and 
vote vs. no vote. 

The key to the ecological inference problem is that researchers only 
observe the marginals in these tables—the final row (summarized by 
D1 and T1) and final column (summarized by X,), along with N1: 

D, Proportion of voting-age population choosing the Democratic candi­
date, N?/N1 
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Race of 
Voting-Age 
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white 

Voting Decision 

Vote No Vote 
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β\ 

β« 

i - t f 

i-ff" 

X, 

1-X, 

Table 2.3 Simplified Notation for Precinct i. This table 
was formed from the rightmost three columns of Ta­
ble 2.2. The goal is to infer the quantities of interest, β\ 
(the fraction of blacks who vote) and fif (the fraction 
of whites who vote), from the aggregate variables X, 
(the fraction of voting-age people who are black) and 
T, (the fraction of people who vote), along with N1 (the 
number of voting-age people). 

T1 Proportion of voting-age population Turning out to vote, N,T/N, 
X, Proportion of voting-age population who are black, N*/N1, 

explanatory variable 
N1 Number of people of voting age 

an 

The goal of ecological inference is to learn about the quantities 
within the body of the table on the basis of the information from 
the margins—to learn about the Greek letters, representing informa­
tion at the individual level, from the information in the Roman letters, 
which stand for the aggregate data. The quantities of interest can be 
summarized by four parameters defined for each precinct i: 

β\ Proportion of voting-age blacks who vote, Ν*τ /N* 
β™ Proportion of voting-age whites who vote, N™T /N™ 
\\ Proportion of black voters choosing the Democratic candidate, 

Νΐ°/Νΐτ 

λ|" Proportion of white voters choosing the Democratic candidate, 
N?D/N?T 

When focusing on the pared-down Table 2.3, β\ and β™ are the only 
parameters of interest, and X1, T1, and Nt are the observed aggregate 
marginals. 

Although the ultimate goal of ecological inference, and the problem 
solved in this book, is learning about these precinct-level parameters, 
virtually all previous scholars have limited their inquiry to learning 
about the quantities of interest averaged over all people in the voting-
age population in the entire district. These aggregates may be obtained 
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from the table either directly, by applying the precinct formulas to 
the district totals, or indirectly, by taking a weighted average of all ρ 
precinct parameters, where the weights are functions of the precincts' 
black or white voting-age populations. For example, the fraction of 
blacks voting in the entire district is computed either directly, 

B = Nb 

or indirectly, 

Nb 

where the number of blacks of voting age in the entire district (that 
is, in all ρ precincts) is Nb = Yfl=1 N1. The equivalence of these two 
expressions is obvious as expressed here (since β\ = N,bT /N1

6), even 
though in the literature this weighted average is often confused with 
the unweighted average, which I denote as 33b = i ΣΓ=ι β*Ί· Since most 
analyses will be in terms of the precinct parameters, the appropriate 
weights are very important if interest shifts to the district-level pa­
rameters (about which more in Chapter 4). 

The problem with ignoring the difference between the weighted Bb 

and unweighted S3h is what we might call the Manhattan Effect due to 
this simple example: Suppose a researcher wishes to make an ecologi­
cal inference about the fraction of blacks who support each candidate 
in a mayoral election in New York City. Because of the difficulties of 
matching electoral precincts and census geography in Manhattan (the 
largest of New York's five boroughs), it can not be broken down 
into smaller aggregate units, even though the rest of the city is bro­
ken into numerous precinct-sized units of about 700 people each. The 
problem is not only that that Manhattan's population is massive com­
pared to any of the other units, but that it frequently votes differently 
from the rest of the city. Thus, weighting Manhattan's votes in making 
ecological inferences as equivalent to one 700-person precinct would 
discard an enormous amount of information and wreak havoc on any 
estimates of the city-wide proportion of blacks who vote for each can­
didate. The solution to the Manhattan Effect is to take into account 
the size of the population of each aggregate unit and to compute the 
weighted (Bb) rather than unweighted (2?b) average of the /3f's. 

The four aggregate parameters of interest (using the corresponding 
upper case Greek letter in each case) include the district-wide frac­
tions for blacks and whites who vote (Bb and Bw) and who vote for 
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the Democrats (Λ6 and Aw). These are each expressed as weighted 
averages of the precinct-level parameters: 

gfc _ Y^ Ni Pi vw _ Y^ ^i Pi 
4-f Nb ' Z-, Nw 

1=1 I=I 

V \jbTxb P \JWTXW 

( = 1 1 = 1 

where the number of blacks and whites of voting age in the entire 
district (i.e., in all γ precincts) are Nb = J ] L i Νΐ a n d NW = Σ?=ι K> 
respectively. These weighted averages do not equal the unweighted 
averages, except in the extremely unusual case where the black 
and white voting-age populations are identical within and across 
all precincts or, more generally, if the precinct parameters and the 
weights are independent. I also introduce notation for the unweighted 
average of β™, in addition to that for β\: 

Λ V Λ V 

V i=i ν ,=1 

In general, we should be primarily interested in the precinct-level 
parameters {β\, 0f', Ab, and Af) in order to learn about geographic pat­
terns in black and white turnout and voter support for each candidate 
and to extract the largest amount of information available from the 
ecological inference problem. These are the ultimate goals. However, 
it also makes sense to consider what district-wide summaries might 
be of interest. One possibility is the simple averages of the precinct-
level parameters, S3fc and %}w (and similarly for the A,'s), but these are 
of little substantive interest (even though they will sometimes prove 
convenient in the following chapters as intermediate results). Precincts 
are usually of very different sizes and have boundaries that are con­
venient rather than politically relevant. Instead, the aggregate values 
of these parameters for all people in the district (Bb and W, as well as 
\ b , and Aw) are of considerable interest. In fact, the degree to which 
the average of the precinct parameters deviates from the population 
mean (that is, weighted average) is in part a result of the aggregation 
effects we would like to avoid. 

Finally, I introduce θ\ (black vote for the Democratic candidate as 
proportion of the black voting-age population) and Of (white vote for 

w , »w = -Xj/sr (2.2) 
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the Democrat as a proportion of the white voting-age population). 

NBD NWD 

These parameters are of no intrinsic interest, but they will prove use-
ful in intermediate stages for calculating some parameters of interest 
(since A? = flf/jS? and Af = 6™/$™). The weighted averages of these 
parameters will also prove useful: 

!=1 1=1 



PART II 

Catalog of Problems to Fix 

This part delineates the problems with current methods of ecological 
inference and provides motivation for features of the solution pro­
posed in Part III. Chapter 3 demonstrates that the diverse list of prob­
lems identified in the literature as causes or consequences of aggrega­
tion bias are all mathematically equivalent, the result being that only 
one aggregation problem needs to be solved to make valid ecological 
inferences. Chapter 4 summarizes basic statistical problems unrelated 
to aggregation bias that must also be resolved to make valid ecological 
inferences. 





CHAPTER 3 

Aggregation Problems 

THIS CHAPTER summarizes two sets of approaches to understanding 
the bias and information loss due to aggregation. Although much 
of the literature gives the impression that the problems discussed in 
each set are different, this chapter proves that they are mathematically 
equivalent (cf. Hannan and Burstein, 1974, and Smith, 1977). For those 
unfamiliar with the literature who may not have had this impression 
in the first place, the chapter also reviews some of the relevant prior 
work. 

The most widely used statistical approach to ecological inference, 
Goodman's regression, is defined in Section 3.1. Most statistical ap­
proaches to ecological inference are based in some way on this model. 
Several versions of the indeterminacy problem are discussed and shown 
to be equivalent in Section 3.2, and similarly for the grouping problem 
in Section 3.3. The equivalence of the two is proven in Section 3.4. 
Having both approaches is useful for understanding the same prob­
lem from different perspectives, but knowing that they are the iden­
tical problem means that only one problem needs to be solved. These 
results also help to illuminate the problem and lead to its solution. 

To foreshadow the results from Part III, even the encouraging evi­
dence given in this chapter—that all aggregation problems reduce to 
a single problem—is far more pessimistic than necessary. For there 
exists considerable information in aggregate data ignored by existing 
statistical methods (such as the known bounds on the precinct-level 
parameters and dramatic levels of heteroskedasticity) to resolve what 
appears to be indeterminate or not identified under the Goodman 
framework discussed in this chapter. Part IV demonstrates that the 
solution proposed is robust even to high levels of aggregation bias, 
and even without introducing special techniques to cope with it. The 
result proven in this chapter also makes possible an extended ecolog­
ical inference model (introduced in Chapter 9) that is useful in cases 
where an explicit approach to aggregation bias is necessary. 

3.1 GOODMAN'S REGRESSION: A DEFINITION 

Leo Goodman introduced his approach in 1953, only three years af­
ter Robinson's article appeared. The dominance of this approach in 
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academic analyses in the subsequent four decades is a testimony to 
the innovativeness of the approach and difficulty of improving on it 
(Goodman, 1953a, 1959). Indeed, along with double regression, which 
is discussed in Chapter 4, this procedure has been the most frequently 
used method of ecological inference by expert witnesses in voting 
rights cases since the U.S. Supreme Court endorsed the use of it in 
the case leading to Thornburg v. Gingles (1986). Goodman's (1959) ar­
ticle even anticipates many of the subsequent developments in the 
literature, and as a result essentially every method proposed since 
Goodman's incorporates or generalizes his approach. 

Goodman avoided the empirical problems that can occur with 
his model by recommending that it not be used when his assump­
tions are not met. Unfortunately, despite these clear warnings in 
his original work, subsequent researchers chose to boldly go where 
Goodman had not gone before, or since. Lacking a satisfactory alter­
native for making ecological inferences, and because the empirical 
applicability of the assumptions were usually questionable, they fre­
quently applied his model when the assumptions underlying it were 
inappropriate. Thus, although I follow the convention in the litera­
ture of referring to "Goodman's regression," it should probably be 
called "Goodman's regression when Goodman's assumptions are 
not met." 

In terms of the notation in Table 2.3, Goodman's method involves a 
regression of T1 (proportion of the voting-age population turning out 
to vote) on X, (proportion of the voting-age population who are black) 
and (1 — X1-) (proportion who are white), with no constant term. The 
coefficients from this least squares regression, Bb and Bw, are intended 
to be estimates of the district aggregates Bb (the fraction of blacks who 
vote) and Bw (the fraction of whites who vote) since the precinct-level 
parameters β\ and β™ are assumed constant over precincts. 

If it seems confusing to have both X, and (1 - X1) in the same 
regression equation, we can get the same estimates in a more fa­
miliar way. First run a regression of T, on a constant term and X1, 
and get coefficients Bw and B. Then reparameterize to yield Bw and 
Bb = B + Bw. Although the two approaches give identical results, I 
usually use the regression with X1 and (1 — X1) and no constant term 
because its coefficients Bb and Bw are somewhat more intuitive than B 
and Bw. 

Goodman's regression is based loosely on the following accounting 
identity: 

T 1 - ^ X 1 + C T - X 1 ) (3.1) 
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This expression is true by the definitions given in Table 2.3. The equa­
tion is linear, but no assumption of linearity is required, at least in the 
sense that the word "assumption" in common usage refers to not en­
tirely verifiable restrictions on the model. In contrast, this equation is 
entirely verifiable, even without data.1 

Goodman's regression does not produce estimates of β\ and βγ 
unless they really are constant for all i. Moreover, as demonstrated 
below, the regression coefficients are not even estimates of the correct 
district-level quantities of interest, Bb and Bw? Goodman's model also 
does not include information from the method of bounds, or even the 
basic information that the parameters of interest are proportions and 
thus can only range between zero and one. 

3.2 THE INDETERMINACY PROBLEM 

Because the basic accounting identity in Equation 3.1 has twice as 
many unknowns (2p) as observations (p), that is β\ and βγ for each of 
ρ precincts, computing unrestricted estimates of all unknowns seems 
hopeless. The Goodman model resolves the proliferation of param­
eters by making the extreme "constancy assumption": β\ = Bb and 
βψ = Bw for all i. If this assumption is appropriate, then Equation 3.1 

1 Proving that the equation holds requires substituting in raw counts in Table 2.1 for 

definitions of the right side variables in Equation 3.1 and showing that they equal the 

definition of the variable on the left side. Thus, 

NbT Nb N""T N1" NT 

r,=tfx,+,r(i-x,) = ^ + 7 ^ = -

The right side of this proof is the definition of T1. 
2 Better than assuming constant parameters, as does Goodman's basic model and 

much of the subsequent literature, is his alternative suggestion that allows parameters 
to vary, but requires them to be independent of X1, what Duncan et al. (1961: 70ff) call 
"practically constant." However, even if this assumption were true in an application, the 
heteroskedasticity that this specification implies, and the varying numbers of people per 
precinct (problems analyzed in Chapter 4), are still not taken into account. Thus, even 
with this alternative model justification, Goodman's regression does not estimate of the 
correct theoretical quantities of interest. In other words, Goodman's regression estimates 
are unbiased only if β) and β™ are independent of X1 and N1. Without independence of 
the quantities of interest and N,, Goodman's regression is estimating SB6 and 231° instead 
of the correct Bb and Bw. Moreover, even if these empirically demanding assumptions 
were met in an application, the estimates would still be inefficient and the standard 
errors inconsistent, except in lucky coincidences or if β\ and /3" were really constant 
over all precincts. 
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becomes manageable, since it has only two parameters: 

Ti = BbXi + Bw(l-Xt) (3.2) 

The problem is that if the assumption is wrong, as can be demon­
strated with aggregate data alone in all known data sets (see Chapter 
4), the answers this model produces will often be wrong. 

The problem is that if the parameters do vary, and they turn out to 
be correlated with X1, ordinary regression will not produce estimates 
of the average of these parameters (or any other relevant aggregate 
quantity). Figure 3.1 provides some intuition about this result through 
a simple example. Each graph in this figure has four data points. Each 
point corresponds to a particular precinct with actual values X, and T1 

(where T1 = β\X, + β ^ ( 1 - X,)). The line through each point shows the 
theoretical relationship between T1 and X1 that would arise were the 
parameters {β\, β™) held constant but the value of X, were allowed to 
vary from zero to one. The lines from which the points are selected 
are identical in both graphs. In the left graph, the slope of the lines is 
uncorrelated with the value of X, at each observed point, but in the 
right graph points with larger values of X, have lines with steeper 
slopes. The goal is to estimate a regression line from the points alone 
that is the average of the individual lines (represented as the dark 
solid line in both graphs). Since the lines for the observations are the 
same in the two graphs, the average line we wish to estimate is the 
same in both. This same dark line on the left is also exactly the re­
gression line fit to its four points, which is an example of unbiased 
regression estimates that result when the slopes and X, are uncorre­
lated. On the right graph, the dashed line is the regression line fit to 
its points, but because X1 and the slopes are correlated, it is a biased 
estimate of the (dark solid) average line. 

Another way to understand aggregation bias is in terms of our run­
ning example. Suppose we observe that turnout (T1) is lower in heav­
ily black areas (X1-). If aggregation bias were not an issue, we could 
conclude that black turnout (Bh) is lower than white turnout (Bw). 
However, we would be fooled by aggregation bias using this proce­
dure if whites in heavily black precincts turn out at disproportionately 
higher levels than whites in other areas, as might occur if whites mo­
bilize in response to a perceived black "threat." We would also be 
fooled by aggregation bias if whites in heavily black areas turn out at 
disproportionately lower levels, as might occur if whites in these ar­
eas have no serious chance of electing their candidates of choice. In 
the first case Bw would be overestimated and Bb underestimated; in 
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.75-

Figure 3.1 How a Correlation between the Parameters and X1 Induces Bias. 
Each observed point in these graphs appears with its (usually unobserved) 
line. The thin lines from which the points were drawn are identical in the two 
graphs, as is the average (dark solid) line, which is the goal of the estimation. 
In the left graph, the zero correlation between the slopes of the lines and the 
value of X, for the corresponding points cause the regression line fit to the 
points to be coincident with the average line. However, because the lines are 
steeper for points with larger values of X, in the right graph, the (dashed) 
regression line is a biased estimate of the (dark solid) average line. 

the second case, Bw would be underestimated and Bb overestimated.3 

In both cases, a correlation between the fraction black (X1-) and the 
precinct-level parameters of interest {β\ and β™) can confound naive 
analyses that ignore aggregation bias. 

A possible solution to parameter variation being correlated with X, 
might be to model the dependence directly (and hence control for 
it) by letting the parameters vary as linear functions of X1, as has 
been considered by many scholars (e.g., Duncan et al., 1961: 77-79; 
Rosenthal, 1973; Iversen, 1973; Przeworski, 1974; Shivery, 1985). The 
assumption (where the superscripts c and s stand for the constant and 

3 In the voting behavior literature, this relationship is sometimes labeled "contextual 
effects" or "breakage effects," as for example when the vote among Republicans in 
heavily Republican areas breaks for the Republican candidate even more strongly than 
the vote among Republicans does in more Democratic areas. See Berelson, Lazarsfeld, 
and McPhee (1954: Chapter 7), Putnam (1966), Sprague (1976, 1982), Huckfeldt and 
Sprague (1987), and Shively (1985). 
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slope, respectively) is then: 

b,=ac + asXj 

PT = yc + y s X r (3.3) 

Given this model, the aggregate quantities of interest (the district-wide 
fractions of blacks and whites who vote) are the weighted averages 
of Equations 3.3: 

Nb L-i Nb 
1=1 

EP M® ow V M!0 Y 
= ,=i N . P i = c s y ^ 1 ( 3 4 ) 

J^JW ' ' Nw v ' 

Thus, in order to estimate the aggregate parameters of interest from 
this model, one must estimate all four parameters in these equations 
(ac, as, yc, and ys). 

Substituting Equations 3.3 into Equation 3.1 reveals the model that 
these assumptions imply: 

T, = (ac + asX,)X, + (yc + r s X ; ) ( l - X,) 

= yc + {ac + ys_yc)xi+(as_ys)x2 

= (ac + ys)Xj + yc(l - X,) + (as - ys)Xj (3.5) 

This equation reveals the indeterminacy problem: four parameters 
must be estimated in order to learn about the quantities of interest, 
but only three are identified by this equation (which would be esti-
mated by the three coefficients from a regression of T, on a constant 
term, Xu and Xf, or a regression of T, on X„ 1 — Xir and X? with-
out a constant term). We can restrict the parameter space somewhat 
by noting that many data analyses find no evidence of nonlinearity. 
However, even if the quadratic term were dropped (the last term in 
the equation) or equivalently, if one assumed as — ys = 0, the equa-
tion remains unidentified: the number of parameters is still one more 
than can be estimated. 
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Shively (1985) shows how to use non-sample information cre­
atively to make assumptions about these parameters, thus restrict­
ing the parameter space and making the remaining parameters 
estimable. When such information exists, this approach can be 
valuable. In other cases, it may help to specify limits on the pa­
rameters of interest. Unfortunately, in most other cases, the inde­
terminacy remains. In fact, although external information may be 
available for a few precincts, or perhaps only for the district ag­
gregate, most analysts will feel uncomfortable making untestable 
precinct-level assumptions for all γ precincts. Indeed, the ecological 
inference literature does not offer a single such example of an assump­
tion an analyst is willing to make about all observations in a real 
data set. 

A second line of argument in the literature comes from Freedman 
et al. (1991). They develop a new model in order to critique the con­
stancy assumption of Goodman's regression. However, their model 
turns out to be a special case of the quadratic model, and thus the 
problems they identify are equivalent to the indeterminacy problems 
identified above. Their "linear neighborhood model" assumes (1) the 
absence of racially polarized voting and (2) that voter preferences (of 
both blacks and whites) are a linear function of the racial composi­
tion of the precinct. This implies the following specialization of the 
quadratic model from Equation 3.5: 

# = j 8 ? = a c + a sX, (3.6) 

It may seem odd that Freedman et al. are assuming the answer to their 
question. But their goal as expert witnesses in court (and in the article 
which resulted) was primarily to destroy confidence in Goodman's re­
gression model. They were not interested in producing a useful model. 
In fact, this model can be ruled out on theoretical grounds alone, even 
without data, since the assumptions are not invariant to the district­
ing plan. That is, although the assumption might hold for one set 
of precincts, it cannot simultaneously hold for any reaggregation of 
precincts, except in rare coincidences (cf. the analysis in Section 14.1). 
Moreover, the assumption that voting behavior is not racially polar­
ized, despite the many differences within each racial group, contra­
dicts solid empirical evidence from decades of survey and qualitative 
research. 

Freedman et al. use their model to demonstrate the indeterminacy 
problem with Goodman's model by proving that these two very dif­
ferent models (assuming some degree of racially polarized voting, and 
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assuming that none exists) lead to identical observable consequences, 
which I now describe.4 

By substituting Equation 3.6 into Equation 3.1, the resulting model 
is: 

Γ,- = [ac + asX,]X, + [ac + a sX,](l - X1-) 

= ac + a sX, 

= (as + ac)X!+ac(l-Xi) (3.7) 

Freedman et al.'s point becomes clear by comparing the last line of 
this equation with Equation 3.2: the two models are observationally 
equivalent, but unfortunately the regression coefficients Bb and Bw 

from Goodman's model, and of and as + ac from this model, have 
very different meanings. For example, Bw is the districtwide fraction 
of whites who vote, but ac (from Equation 3.6) is the fraction of only 
those whites living in all-white precincts who vote. 

What Freedman et al. have shown is that changing the assumption 
produces a model with the same functional form, the same parame­
ters, and a regression with numerically identical estimates. However, 
the meaning of the parameters is radically different. Yet, no informa­
tion appears to exist in these data with which to decide which model 
one is using when regressing T, on X1 and (1 — X1). The answer de­
pends entirely on the assumption, and the assumption is empirically unver-
ifiable. (In fact, as described in Chapter 9, information does exist in 
these data to resolve this indeterminacy problem if, unlike the Freed­
man et al. and Goodman approaches, the known precinct bounds and 
heteroskedasticity are also taken into account. Indeed, Sections 9.2.2-
9.2.4, demonstrate how even the full quadratic model in Equation 3.5 
can be estimated without indeterminacy.) 

A third line of argument in the literature further illuminates this in­
determinacy problem from a different perspective. Ansolabehere and 
Rivers (1994) creatively reformulate a known, but not widely under-

4 Although under this model β] = β™ in every precinct, the weighted averages of 
these quantities across precincts are not necessarily equal. Thus, aggregate levels of 
racially polarized voting need not be zero in the neighborhood model (although the 
possible range of variation is less than 0%-100%; see Grofman, 1991b). Indeed Freedman 
et al. (1991) show that in some cases this model produces more accurate estimates than 
Goodman's regression model. Ansolabehere and Rivers (1994) provide some additional 
empirical evidence. In my experience, including most of the data analyzed in this book, 
Freedman et al.'s estimates are distant from the true values, even though they are 
sometimes closer than Goodman's. 
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stood, result (see Duncan, et al., 1961; Alker, 1969). For mathemati­
cal convenience, they use the the weighted least squares estimate of 
racially polarized voting from Goodman's regression, with weights 
based on population size (about which more in Chapter 4). This is the 
difference between the two coefficients, which I denote as B = Bb — Bw. 
(Thus, I use B for least squares estimates and B for weighted least 
squares estimates.) This estimate is intended to correspond to the 
true level of racially polarized voting, B = Bb — Bw. Their paper is 
concerned with interpreting the Discrepancy between the estimate and 
true value: 

D(B)1 = B-B (3.8) 

Because this discrepancy is a simple function of the discrepancies for 
each individual coefficient, focusing on racially polarized voting does 
not sacrifice anything.5 

Ansolabehere and Rivers show that the discrepancy in Equation 3.8 
is a linear function of three unobserved slope coefficients from the 
regressions of β\ on X, (which I denote as bbx), β™ on X, (denoted 
bwx), and β, = {β\ - β™) on h, = X ; ( l - X,) (denoted brh). (Under 
the quadratic model, the difference is a function of only the first two 
slopes.) By rearranging the algebra somewhat, their result is equiva­
lent to the following: 

D(B)1 = Axbhx + A2bwx - A3brh (3.9) 

The coefficients A1, A2, and A3 are all calculable from aggregate data: 

A1 = ¾ A2 = ^L, A3 = 4 (3-10) 
1 X 2 1 - X 3 σ | 

5 That is, D(B6), = B» - Bb = (1 - X)D(B)1 and D(JT) 1 = Bw - Bw = -XD(B) 1 , where 
the weighted mean of X1 is X = ^ ΣΊ=ι N1X1, and N is the number of people in the 
entire district. Ansolabehere and Rivers use different notation. They also define what I 
call the discrepancy, D(B) = B — B, to be the "bias" of B, although this is a nonstandard 
use of the term "bias." As they recognize, the problem is that the concept of bias 
requires an average over some type of random variability. Since ecological inferences 
do not involve sampling, we must be careful to identify the source of the random 
variability. Fortunately, in most applications of ecological regression—in academia, in 
court, and in public policy—the researcher has access to data from many districts and 
often from several offices and election years, and runs analyses on all the precincts 
within each district and race separately. Thus, one way to define the randomness in the 
data is the variation in parameters across these closely related data sets. 
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where the weighted mean and variance of any precinct-level vari­
able a,- are a = ± £f = 1 Ν,α,- and_ σ 2 = ^ £f = 1 Ν,·(α; - a)2, respec­
tively, and where η 2 = σ 2/Χ(1 — X) is the ratio of aggregate variance 
to individual-level variance, and F = X — 1. 

This result is entirely deterministic. After all, if we knew B-B, we 
would be able to calculate, and would not need to estimate, B. How­
ever, the expression helps to clarify the indeterminacy assumption 
since a method of ecological inference would be unbiased only if each 
of the unobserved slopes, bbx, bwx, and brh, were zero on average. That 
is, the Ansolabehere-Rivers result is another especially concise way of 
showing that the parameter variation must be unrelated to X1 in or­
der to avoid bias, and it does so without any additional assumptions.6 

Put differently, any use of Goodman's regression must be accompa­
nied by arguments, based on qualitative information or quantitative 
data other than X, and T1, that each of these slopes is zero (or the 
terms in Equation 3.9 cancel out). Since this type of information is 
rarely available, Goodman's regression is rarely applicable. 

3.3 THE GROUPING PROBLEM 

In this section, I describe an alternative approach to the causes of ag­
gregation bias that has been studied and gradually improved by many 
generations of scholars. This grouping or clustering approach formal­
izes the same parameters of interest in terms of unobserved variables 
at the level of individual voters. The basic estimation formulas would 
be correct at this individual level if data were available. The data and 
formulas are then aggregated into precincts, and a formal analysis 
demonstrates the types of aggregation that induce bias when using 
only aggregate data to make inferences. 

To begin, define the individual-level variable Χ,·;· (corresponding to 
the district-level variable X,) as 1 if voting-age person j in precinct 
i is black and 0 if white {i = I,...,p; j = 1,..., N1). Let T i ; equal 
1 if a person votes and 0 otherwise. Define (N χ 1) stacked vectors 
X = {Xjj}, T = {T,;·}, and T = T - T , where T is the weighted average 

6 Achen and Shively (1995: 105) also discuss this result. In addition, they (1995: 84, 
90) give an expression for the discrepancy that is (essentially) a special case of Equation 
3.9, where /Jf and /3J" are assumed to follow specific deterministic nonlinear functions 
of X,. Unfortunately, their analyses are of theoretical but not practical interest because 
the unusual functions chosen do not fit the patterns in any known data sets. 
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of Tj (turnout in precinct i) or equivalently the simple average of T1 : 

;=1 

= ^ΣΣ^ (3.11) 
1=1 /=1 

and similarly for X = X - X . 
In order to aggregate, define the (N χ ρ) Grouping matrix G as hav­

ing an indicator variable in each column that codes in which precinct 
each voting age person lives (e.g., the fourth column has a 1 for each 
person in Precinct 4 and 0 for all other people). Then, if what is some­
times known as the Hat (or y-hat) matrix, Hl = G(G'G) _ 1 G', is mul­
tiplied into a vector defined at the individual level, then each ob­
servation is replaced with its precinct mean. (This is equivalent to 
regressing the individual-level vector on the variables in G and com­
puting the fitted values.)7 

Focus now on B = Bb — Bw as the parameter of interest, which is 
related to the data as follows: 

J = XB + e (3.12) 

where e = T — XB. Then least squares applied to this individual-level 
equation gives exactly B, the parameter of interest, not merely an es­
timate thereof. That is, because the individual data are available, no 
uncertainty remains about the cells of the cross-tabulation and B is 
computed exactly via least squares. In fact, least squares is merely 
an algebraic convenience here, and is equivalent to doing a cross-
tabulation and reading off the answer. 

To aggregate, I follow the strategy first suggested in print by Prais 
and Aitchison (1954) and subsequently followed and improved by 
many other scholars (e.g., Hannan and Burstein, 1974; Smith, 1977; 
and Firebaugh, 1978). That is, first premultiply by H, giving 

H t = HXB + He. 

7 Readers who find "between and within" variance notation intuitive can generate 
the results in this section without matrices by modifying standard analysis of variance 
formulas (see Alker, 1969). 
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With this calculation, the data are aggregated, since each observation 
has been replaced by the precinct mean, but the unit of analysis is 
still the individual person. As a result, a least squares regression of the 
individual level variable HT on HX, is equivalent to a weighted least 
squares regression of the precinct averages T1- on X r Either calculation 
gives the coefficient B. The key result of the grouping perspective can 
be seen by deriving a new expression for this coefficient: 

B = [(HXy(HX)]^(HXy(Ht) 

= (X7HX)-1X7H(XB + e) 

= B + (X7HX)-1X7He 

C(HX, He) 
= B + 

B + 

V(HX) 

C(X1, e,·) 
V(X1) 

since H'H = HH = H (the property of some matrices known as idem-
potency) and where V(a() = C(a,, at) is the weighted variance.8 

Finally, express the discrepancy B — B as 

D(B)2 = ^ y (3.13) 

This discrepancy D(B)2 is zero when at the individual level HX is 
uncorrelated with He: C(HX, He) = 0. This condition is equivalent 
to a zero value for the weighted covariance at the aggregate level, 
C(X1, et) = 0. Since at the individual level C(X, e) = 0 by definition, 
only the aggregation (via H) can induce the covariance between the 
aggregate variables C(X1, e,) to deviate from zero. That is, the cause 
of the discrepancy is the aggregation induced by the precinct boundaries, as 
formalized by H. 

8 To be more specific, for precinct-level variables a, and b„ define their weighted 
covariance as Q(a, b) = jj J^i=I N,(a, — fl)(b, — b), where the weighted mean of any 
variable a, is a = jj J][L1 N,a,. See also Appendix A. 
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At least since Hanushek, Jackson, and Kain (1974) (and in part since 
Ogburn and Goltra, 1919), the literature has included much discus­
sion about whether the ecological inference problem can be solved 
by including extra variables in the aggregate equation so that the 
corresponding individual-level equation would be "correctly speci­
fied." For example, Achen and Shively (1995: 114) disagree that ex­
tra variables are of much help and conclude, on the basis of a ver­
sion of Equation 3.13, that "proper specification of micro-regressions 
is a necessary but not sufficient step toward achieving unbiased es­
timation of the corresponding macroregression models." However, 
the concept of a "correctly specified" individual-level equation is not 
helpful in this context, since individual data contain the answer in 
ecological inference problems with certainty. That is, with individ­
ual data, we would not need to specify any equation; we would 
merely construct the cross-tabulation and read off the answer. Hav­
ing extra variables around if individual-level data are available would 
provide no additional assistance. Thus, "proper specification of micro-
regressions" is not a necessary condition for eliminating aggrega­
tion bias. That is, whatever is generating the individual-level data 
can be ignored, so long as the precinct boundaries do not induce a 
correlation between X, and e,·. Because ecological inferences require 
no causal assumptions, even aggregate procedures that make use of 
causally incorrect "superpopulation models" for unobserved individ­
ual data (i.e., models from which we imagine the individual data 
being generated) can thus sometimes produce unbiased inferences. 
The point of these extra variables is not to match some hypothet­
ical individual-level causal model, but rather to attempt to control 
for the correlation induced by the precinct boundaries—to reduce or 
eliminate the discrepancy caused by the correlation between X, and 
e, in Equation 3.13. For the purpose of reducing this correlation, ex­
tra variables can be of enormous assistance (about which more in 
Section 9.2.1). 

Thus, asking for the cause of aggregation bias (i.e., a nonzero dis­
crepancy) is equivalent to asking for the conditions under which 
precinct boundaries induce a correlation between X1 and e,·. Three 
logical possibilities are generally considered, the last two of which 
cause problems (see Blalock, 1964; Hammond, 1973). 

First, if precincts are drawn in order to maximize racial segregation 
(i.e., based on X), then grouping causes no bias. That is, the expecta­
tion of the discrepancy is zero, and even the discrepancy is usually 
close to zero. At the extreme, if all precincts are either homogeneously 
black or white, nothing is lost by the process of aggregation and the 
discrepancy is always zero. Even when this extreme case does not oc-
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cur, grouping via racial segregation is the optimal method of group­
ing, if a choice is available.9 

A second possibility is grouping based on a random variable, or 
one unrelated to X or e. In this case, X, and e, will be uncorrelated 
on average, but the discrepancy in any one analysis may often be far 
from zero. In other words, random grouping produces no bias but 
a huge level of relative inefficiency, which grows with the number of 
people per precinct (Cramer, 1964). This result helps to emphasize, in a 
way that was more difficult from the perspective of the indeterminacy 
problem, that aggregate units with fewer people per unit will usually 
have less risk of bias. At the extreme, with one person per precinct, 
there is no aggregation, there can be no aggregation bias, and the 
efficiency of the micro and macro regressions are identical. 

A final possibility is grouping based on the dependent variable, T 
in the present case. This form of grouping causes bias. By Equation 
3.12, T is a linear function of X and e. As such, grouping on T is 
equivalent to grouping based on X and e simultaneously. This means 
that grouping based on T will tend to produce precincts composed 
of people high on both X and e or low on both. Thus, grouping on 
the dependent variable induces a correlation between X and e and 
therefore generates aggregation bias. In fact, grouping on most other 
functions of X and e produces bias for similar reasons.10 

To put it in the terms of our running example, bias is induced when 
the aggregates are drawn based on voter turnout. When making in­
ferences about Â  and Af, bias is induced by grouping based on voter 
preferences. Thus, this perspective suggests an important conclusion: 
scholars should be especially cautious in using available methods of 
ecological inference when the smallest aggregate units are districts 
drawn on the basis of partisan criteria such as the large number of 
state legislative and U.S. House of Representatives electoral systems 

9 This method of grouping is optimal from the perspective of minimizing aggrega­
tion bias, not necessarily from the perspective of precinct residents! Optimal grouping 
is an important concern to those collecting and summarizing government statistics for 
publication in a convenient manner that does not induce bias (David Cox, 1957; Orcutt, 
Watts, and Edwards, 1968), minimizes information loss (Marksjo, 1984), or best com­
municates its information content (Fisher, 1969; Learner, 1990). The opposite problem, 
what might be called "minimally optimal grouping," is also an important area of re­
search for those distributing data. The question is how to aggregate or suppress data 
in order to protect individuals from statistical disclosure while still providing useful 
information to researchers (e.g., Lawrence Cox, 1995). 

10 If B < 0, then grouping on T means creating precincts based on high values of X 
and low values of e, or low values of X and high values of e. This technicality aside, 
the result is still the same: grouping on the dependent variable biases inferences in the 
same way as selecting observations on the dependent variable does. 
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that have been redistricted by partisans (Gelman and King, 1994a, b); 
these data should be avoided when possible for making electoral in­
ferences with standard techniques. If such districts are the only data 
available, then the researchers should consider taking specific steps to 
correct for possible aggregation bias (see Chapter 9). Moreover, dis­
tricts in other jurisdictions that were not drawn by partisans may 
still unfairly favor one party or the other (King, 1990). Fortunately, 
the equivalent of precincts in most countries are not often the sub­
ject of intentional gerrymandering and are smaller.11 Ecological in­
ferences based on precinct data or arbitrary units such as counties 
or other Census Bureau categories may therefore be somewhat more 
reliable. 

I now complete this discussion of grouping-induced bias by pre­
senting the newest, and exceptionally clear, statement of the grouping 
problem given by Palmquist (1993, 1994) who built upon results in 
this literature, especially Duncan et al. (1961:66) and most recently 
Erbring (1989). 

Recalling that the individual-level regression gives exactly the 
parameter of interest, and defining M = I — IH and C1 = (X'HX) 
(ΧΉΧ)" 1 , we decompose the parameter of interest as follows: 

B = (X7X)- 1Xi" 

= (3OQ-1XXH + M)T 

= (X 7X)- 1X 7Ht + (XX)-1XMT 

= (X 7 X)- 1 C 1 X 7 Ht + (X 7 X)- 1 C 1 X 7 Mt 

= (X7X)-^X7HX)B + (X 7 X)- 1 X 7 MX^ 2 

where btx.z = (X 7 MX) - 1 X 7 Mt, the coefficient on X in an individual 
level regression of t on X, controlling for G. 

Finally, if we let the scalar F = (X7HX)-HX7X) - I (an equivalent 
expression for the same scalar F already defined in Section 3.2), and 

111 know of only a few attempts to gerrymander precinct boundaries (all told to me 
in confidence). Most are in areas where precincts also serve as districts for electing local 
officials. 1 have also come across a few cases where selective placement of the polling 
place within the precinct was intended to reduce the odds of one group turning out to 
vote. 
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premultiply by F +1, we can solve for the discrepancy B-B: 

D(B)2 = F(B - btxz) (3.14) 

Since it was derived from the same individual-level equations, this ex­
pression is obviously equivalent to the discrepancy in Equation 3.13. 
However, it provides several new insights into the aggregation prob­
lem. 

Palmquist labels F the inflation factor and (B - btx.z) the specification 
shift. The specification shift is the source of bias and can be understood 
as the indirect effect of X on T that passes through G (as compared 
to the quantity of interest which can be interpreted as the direct effect 
of X on T). The size of the specification shift depends on the conse­
quence of controlling for G. Thus, the problem might be called reverse 
omitted variable bias. That is, with aggregate data, we are doing the 
equivalent of using individual data but being forced to include G in 
our regression. Logically, including G will have its largest effect when 
it causally intervenes between X and T, since this is exactly the sit­
uation in which we would want to omit G in estimating the causal 
effect of X (King, Keohane, and Verba, 1994: 173ff). Thus, if G were 
related to (i.e., if districts were drawn on the basis of) anything that 
is a consequence of race, bias would result. The leading example is 
grouping based on voter turnout (the dependent variable T), which 
is obviously a consequence of race and would thus cause bias. Other 
examples might include grouping based on income categories, which 
would also be a consequence of race. 

Finally, if G and X are uncorrelated, the specification shift would 
be zero. No bias would occur because including G in the individual-
level regression would have no effect or, in other words, the indirect 
effect through G would be eliminated because the chain from G to X 
would be broken. This is another way of saying that if the precincts 
were formed in a manner unrelated to X (a generalization of random 
grouping) there is no bias. 

The inflation factor (F in Equation 3.14) multiplies the discrepancy 
induced by the specification shift to produce a larger actual bias since 
F > 0. F is based on the ratio of the aggregate to individual variance 
in the explanatory variable—the ratio of the variance of Xj; over in­
dividuals to the variance of X1 over precincts. These are equal only 
when voters are grouped in racially homogeneous precincts, in which 
case F = 0, no information is lost during aggregation, the discrepancy 
is zero, and no bias exists. This is an important point that can be ex­
pressed from some of the other perspectives on aggregation bias, but 
it is more transparent in Palmquist's setup. 
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As Palmquist's (1993) insightful analysis demonstrates, the inflation 
factor can be quite large, meaning that even small specification shifts 
can produce large discrepancies in making ecological inferences. For­
tunately, F can always be calculated with observable aggregate data, 
so with this expression we can at least judge the potential problems 
that might be introduced by various-sized specification shifts, which 
are not observed.12 

3.4 EQUIVALENCE OF THE GROUPING AND INDETERMINACY PROBLEMS 

The grouping approach discussed in Section 3.3 and the indeter­
minacy problem introduced in Section 3.2 are viewed as different 
problems in the literature and are usually discussed in separate ar­
ticles by nonoverlapping sets of authors. When the approaches are 
mentioned in the same publications, they are typically either de­
scribed as distinct problems that both need to be solved, or one 
approach is criticized as incorrect or inferior from the perspective 
of the other. In fact, the grouping and indeterminacy problems are 
mathematically equivalent. One cannot be right and the other wrong. 
Having two separate approaches to the same problem is useful for 
understanding the problem from different perspectives, but only one 
problem need be solved. Analysts can conceptualize the aggregation 
problem either as grouping or indeterminacy. The solution to one is 
exactly the solution to the other. 

This result can be summarized by relating Equations 3.9 (page 45), 
3.13 (page 48), and 3.14 (page 52), which were derived so that they 
would be in the same notation and have the same meanings. 

D(B) = B - B (3.15) 

= A1bbx+A2bm-A3brh (3.16) 

= ffilfi2 (317) 

v(x,) (3Λ7) 

= HB - btx.z) (3.18) 

= f(N?T, N?T) (3.19) 

Appendix A proves the equality of these expressions. The novel per-

12 When generalized to tables larger than 2 χ 2, F cannot be computed from aggre­
gate data alone, but it can be computed from the cross-tabulation of the explanatory 
variables. In some multicategory cases, such as when census data are available for the 
multivariate version of X1, but not T1, this can still be a useful result. 
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spectives each of these equations gives on the aggregation problem 
have already been presented. We now need to get used to the fact 
that they are all different perspectives on the identical problem, rather 
than different problems. 

Equation 3.15 is the definition of the discrepancy, the difference be­
tween the estimated parameter from a single (weighted) Goodman's 
regression. It also emphasizes that we will not generally know the dis­
crepancy for certain; otherwise, we would be able to calculate, rather 
than estimate, the quantity of interest. 

Equation 3.16 represents one formalization of the indeterminacy 
problem discussed in Section 3.2. By using the insight about the in­
flation factor F from Palmquist (1993, 1994), we can further analyze 
this equation. Note that A1, A2, and A3 (as defined in Equation 3.10) 
are directly calculable from aggregate data. They are also all nonneg-
ative numbers. Their sizes inflate the discrepancy of each of the cor­
responding unobserved coefficients in this expression. Just as we can 
and should calculate F when making ecological inferences, we can 
also calculate (A1, A2, A3) to help evaluate the likely biases from this 
alternative perspective. 

Equation 3.17 is the traditional expression for grouping bias, which 
shows how precinct lines induce a correlation between X, and the 
error term, even though there can be no such correlation at the in­
dividual level. Equation 3.18 is the latest version of the clustering or 
grouping perspective given by Palmquist. It can be interpreted as the 
product of the inflation factor and the specification shift. Both were 
discussed in Section 3.3. 

Finally, Equation 3.19 emphasizes that the most basic unobserved 
quantities underlying each of these formulas are N^7 and N™T, the 
number of blacks and whites voting. In this equation, / ( · , ·) is a spe­
cific function, calculable (except for its arguments) from aggregate 
data. As these equations (and Appendix A) make clear, an infinite 
number of other expressions could also be derived for the discrep­
ancy. In fact, new expressions will undoubtedly appear in the litera­
ture in future years and, although they may also literally add nothing 
new, they might help us to look at the same aggregation bias results 
from new angles, just as Equations 3.15-3.19 each make a different in­
terpretive contribution. I hope as new perspectives are developed that 
they will be directly related to these existing results. 

3.5 A CONCLUDING DEFINITION 

One of the obvious implications of the results in this chapter is that 
Goodman's model gives biased inferences when applied to data with 
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nonzero discrepancies. Since this problem can be entirely due to the 
process of aggregation, Goodman's estimator in these situations is said 
to have aggregation bias. That is, in applications with nonzero discrep­
ancies, Goodman's model will not give the right answer even on av­
erage across many such applications. We could describe this aggrega­
tion bias as a grouping-induced correlation between X1 and e„ or large 
specification shift and inflation factors, but for convenience I usually 
discuss it in terms of the indeterminacy problem as dependence be­
tween X, and β\ or between X1 and /3f. In the remainder of this book, 
I continue to use the term "aggregation bias" to refer to those situa­
tions in which Goodman's model gives biased results (with or with­
out weights) because of aggregation bias, even when discussing other 
models. This definition will generate a slight abuse of standard sta­
tistical terminology since, in the context of other models, aggregation 
bias will refer to a property of the data (or an ill-advised Goodman 
regression) rather than to the estimator being evaluated. In particular, 
the method introduced in this book can give unbiased answers even 
in the presence of aggregation bias in the data. 



CHAPTER 4 

Non-Aggregation Problems 

THIS CHAPTER sets out the problems, unrelated to aggregation bias, in 
the two most widely used statistical approaches to the ecological infer­
ence problem—the Goodman regression and double regression models— 
as well as some problems with the methods of bounds. Valid ecologi­
cal inferences require a solution to all of the issues discussed here. A 
few of the problems introduced in this chapter have been discussed 
before in the literature; others seem to be known by some methodolo-
gists but virtually unknown by those applying these methods; others 
are well known by applied researchers but unknown to most method-
ologists; and still others are original to this chapter. The solutions to 
all these problems, as well as those discussed in Chapter 3 on aggre­
gation bias, appear in subsequent chapters. 

The problems discussed in this chapter affect ecological inferences 
whether or not aggregation bias exists in a particular data set. In any 
more routine statistical analysis, the issues discussed here would be 
addressed as a matter of course, since ignoring them would cause em­
pirical results to be severely biased or inefficient. Perhaps because of 
the apparently more difficult aggregation bias questions, methodolo-
gists have ignored these more basic statistical issues. However, they 
are not trivial. Indeed, these problems may account for some of the 
empirical problems previously, but incorrectly, attributed to problems 
with aggregation bias. They involve major concerns such as models 
that are not estimating the parameters of interest, massive levels of 
heteroskedasticity not incorporated into any model, and incorrect or 
missing measures of uncertainty such as standard errors and confi­
dence intervals. Although these problems of modeling and estimation 
are serious, most are unrelated to the problems of information loss 
and bias due to aggregation. 

4.1 GOODMAN REGRESSION MODEL PROBLEMS 

The most important problem, due only in part to aggregation bias, is 
that: 

Empirical applications of Goodman's model frequently give wildly inac­
curate and even impossible results. 
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For example, Table 1.3 (page 16) gives examples in which Goodman's 
model estimates the fraction of the black population who voted for the 
Democrats to be over 100% even though Bb and Bw are proportions 
and thus cannot logically extend outside of the [0,1] interval.1 Part 
IV includes examples in which Goodman's estimates are wrong even 
when falling inside these bounds. 

Even when the estimate falls within the [0,1] interval, problems 
with this method are often still obvious because after taking into ac­
count the information in the marginals the maximum possible bounds 
on the unknown parameters are usually narrower than the entire [0,1] 
interval. For example, consider the extreme situation of a district with 
100% African American population (X, = 1 for all i). In this circum­
stance, Bb (the fraction of blacks in the district who vote) is equal to 
the the fraction turning out to vote in the district (or equivalently, 
the weighted average of T1, that is Σ^Ν^Τ^Ν*). The quantity of 
interest is thus known exactly. In other examples with districts that 
are heavily but not completely homogeneous in racial terms, narrow 
bounds on the parameters of interest can be easily calculated. Maxi­
mum possible intervals for the unknown parameters calculated with 
these procedures can be [0,0.1] or [0.03,1] or [0.6, 0.65] or any other 
possibility. This is important—indeed deterministic—information, but 
Goodman's model ignores it. The method also ignores the analogous 
and more informative bounds on each of the precinct-level parame­
ters. Thus, 

Goodman's model does not take into account the information from the 
method of bounds and thus often gives estimates outside these known 
bounds. 

In fact, no existing statistical method of ecological inference explicitly 
takes into account the information from the method of bounds. Part 
of the reason for this difficulty is that the literature on this question 
works almost exclusively by means of simple numerical examples. 

1 Researchers have responded to nonsensical estimates by suggesting constraints 
(Telser, 1963), nonlinear transformations (Rosenthal, 1973), control variables (Hanushek, 
Jackson, and Kain, 1974; Stokes, 1969; Crewe and Payne, 1976), ignoring the problem 
unless the entire confidence interval falls outside the permissible range (Hawkes, 1969), 
ad hoc adjustment of the unrestricted estimates (Kalbfleisch and Lawless, 1984), ridge 
regression (Miller, 1972), and quadratic programming (Lee, Judge, and Zellner, 1970; 
McCarthy and Ryan, 1977). Unfortunately, none of these approaches has been proven 
in applications or won approval in the methodological literature. The problem, as rec­
ognized by many of these authors, is that estimates from Goodman's model of greater 
than one or less than zero suggest a problem with the model, not merely with its 
estimator. 
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Formal algebraic expressions have never been derived for most quan­
tities of interest. For other parameters of interest, such as \b and Kw in 
Table 2.2, even the simplest numerical examples of the bounds have 
not appeared in the literature. 

As Chapter 5 shows, the precinct-level bounds are extremely in­
formative about the district- and precinct-level quantities of interest, 
especially when combined with statistical information. To get a sense 
of how much information is being discarded by Goodman's model, 
consider this analogy. Imagine a regression model with an error term 
distributed as a uniform variable over the [0,1] interval. Now suppose 
someone gave you a different, narrower interval for each observation, 
such as for example [0.1,0.3] for the first observation and [0.6,1] for 
the second, with an average width covering about half the [0,1] space. 
You are told that the probability of the error term falling outside this 
narrower interval is zero. Ignoring the bounds is roughly as waste­
ful of information as not using the narrower intervals in deriving a 
model for this regression analogy. In addition, this deterministic in­
formation is even more valuable in the ecological inference context 
because Goodman's model is not even consistent with the wider [0,1] 
precinct-level bounds. That is, Goodman's model imposes no informa­
tion from these deterministic bounds, giving estimates restricted only 
to the real number line, rather than roughly half the [0,1] interval for 
each observation in a data set. Moreover, as described in Part III, the 
precinct bounds can also be used as reliable guideposts in avoiding 
aggregation bias. 

One of the most basic non-aggregation issues is that: 

Goodman's procedure has been interpreted to assume that the parame­
ters of interest are constant over observations. 

The existence of this assumption is recognized in the model because 
the regressions are homoskedastic, whereas a heteroskedastic model 
would in most cases have been required to estimate the average (or 
weighted average) parameter values correctly in Equations 2.1.2 Mod­
els that assume constant parameters do not generally produce unbi-

2 For example, in the accounting identity, T1 — /3¾ + /3|"(1 — X1), from Equation 
3.1, suppose β\ = 93b + ¢, where S" is the average over i of /8? and ef = /3? - 93* 
is a random error term with mean zero. Suppose also for simplicity that the other 
parameter is constant over precincts so that /3J" = SB1". By substituting these expressions 
into Equation 3.1, we get T, = WX, + 83""(I - X1) + [efX,], where the term in square 
brackets is now an error term. But this equation should no longer be estimated by least 
squares because the variance of its error term, V(ef)X2, varies over the observations as 
a function of X1 even if V(ef) is constant (unless V(^) happens to be proportional to 
exactly 1/Xf). 
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ased or efficient estimates of average values of parameters that vary 
(see Figure 3.1, page 41). In addition, the model includes no features 
in the mean function whereby the parameters can vary as a function 
of X, or any supplementary variables.3 

Contrary to much discussion in the literature (see, most recently, 
Agnew, 1996), we know with absolute certainty that this "constant 
parameter" assumption is incorrect. In all nontrivial empirical appli­
cations, constant parameters are not mathematically possible, since 
constraints on the parameters calculated with the method of bounds 
and its generalizations rule this out (see Chapter 5). In fact, one can 
also rule out constant parameters more easily by looking at a scat­
ter plot of the data, such as T1 by X, in Figure 4.1. (This scatter plot 
includes all electoral precincts in Marion County, Indiana that could 
be matched with U.S. Census data from the 1990 U.S. Senate elec­
tion. Marion County includes Indianapolis.) Since the only source of 
error in the basic accounting identity (Equation 3.1) is parameter vari­
ation, any deviation from the regression line is proof of parameter 
variation. The obvious scatter in this scatter plot proves the existence 
of parameter variation, and invalidates this key assumption of Good­
man's model. 

From a substantive perspective, constant parameters are also im­
plausible in ecological inference applications. For example, even on 
average, we would not expect cosmopolitan, liberal whites to vote 
for a liberal black Democratic candidate at the same rate as would 
conservative, rural whites. In the best possible case, ignoring this pa­
rameter variation means that Goodman's regression procedure yields 
inefficient estimates and biased standard errors. In the vast majority 

3 Goodman's approach of building an aggregate model by imposing theoretical re­
strictions on the individual units is closely related to the more developed ideas in 
"exact aggregation theory" (See Stoker, 1993). This theory is powerful theoretically for 
ascertaining what individual-level assumptions are required to produce a meaningful 
aggregate model, but problematic empirically because the necessary assumptions (such 
as Goodman's constant parameter assumption) are not always empirically reasonable 
(see Lau, 1982; Jorgenson, Lau, and Stoker, 1982; Lewbel, 1989; Heineke and Sheffrin, 
1990). A different way to interpret Goodman's constant parameter requirement is to 
assume that the aggregates behave as a "representative individual." This is analogous 
to the "representative agent" assumption widely used to justify macroeconomic analy­
ses. However, as Kirman's (1992) survey demonstrates, by appealing to a mathematical 
theorem due to Sonnenschein (1972) and Debreu (1974), the representative agent as­
sumption is highly questionable, if not logically impossible. Because there is also no 
reason to think that a district aggregate behaves as a "representative individual," how­
ever it might be defined, an analogous argument, along with the arguments in Chapter 
3, provides sufficient reason to discard this interpretation. 
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Figure 4.1 Scatter Plot of Precincts in Marion County, Indiana: Voter Turnout 
(T1) for the U.S. Senate by Fraction Black (X,), 1990. Scatter around the regres­
sion line, which can only be due to parameter variation, invalidates the key 
Goodman regression model assumption. 

of cases, ignoring this parameter variation will also bias its parameter 
estimates. 

Since Goodman's model does not weight the parameters from dif­
ferently sized precincts any differently, the best-case scenario, given 
that the parameters vary, might be that this regression is estimating 
the averages of the precinct parameters (33b and S&w) instead of the 
more interesting fractions of blacks and whites who vote district-wide 
(Bb and Bw). Thus, 

Goodman's regression is estimating parameters that are not the quanti­
ties of interest. 

The only situation in which Goodman's regression would seem to 
estimate the parameters of interest correctly is when all precincts have 
the same voting-age population and 50% of each precinct's voting-
age population is black (and 50% white), in which case the regression 
variables would be perfectly collinear and the procedure would fail, or 
when the precinct population sizes are uncorrelated with the precinct 
parameters. 

Some users of Goodman's model attempt to estimate the correct 
quantities of interest by running the regression with weighted least 
squares, but this does not generally solve the problem and, in some 
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cases, creates new difficulties. The confusion may be due to different 
uses of the word "weighting." The weighted averages that are required 
to produce the parameters of interest are simply those in Equations 2.1 
(page 33), with weights based on the size of the black or white voting-
age population. In contrast, regression weights in weighted least squares 
primarily affects the efficiency of each regression's estimates and are 
based only on N1 (the total voting-age population). Unfortunately, the 
two forms of "weighting" have little to do with one another, except 
in one special case. 

The special case where weighted least squares helps in computing 
the weighted average can be understood as follows. If X; is not in­
dependent of β\ and j8j", we have aggregation bias, and Goodman's 
regression, with least squares or weighted least squares, is biased. Al­
ternatively, if this independence assumption holds, unbiased estimates 
with Goodman's least squares regression occur only if N1 is indepen­
dent of the /3,s. (In Goodman's framework, these independence as­
sumptions must be made on the basis of theoretical argument only in 
order to guarantee unbiased estimates, and even then the estimates 
will be inefficient and standard errors biased.) The one special case 
in which weighted least squares helps with the weighted average is 
that in which there is no aggregation bias but N1 is related in some 
way to β\ or /SJ". In this case, if it is also true that N1 and X1 are in­
dependent, then least squares produces biased results and weighted 
least squares produces unbiased results. The problem is that this spe­
cial case is very special: if X, and N1 are not independent, then any 
relationship between N, and β\ or β™ means that least squares and 
weighted least squares generate biased coefficients, whether or not 
there exists aggregation bias. 

This leads us to the next problem with Goodman's model: 

Using weighted least squares (with weights based on N1) is often in­
appropriate even for the problem for which it was designed and can 
exacerbate other problems. 

The statistical logic of using weighted least squares in Goodman's 
regression more generally than the special case is based on a sound 
but inapplicable theoretical argument that has not been made explicit. 
In fact, the logic applies not just to ecological inference, but to almost 
any analysis based on geographic units. 

First denote T1; as the individual-level version of the variable T1. 
That is, Τι;· is 1 if voting-age person j (j = 1 , . . . , N1) in district i (i — 
1, . . . , p) votes and 0 if he or she does not vote. Also denote π,, as the 
ex ante probability that person j in district i votes; that is Pr(T i ; = 
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1) = TT1J. Then compute the observed precinct variance as follows: 

IfC(T1J1T1-C) = O(OTaIIy 5 S/, 

= (^)2(Σ>,<Ι-",>) («) 

And if 7T!; = TT1J, for all j Φ /', 

If all the lines (and corresponding assumptions) in this equation are 
correct, then the variance of the dependent variable is proportional to 
one over the number of voting-age people in the precinct, and thus 
weighted least squares based on the voting-age population is an ap­
propriate response. However, the last two lines in this equation make 
dubious assumptions. Equation 4.1 holds only in the unlikely event 
that each person's vote in precinct i is independent of every other 
person's vote. So this assumption is violated if people influence each 
other to vote, such as would occur if they went together to cast their 
ballots, or car pools were available, or any form of civic culture en­
couraged voting among some groups, or if similar unobserved factors 
explained the decisions of different individuals to vote. The assump­
tion would also be violated if some variable, such as campaign ad­
vertising, socio-economic status, or get-out-the-vote drives influences 
groups within the precinct to vote. Equation 4.2 holds only if, in ad­
dition, the ex ante probability of voting is identical for each person 
voting in the precinct. Obviously, neither the independence nor this 
homogeneity assumption holds in any real election, and thus the theo­
retical justification for population-based weights is unfounded. 

Whether Equations 4.1 and 4.2 hold approximately in any applica­
tion is an empirical question, as relevant empirical evidence gener­
ally dominates fact-free theorizing, at least when the theories are not 
based on anything other than reasonable arguments without some 
reliable foundation. Although they are unsure about its "theoretical 
status," Achen and Shively (1995: 59) claim that "as a practical mat­
ter, when district populations are highly variable, population weight-



4.1. Goodman Regression Model Problems 63 

ing should ordinarily be used." In fact, the question is not whether 
populations (or voting-age populations) are variable, which is almost 
always the case, but whether the conditional variances change over 
geographic units in proportion to population size. The answer should 
depend on the empirical evidence. One way to assess this evidence is 
represented in Figure 4.2, which plots the squared residuals ef from 
an (unweighted) least squares regression of T1 on X1 and (1 — X1-) 
(vertically), by weights computed based on precinct population, 1/N1-
(horizontally). The squared residuals are an unbiased estimate of the 
variance of each observation. If these weights are correct, the points 
in Figure 4.2 should closely fit a positively sloping regression line. 
Obviously, no such clear relationship is evident. Since this same tech­
nique can be used in almost any aggregate data set, we need not leave 
empirical questions to unfounded speculation.4 

Whenever the population-based variance assumption is not clearly 
supported by the data, as in this example, the weights should not 
be used, or a more flexible version of the assumption should be de­
veloped instead. In my experience, this assumption is occasionally 
appropriate but more often is not. This is because vote proportions 
(or other statistics) from precincts with 1,000 people are often nearly 
as variable as precincts with 500, and the difference in variability is 
different from what Equation 4.2 would indicate. Yet, there often is 
some relationship to population size, even if not the one generally as­
sumed. For example, Figure 4.2 does not display the predicted linear 
pattern, but there does appear to be some relationship in the data: 

4 Achen and Shively (1995: 59) and others sidestep this issue by claiming that "many 
electoral data sets contain districts of roughly equal size, so that the problem evapo­
rates." In fact, this is not true for almost any real legislative districts. Even the popu­
lation of U.S. House districts, about which the Supreme Court is most obsessive, vary 
significantly across states: in 1992, the largest House district had 176% of the popu­
lation of the smallest district. No legislature had remotely similar district sizes prior 
to the 1960s. Since then, the Supreme Court has allowed significant population varia­
tions for state legislatures based on the districting norm of not splitting local political 
subdivisions and maintaining communities of interest. U.S. Senate districts (i.e., states) 
vary in population by a factor of about sixty. District sizes in every other country are 
far more variable than in the United States. But much more important is the fact that 
the best ecological data sets, based on electoral precincts, voter tabulation districts, mi­
nor civil divisions, towns, or sometimes counties, vary enormously in population size 
(Manhattan is one county, for example). Moreover, population size is only relevant to 
Equations 4.1 and 4.2 if the dependent variable in ecological inference models is voter 
turnout, fraction registered, or other statistics based on population size. If the object of 
the ecological inference is voter choice, for example, then voter turnout would be sub­
stituted for population, and virtually all geographic units display large variations in 
turnout. Even U.S. House districts vary in turnout by a factor of more than seven. 
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Figure 4.2 Evaluating Population-Based Weights, using the same data as in 
Figure 4.1. If population weights were appropriate, this scatter plot would 
closely fit a positively sloping regression line. 

the largest cluster of points in the figure displays almost no pattern, 
but precincts with the smallest populations (to the right side of the 
graph) have larger variances on average than the largest precincts (to 
the left). (The smaller precincts also have a larger spread of estimated 
variances.) 

If there exists evidence of conditional variance depending upon 
population, some empirical estimation rather than "theoretical" as­
sumption would usually be preferable. For example, the log of the 
variance might be proportional to the population weights taken to a 
power, with the power estimated. A different nonlinear function could 
also be tried if, as in this figure, there appears to be some evidence for 
it, although it would be best to have multiple data sets available to 
confirm that a preliminary analysis is not modeling only idiosyncratic 
features of the data.5 

5 Scholars in agricultural statistics have wrestled with a nearly identical problem for 
many years. Using data from farms (or experimental plots) of different sizes, they 
regress the yield per acre of various crops on covariates such as fertilizer usage or soil 
moisture, and worry about the appropriate weights. The best model of heteroskedas-
ticity in this field and some others (using notation from above) often turns out to be 
weights proportional to (1/N1)", where a is estimated to be something other than 1. In 
contrast, Equations 4.1 and 4.2 assume without evidence that ο = 1. See Fairfield Smith 
(1938), Whittle (1956), and Cressie (1993). 



4.1. Goodman Regression Model Problems 65 

Using population-based weights when they are not appropriate will 
produce an incorrect variance function and lead to the same conse­
quences as heteroskedasticity in least squares regressions. Population-
based weights were used in theoretical analyses of aggregation bias 
in Chapter 3 in order to reduce the algebraic complexity of some ar­
guments, but whether to use these weights in any specific empirical 
analysis remains an empirical question. Finally, even in the unusual 
case in which these weights are appropriate, Goodman's regression 
still does not estimate the quantities of interest. That is, weighting af­
fects only the statistical properties of the estimates rather than what 
is being estimated. In the best case, Goodman's regression with or 
without population-based weights is estimating the unweighted av­
erages of the precinct-level quantities of interest, not the district-wide 
fractions of blacks and whites who vote.6 

A final problem also has to do with unequal variances. Demonstrat­
ing that population-based weights are usually inappropriate does not 
necessarily mean that the regression is homoskedastic. In fact, 

Ecological data often exhibit strong heteroskedasticity (unrelated to N1) 
that is not captured by the Goodman model. 

No existing model is consistent with this pattern, but it is screamingly 
clear in almost all published scatter plots in the ecological inference 
literature. The heteroskedasticity is unambiguous in Figure 4.1 (page 
60). It is even more obvious in voting-related analyses, where the het­
eroskedasticity is especially massive. For example, Figure 4.3 plots the 
Democratic fraction of the two-party vote (VJ) vertically and the black 
fraction of the voting age population (X1) horizontally. These data are 
Philadelphia precinct returns from the 1990 Pennsylvania gubernato­
rial election, matched to U.S. Census data. The variability (measured 
vertically) at the left side of the figure is obviously much larger than 
at the right side, indicating that the predominately white precincts 
are much more variable in their voting preferences than mostly black 
precincts. (Moreover, as I show in Chapter 6, an ecological inference 
model that assumes homoskedasticity, or heteroskedasticity that is not 
a function of X1-, implies that the correlation between β\ and β™ is 1.0 
and the variances of these parameters are exactly equal. This is as 
implausible as it is unnecessarily restrictive.) 

From a substantive perspective, this result should not be surpris­
ing. Homogeneously black precincts are most often in poor, inner-
city areas. Middle-class African Americans are more likely to live 

6 For earlier discussions of weighting in ecological inference, see Goodman (1959), 
Wildgen (1988), Krivo and Kaufman (1990), and Huston (1991). 
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Figure 4.3 Typically Massive Heteroskedasticity in Voting Data. Philadelphia 
precinct results from the 1990 Pennsylvania gubernatorial election matched 
to U.S. Census data. Note how the variance, measured vertically around the 
regression line, is larger at the left than right side of the figure. 

in nonsegregated communities. In comparison, homogeneously white 
precincts come in many varieties: some are inner-city segregated white 
neighborhoods or precincts in cities with few minorities; others are in 
wealthy suburbs; and still others are in conservative rural communi­
ties. Again, analogous substantive interpretations apply to ecological 
studies of class and voting and many others. 

This massive level of heteroskedasticity exists even in data sets re­
peatedly used in the ecological inference literature. For example, in 
Robinson's (1950) original data, the range in the fraction illiterate for 
states with large foreign-born populations is five to seven times larger 
than that for states with very small foreign-born populations. Any ef­
ficient model of ecological data must take into account this wide di­
versity in types of heteroskedasticity. 

Ignoring this high level of heteroskedasticity has the same conse­
quences as in the worst cases analyzed in the textbooks and several 
more serious difficulties. For one, standard errors will be biased. In 
practice, standard errors from Goodman's regressions are implausi­
bly small, often less than 0.01 (one percent). In contrast, the standard 
errors on precinct voter forecasts, which should provide something 
near to a lower bound on ecological inference standard errors, are at 
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least six times larger.7 Given the inaccuracy of the method in prac­
tice, Goodman's regression surely underestimates its standard error. 
The other consequence of this heteroskedasticity is that the coefficient 
estimates will be very inefficient, meaning that valuable information— 
especially valuable in the case of ecological inference where informa­
tion is in such short supply—is being discarded. 

Across statistical applications, it is not always obvious when to go 
to the extra effort to take heteroskedasticity into account. For example, 
regression coefficients are consistent in its presence, and standard er­
rors can be fixed with procedures such as White's "heteroskedasticity-
consistent standard errors." Thus, modeling heteroskedasticity will 
only improve the efficiency of coefficient estimates, in addition to gen­
erating a more realistic and verifiable model. Often, a little extra effi­
ciency may not be worth the effort, especially if a more complicated 
model risks introducing bias. 

The problem is that this intuition, developed in applications of the 
linear regression model, does not apply to ecological inference. Het­
eroskedasticity may not be enormously consequential in linear regres­
sion, but it is critical for inferences based on distributions that are 
bounded or functional forms that are anything other than unrestricted 
linear functions. As a simple analogy, the variance is very important 
for estimating the maximum of a variable or the probability that it 
is greater than some chosen value. Because aggregate data contains 
information on the bounds for all precinct-level parameters, model­
ing heteroskedasticity will prove essential to building an ecological 
inference model capable of providing accurate answers. 

Modeling heteroskedasticity is especially important in the ecological 
inference problem if X, varies over only a small region of its possible 
[0,1] range. For example, in many data sets the fraction of the popu­
lation that is black might only range from zero to 0.3, yet to estimate 
the fraction of blacks who vote the analyst is forced to extrapolate all 
the way to X, = 1. With an incorrect model of heteroskedasticity, un­
certainty estimates at the end of the extrapolation can be very far off 
the mark. 

Extrapolating out of the range of observable data is almost always 
a hazardous statistical procedure, and must be analyzed carefully. For 
example, the American politics literature indicates that higher levels 
of inflation reduce public support for the incumbent president. But 
what would happen if inflation increased to 200%? Obviously, pres-

7 To put it differently, implausibly small standard errors are often indicative of het­
eroskedasticity in the first place. Of course, Goodman standard errors are also off due 
to aggregation bias and the other problems discussed in this chapter. 
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idential approval would not drop to —50%. In fact, we have no clue 
what would happen. Maybe the public would rally around the presi­
dent in such a time of national crisis, or perhaps they would vote the 
president out in the next election, or not wait until then and storm 
the White House. Events this far from our range of experience cannot 
usually be predicted reliably. The ecological inference problem often 
requires some extrapolation (Freedman et al., 1991: 810-811). A reli­
able statistical approach must appropriately model the heteroskedas-
ticity in the data in order to arrive at appropriately sized variances 
and uncertainty estimates. 

Moreover, as demonstrated in Chapter 6, only the variance function 
contains information about several key features of the individual-level 
data being estimated. Thus, if heteroskedasticity is ever worth mod­
eling well, it should be in making ecological inferences. As Chapter 
6 demonstrates, the basic structure of the problem should lead us to 
expect heteroskedasticity of the type in evidence in Figure 4.3 and 
the numerous other data sets like it. In fact, any logically consistent 
model that allows for variable parameters will automatically imply 
that aggregate data can be heteroskedastic. 

4.2 APPLYING GOODMAN'S REGRESSION IN 2 χ 3 TABLES 

This section shows the consequences of applying Goodman's single 
regression technique to estimate the parameters of a 2 χ 3 table. Table 
2.2 (page 30) is the running example for this section, and the goal is 
estimating the district aggregates Ab (fraction of blacks who vote for 
the Democratic candidate) and Aw (fraction of whites who vote for 
the Democrat). 

In order to apply Goodman's model directly, we would need to re­
gress Vj (the proportion of the vote for the Democratic candidate, 
Nf /N? = DJT1) on X1 (proportion of voters who are black, NbT/N^) 
and (1 — Xj) (proportion of voters who are white) with no constant 
term. The coefficients from this least squares regression, Ab and Aw, 
are intended to be estimates of Ab and Aw, since the precinct-level 
parameters λ\ and \f are assumed constant for all i. 

The model underlying this regression is based loosely on the fol­
lowing accounting identity: 

Vj = A ^ - I - A f ( I - X , ) (4.3) 

Unfortunately, x, is not generally observed in voting studies, and so 
X, is used in its place. If the black proportion of voters X1 is the same 
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as the black fraction of the voting-age population X1, this substitution 
obviously changes nothing, and we are back to a standard Goodman 
regression equivalent to that considered earlier in this chapter. How­
ever, because turnout is often lower among African-Americans than 
other groups, this substitution can cause bias because of changes in 
the parameter meanings. 

The consequences of using the observed, but incorrect, X, instead of 
the correct, but unobserved, X1 is usually ignored in the methodolog­
ical literature on ecological inference. Some (including Goodman) use 
a motivating example other than race and voting for which the equiv­
alent of x, is observed. Only about a half-dozen studies (discussed in 
Section 4.3) recognize the issue explicitly. No study has given the pre­
cise mathematical consequences of this substitution. 

Begin by writing Equation 4.3 after substituting X, for X1. 

V1 = y% + 7^(1 - X,) (4.4) 

The y's in this equation are not necessarily equal to the A's in Equation 
4.3, but we can derive their exact relationship. To do this, first decom­
pose the unobserved variable X1 into a function of the observed X1: 

Xj = (β\/T1)X1, and for convenience, (1 - X1) = (β™/T1)(I - X;). Then 
substitute these expressions into Equation 4.3 in place of X1: 

Vt = X^x1+ XY(I-X1) 

ob ow 

= A?£x, + A ^ ( I - X 1 ) 

By comparing the last line of this equation to Equation 4.4, we can 
see that instead of estimating Af and \f, Goodman's regression in the 
context of 2 χ 3 tables is estimating: 

ob ow 

r? = A?(ff- and Jf = XY^r (4.5) 
* ί * i 

These expressions demonstrate that: 

The "accounting identity" on which Goodman's model is based does not 
hold for 2 x 3 tables. 

This same point also applies to any other method that would use the 
incorrect expression in Equation 4.4 instead of the correct accounting 
identity (with an unobserved variable) in Equation 4.3. 
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Then 

Case If Blacks Whites Racial Bloc Voting 

1 #> = # Af = γ? Af = y? A, = γ, 

2 /3? >/3f Af > Y1 Xf <y? λ, >γ, 
3 # " < # λ?<γ? ΑΓ>γΓ λ, <γ, 

Table 4.1 Comparing Goodman Model Parameters to the Pa­
rameters of Interest in the 2 x 3 Table. The table shows how 
the correct Democratic vote parameters (Af and AJ") differ from 
the parameters of Goodman's model (yf and γ") in the 2 x 3 
table context, as a function of the correct turnout parameters 
OSf and β?). 

To interpret these results further, denote the degree of racially 
polarized voting—the fraction of voting-age blacks voting for the 
Democratic candidate minus the fraction of whites voting for the 
Democrat—thought to result from Goodman's regression model 
as Ji — y\ — yf. The actual degree of racially polarized voting is 
λ,- = A1- - \f. 

Table 4.1 summarizes three specific interpretations of these results 
(in precincts with at least one black and one white). The parameters 
being estimated equal the parameters of interest only when black and 
white turnout rates are equal, β™ = β\ (Case 1 in the table), which is 
rarely true in practice. Indeed, it is assumed or found to be false in al­
most all studies in this literature. Case 2 portrays the more usual situ­
ation in which black turnout rates are lower than white turnout rates. 
In this situation, using Goodman's model gives racially polarized voting 
numbers that are too small. Case 3 shows that, in the relatively unusual 
case in which black turnout rates are higher than white turnout rates, 
Goodman's model gives results that are too high. 

Equations 4.5 also prove that yb

t and yf vary over precincts, even in 
the extremely unusual case in which Af and Xf do not. This has three 
main consequences. First, Goodman's least squares regression when 
applied in practice to voting data ignores this parameter variation 
during estimation, which is equivalent to ignoring heteroskedasticity 
which is present. Second, in most cases, the damage caused is a lot 
worse, since the parameters being estimated do not correspond to the 
parameters of interest. And finally, the results about what parame­
ters Goodman's model is supposedly estimating in Table 4.1 are not 
a guide about what will happen in practice if this model is inappro­
priately run with data from a 2 χ 3 table, since real applications will 
also be affected by aggregation bias and the other problems in this 
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chapter. The relationship between the estimated parameters and the 
quantities of interest would be lost in this context. 

4.3 DOUBLE REGRESSION PROBLEMS 

The "double regression" procedure was apparently invented by 
Kousser (1973) and reinvented independently in different disciplines 
by Loewen (1982), Kleppner (1985), and Grofman et al. (1985). It is 
not often used in academic work, and it is rarely discussed even in 
the course of the best methodological works on ecological inference. 
But as even the courts and most expert witnesses in voting rights 
cases recognize, double regression dominates Goodman's regression 
in studies with 2 x 3 contingency tables like Table 2.2 (page 30), for 
example in studies of race and voting. It will also prove useful for 
arbitrarily large contingency tables. Because double regression is a 
generalization of Goodman's regression for these larger tables, all 
problems identified in Chapter 3 and Section 4.1 also apply to the double 
regression model. 

The purpose of the double regression method is to solve the prob­
lem posed in Section 4.2: that Goodman's model does not apply to 
tables larger than 2 x 2 . Thus the goal is to estimate Ab (the propor­
tion of blacks voting for the Democrats) and Aw (proportion of whites 
voting for the Democrats). Most methodological discussions of ecolog­
ical inference avoid the issues that arise in this section by "assuming" 
that Xi (the proportion of those voting who are black) is known and 
used in place of X1- (the proportion of the voting-age population that 
is black). This is a decision made by methodologists, made in order to 
focus on other difficult issues. However, although data on x,- are avail­
able in a few data sets, these data are quite rare in real voting and 
most other applications. Thus, almost any practical use of aggregate 
data in race and voting studies to make inferences about individuals 
should include the insights from the double regression procedure. 

Double regression is based on four accounting identities: 

T 1=JSfXi-HjBr(I-Xi) 

D1 = 0*Xf + θ?(1 ~ Xi) 

QW 

K = lL· (4-6) 
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Proving these equalities requires substituting raw counts in Table 2.1 
for definitions of the right side variables in Equations 4.6, and show­
ing that they equal the definition of the variable on the left side.8 

The first accounting identity is easiest to see in Table 2.3. The second 
identity can be seen by collapsing Table 2.2 into vote Democrat (D,) 
versus vote Republican or no vote (1 — D1). (In other words, in Table 
2.3, replace β\, β?, and T1 with 0f, 0J", and D1, respectively.) 

To implement the double regression method, the parameters in 
Equations 4.6 (all assumed to be constant over precincts) are esti­
mated by least squares regressions of T1 (fraction of voting-age people 
turning out) and D1 (fraction voting for the Democrat of those in the 
voting-age population), one at a time, on X, and (1 - X1) (without 
a constant term). These are merely two separate Goodman's regres­
sions. Denote the estimates of the first equation as Bb and Bw, as in 
Section 4.1. Estimates of the second equation are Bb and ®w, although 
these are of indirect interest only. 

To obtain estimates of Ab and Aw, use the last two lines of Equations 
4.6. The calculation is therefore: 

Bb 

Aw = — (4.7) 
βχν 

The double regression procedure is an intuitive approach to estimat­
ing the A's. It overcomes some problems with applying Goodman's 
model directly. Thus, unlike Goodman's model, the parameters of the 
double regression model do coincide with the parameters of inter­
est at the precinct level (absent the problems discussed above).9 Put 
differently, the model does not require the assumption that turnout 
rates are the same for blacks and whites {β\ = /3f). But although dou­
ble regression solves this problem, all the problems of Section 4.1 still 
apply. 

8 For example, 

NbD Nb NwD Nm ND 

' ' ' y ' N? N1 N," N, N, 

The right side of this expression is the definition of D, in Table 2.2 (page 30). 
9 Due to Jensen's inequality, even if Θ* and Bb are unbiased estimates, their ratio is 

not necessarily an unbiased estimate of Ab, although it can be consistent. See Rao, 1989. 
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Finally, the double regression method adds another problem to the 
list: 

No method of calculating uncertainty estimates, such as standard errors 
and confidence intervals, exists for the double regression model. 

Although standard errors could be computed by such methods as 
bootstrapping, simulation, or analytical approximation, no method 
has been proposed. This is especially disturbing given how widely 
the method is used in state and federal courts to make real public 
policy decisions. Because the basic model is improved in subsequent 
chapters, I do not pursue these possibilities here. 

4.4 CONCLUDING REMARKS 

A valid method of inferring individual attributes from aggregate data 
requires a procedure for avoiding aggregation bias as well as a model 
that solves the non-aggregation problems discussed in this chapter. 
In particular, a working method of ecological inference should take 
into account the maximum information from the method of bounds. 
Rarely is deterministic information such as this available in a statis­
tical context, and it can be very valuable in making ecological infer­
ences. The method should be verified in data for which X1 varies over 
only a small portion of its possible [0,1] range. Implausible assump­
tions about the parameters of interest, such as constancy, should not 
be assumed; the parameters of interest are demonstrably not constant, 
and so modeling assumptions and empirical estimates should reflect 
this fact wherever possible. If the aggregate quantities are of interest, 
the weighted average of the precinct parameters (the district aggre­
gate) should be the goal, not the average of the precinct quantities. 
Weighting should be used if it helps with the statistical properties of 
the estimates and in estimating the correct quantities of interest; care 
should be taken to avoid disrupting one goal while trying to achieve 
the other. Observable implications of the chosen model should include 
the possibility of massive heteroskedasticity, as seems common in at 
least some aggregate data sets. If a 2 χ 3 table is the subject of in­
ference, the insight from the double regression model could be used. 
Finally, any method should include accurate assessments of the un­
certainty of all ecological inferences drawn. 





P A R T I I I 

The Proposed Solution 

This part presents a solution to the ecological inference problem. 
Chapter 5 reexpresses the data in a more useful way by provid­
ing formal methods for computing the deterministic bounds on the 
observation-level parameters of interest, as well as easy-to-use visual 
methods. These formal expressions for the bounds are then integrated 
in Chapter 6 with a statistical approach to modeling the remaining 
uncertainty within the bounds. I explain how to summarize infor­
mation about the model parameters in the data in Chapter 7, and 
how to compute the quantities of interest in Chapter 8. Finally, Chap­
ter 9 evaluates the remaining risks of making ecological inferences, 
analyzes the consequences of violating each model assumption, and 
provides diagnostic procedures and extensions of the basic model to 
work around potential problems. 





CHAPTER 5 

The Data: Generalizing the Method of Bounds 

THIS CHAPTER summarizes all deterministic information about each 
precinct-level quantity of interest from only the data in that precinct. 
This takes the form of formal algebraic expressions and an easy-to-use 
graphical method. As Duncan and Davis (1953) first noted, the [0,1] 
bounds required of any proportion can be narrowed further in making 
ecological inferences. Because these narrower bounds require no as­
sumptions and involve no data reduction, the bounds are in this sense 
synonymous with the data. This chapter excludes all statistical infor­
mation and other uncertain knowledge of the quantities of interest. 
In the chapters that follow, the bounds derived here provide valuable 
deterministic information, and statistical approaches give probabilistic 
information about the parameters of interest within these bounds. 

Although in some cases these deterministic precinct-level bounds 
will be narrow enough to be useful alone, many examples in the lit­
erature are too wide for substantive purposes. Shively (1974, 1991) 
and Sigelman (1991) have developed creative ways to narrow these 
bounds further in the context of specific examples for small num­
bers of individual areal units by using external (nonstatistical) infor­
mation or additional assumptions. Claggett and Van Wingen (1993) 
demonstrated how geometric interpretations of linear programming 
can be used to arrive at these bounds. However, despite this progress, 
the wide bounds and the unease scholars seem to have with the as­
sumptions necessary to narrow them further has limited the applica­
tion and usefulness of this method. In part as a result, the literature 
is now bifurcated between supporters of the method of bounds and 
those who prefer statistical approaches. Although progress has been 
made in each area, heated debates about which approach is better of­
ten substitute for efforts to join the two (see Flanigan and Zingale, 
1985; Kousser, 1986b; Dykstra, 1986). This is unfortunate, since the 
insights from each literature are not logically contradictory and the 
contributions do not overlap. They provide separate, almost additive, 
information that can be used together to solve different aspects of the 
ecological inference problem. 

Scholars have calculated the bounds on the /3,'s (the fraction of 
blacks and whites who vote) and θ/s (the intermediate parameters) 
for specific numerical examples but not for the A's (the fraction of 
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blacks and whites voting for the Democrats). However, in order to 
combine the insights of this literature with the various statistical 
approaches, we need formal algebraic expressions for each of the 
bounds, but these have not previously appeared in the literature. 
The general expressions for these bounds derived in this chapter 
make calculations much easier in general and in application to spe­
cific cases. Finally, scholars have often thought that the bounds on 
the precinct-level parameters imply even wider, and thus virtually 
useless, bounds on the aggregate quantities of interest (Equations 
2.1). I demonstrate here that this belief is due to the use of incorrect 
procedures for computing these bounds. 

Section 5.1 briefly analyzes homogeneously black or white precincts, 
and Section 5.2 discusses upper and lower bounds on the more com­
mon precincts composed of both blacks and whites. Section 5.3 pro­
vides a very easy graphical method of assessing how much determin­
istic information exists in a set of ecological data about the quantities 
of interest. Appendix B gives technical details. 

5.1 HOMOGENEOUS PRECINCTS: N O UNCERTAINTY 

Homogeneous precincts are the best case from the perspective of 
recovering the underlying parameters. In this situation, the upper 
bound equals the lower bound, and no uncertainty remains about 
the location of the precinct-level parameter of interest. Because the 
ecological inference problem requires descriptive and not causal in­
ferences, we can label either variable as explanatory or dependent. 
As such, homogeneity is helpful when it occurs either for X, or T1-. 

Consider first a precinct i composed of 100% African Americans, 
that is, X11 = 1. In this situation, the number of votes, which we ob­
serve, is the same as the number of blacks voting. In terms of the 
notation in Chapter 2, the absence of white people of voting age en­
ables us to remove the second row of Table 2.3 (page 31). This means 
that the previously unknown values in the first row are equal to their 
corresponding values in the marginals from the last row and are thus 
known with certainty. This fact enables us to determine the precinct-
level parameters without ambiguity. The same logic applies to the 
larger Table 2.2. 

Thus, for homogeneously black precincts (i.e., for X, = 1), β\ = T1-, 
θ\ = D1, and λ\ = V1, and in the absence of white voters, $f, ff?, and 
AJ" are undefined. Similarly, in homogeneously white precincts (for 
which X1- = 0), /8™ = T1, Θ? = D1, and Xf = V1, and β\, θ\, and Af are 
undefined. Appendix B proves these results more formally. 
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Since T1 is usually a behavioral outcome variable, I will refer to 
homogeneity in T1 as unanimity. First consider a precinct for which all 
eligible voters cast ballots, T1; = 1. In this situation, all blacks and all 
whites are also unanimous, so that β\ = 1 and β? = 1 (and if T1 = 0 
then β] = 0 and /3f = 0). Similarly, if the Democratic candidate wins 
unanimously in a precinct (V1 = 1), then λ\ = Xf = 1 (and if V, = 0 
then \\ = kf = 0). 

5.2 HETEROGENEOUS PRECINCTS: UPPER AND LOWER BOUNDS 

Consider now the more difficult case of heterogeneous districts, where 
pinning down the exact position of the parameters of interest is im­
possible. 

5.2.2 Precinct-Level Quantities of Interest 

This section considers only precincts with at least one white and at 
least one black person of voting age, that is where 0 < X, < 1; at least 
one person votes and one does not, 0 < T1- < 1; and, when computing 
bounds for the A's, both the Democratic and Republican candidates 
receive at least one vote each, 0 < V1; < 1. 

As proven in Appendix B, the upper and lower bounds on the 
precinct-level quantities of interest are each functions of T1 and X, 
(for j8f and j8f) and D1- and X, (for θ\ and 0f): 

^ (θ, ̂ S ) £ ^ ^ 1 ) 

The j3,'s and 0,'s corresponding to each precinct must fall within these 
deterministic bounds, and in practice they are almost always narrower 
than [0,1]. 

Moreover, the bounds in Equations 5.1 do not represent all exist­
ing deterministic information about the parameters. For example, we 
also know that β\ and /3f are linearly related, given knowledge of the 
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aggregate data X, and T1. We can see this by rearranging the basic 
accounting identity (Equation 3.1, page 38) with one unknown ex­
pressed as a function of the other: 

Because the slope of this line, —X,/(l -X 1 ) , is never positive, we know 
that if β\ falls near its upper bound, β™ must fall near its lower bound. 

Since this formulation, and the graphics it implies, will provide 
an extremely useful summary of the data for the statistical model in 
Chapter 6,1 now work through a simple numerical example and also 
give the corresponding visual representation. Thus, for example, in 
Precinct 52 in Pennsylvania's second state senate district in 1990, the 
Hispanic population was X5 2 = 0.88 and turnout was T5 2 = 0.19. By 
plugging these values into the first two lines of Equations 5.1, which 
give the bounds, we know that /352 must fall in the narrow interval 
from 0.07 to 0.21, whereas the bounds on β™2 range all the way from 
zero to one. These calculations are useful, and the bounds on j852 are 
narrow enough to be informative substantively, but we can represent 
these facts along with other information in another way. 

Thus, by substituting in the values for X5 2 and T52 into the equations 
for the intercept and slope in Equation 5.2, we know that whatever 
the quantities of interest are in this precinct, they are related by the 
following linear expression: 

P52 V l - 0 . 8 8 / V l - 0 .88/ P 5 2 

= 1.58 - 7.33]¾ (5.3) 

The dark line in Figure 5.1 portrays the valid range of this linear equa­
tion visually, by where it intersects the unit square. To draw this line, 
note that /J52 and β™2 in Equation 5.3 are now the variables, whereas 
the intercept and slope are functions of the known quantities X5 2 and 
T52. We can compute any point on this line by setting β\2 to some 
number, plugging it into this equation, and computing β™2. For ex­
ample, if j8i;2 = 0.1, then / ¾ = 1.58 - 7.33(0.1) = 0.85. Similarly, if 
β\2 = 0.2, then β%2 = 1.58 - 7.33(0.2) = 0.11. This gives us two points 
on the line (at coordinates 0.1,0.85 and 0.2,0.11). To plot the entire dark 
line in Figure 5.1, draw a line through these two points and extend it 
to the edges of the unit square (cf. Achen and Shively, 1995: 207). 
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0 .25 .5 .75 1 

Figure 5.1 A Data Summary Convenient for Statistical Modeling. Each coor­
dinate represents a unique possible value of β\ and /SJ". Each line traces out, 
for a particular combination of T, and X1 in a precinct, all possible values of 
the parameters (see Equation 5.2). The bounds for a precinct can be deter­
mined by projecting each line onto the horizontal (for β\) and vertical (for 
/3j") axes. (The dark line is an example used in the text.) The data are the 
proportion Hispanic and proportion turnout from precincts in Pennsylvania's 
second state senate district in 1990. 

Each coordinate in this square figure corresponds to a value of β\ 
(the fraction of Hispanics who vote) horizontally and /3f (the fraction 
of non-Hispanics who vote) vertically. This means that before X, and 
T1 are observed, all we know is that the true β\, β™ coordinate falls 
at some point in the unit square in the figure. Once we observe X, 
and Tj for a precinct, we can compute the bounds for β\ and β™ 
from Equations 5.1 to narrow in on the true values. Alternatively, we 
could calculate the intercept 7,-/(1 — X,) and slope -XjV(I — X1-) from 
Equation 5.2, and then use these to draw a line on the figure. Thus, 
for Precinct 52, we know that the true / ¾ , / ¾ coordinates must fall 
somewhere on the dark line in the figure. Since this reduces the search 
from the entire unit square to a single line in the square, these computations 
substantially increase our knowledge about the parameters of interest. 

The bounds from each precinct can be determined from its line in 
Figure 5.1 by the maximum range it projects onto the horizontal and 
vertical axes. For example, the dark line projects downward onto the 
horizontal axis only in the range where β\ e [0.07,0.21] and onto the 
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left vertical axis where βγ e [O,1], the same bounds as computed 
above from Equations 5.1. 

In addition to Precinct 52, Figure 5.1 plots 249 other lines based on 
Equation 5.2, using the proportions of the voting-age population who 
are Hispanic (X1-) and who vote (T1) in the remaining 249 precincts 
in Pennsylvania's state senate District 2 in 1990. Each of these lines 
was computed by following the identical procedure as described for 
precinct 52, but for different values of X, and T1-, and thus different 
intercepts and slopes, corresponding to the precinct from which they 
come. 

This figure provides a view of the entire data set. Thus, for example, 
one feature of these data are the large number of nearly flat lines, 
which are from districts with small fractions of Hispanics (i.e., X, is 
small and so the slope -X1V(I - X1) is also small). These lines indicate 
very narrow bounds on βγ because points on each of the lines projects 
onto the left vertical axis in a very narrow range. These same lines 
imply wide bounds for β\ that cover the entire [0,1] interval, as can 
be seen by projecting them downwards. The lines that cut off the 
bottom left corner of the figure imply narrow bounds, and relatively 
small values, for both jS- and βγ. 

Thus, Figure 5.1 reorganizes the basic X, and T1- data so that they 
express the maximum deterministic information available about the 
quantities of interest β\ and βγ, but the figure adds no assumptions 
of any kind, and no information is lost. That is, it would be possi­
ble to reconstruct the original data set from the figure and vice versa, 
without any loss of information. Thus, either X1 and T1 or the lines 
in this plot could be thought of as "the data" for the ecological in­
ference problem. After introducing a statistical model in Section 6.1,1 
return in Section 6.2.4 to this format and show how it also turns out 
to be a very convenient way of displaying all deterministic and statis­
tical information about the quantities of interest. That is, the bounds 
and the lines in this figure give the available deterministic informa­
tion about the quantities of interest, and the statistical model provides 
probabilistic information about the locations of β\ and βγ within its 
bounds, or, equivalently, somewhere along its line. Section 6.2.4 also 
shows how the concepts used in this figure are mathematically equiv­
alent to an idealized version of the "tomography" problem, such as 
exists in X-rays and CT scans used to reconstruct images of the insides 
of objects without invasive techniques. Because of this connection, I 
will usually refer to this type of data display as a tomography plot. 

The only remaining result required is the upper and lower 
bounds on Â  (the proportion of blacks voters casting ballots for 
the Democrats) and Af (proportion of white voters casting ballots 
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for the Democrats). Possibly because many of the most intuitive pro­
cedures lead to dead ends or especially difficult derivations, these 
bounds have not been computed. Fortunately, deriving bounds on 
the A's, as shown in Appendix B, is straightforward.1 The bounds are 
as follows: 

H I a X [ C D 1 - ( I - X 1 ) ] 

max[0, D1 - (1 - X,)] + IrUn(T1 -D11X1) 

< A h < miniD.vX,) 

min(D„ X1) + max[0, (T, - D1) - ( 1 - X,)] 

m a x ^ D , - X , ) 

max(0, D1 - X1) + HUn(T1 - D1-, 1 - X1) 

< ; r < m i n ( P „ l - X , ) 

- ' - UIiTt(D1-, 1 - X1) + max[0, (T1 - D1) - X1]
 v ' ; 

As written, the specific algebraic forms in Equations 5.1 and 5.4 are 
not especially enlightening, but they will prove invaluable. They will 
also become very intuitive via the graphical techniques introduced in 
Section 5.3. (Recall that D, is the fraction of voting-age people casting 
ballots for the Democratic candidate.) 

5.2.2 District-Level Quantities of Interest 

Although the literature provides no algebraic formulas for comput­
ing the bounds on the aggregate quantities of interest, the proce­
dures used in the numerical examples given in the literature are, con­
trary to most subsequent claims, not maximally informative. Duncan 
and Davis (1953) use the correct procedure for the analogous bounds 
they calculate on correlation coefficients, but subsequent scholars have 
not used this insight in computing the correct bounds on the ag­
gregate quantities of interest. In part because wider than necessary 
bounds are being used, the incorrect conclusion of the literature is that 
"the bounds usually turn out to be so wide as to be nearly useless" 
(Shively, 1991). In fact, the aggregate bounds can be quite informa­
tive. The key is that the narrowest bounds on the aggregate quantities of 
interest can be computed by making use of precinct-level data. That is, the 

1 The most obvious, but most difficult, method of derivation is to use the fact that 
Af = θΊ/βΊ and to attempt to maximize A* by its component factors. This becomes 
difficult because the components are functions of the same quantities. 
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most informative aggregate lower bounds are weighted averages of 
the precinct-level lower bounds, and the most informative aggregate 
upper bounds are weighted averages of the precinct upper bounds. 
The impression in the literature may have been generated from schol­
ars who used only district-level information, which generates wider 
bounds, rather than using all the precincts composing the district. 

For example, the district-level quantity of interest, 

/ = 1 

has an aggregate upper bound, if precinct-level information is ap­
propriately used, that is the weighted average of the precinct upper 
bound: 

1 p 

HIUX(B6IX,, T1 for all i) = - ^ ] T Nb max()3h) 
1=1 

-££^-"(£.1) (M) 

If, instead, only the district level information is used (i.e., X and T, 
instead of X, and T1 for all i), then the best we can do is to treat the 
district as a single precinct: 

max(Bb|X, T) = miniZ, U (5.6) 

The point is that the maximum aggregate bound based on the 
precinct level data in Equation 5.5 is smaller (more informative) than 
the bound based on only district-level information in Equation 5.6. 
That is, 

max(Bb|X„ T1 for all i) < max(Bb|X, T) 

Similarly, the most informative lower bound for Bb, and up­
per and lower bounds for the remaining district-level parameters 
(Bw, Sb, %w, Ab, Aw), are also computed via the weighted averages of 
their corresponding precinct-level parameters. This result provides 
more motivation to use the smallest aggregate units if available, 
even if the goal is knowledge of district- or state-level quantities. (A 
numerical example of this point appears at the end of this chapter.) 
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The results derived in this chapter represent the only certain in­
formation about the parameters of interest. Methods of ecological in­
ference that ignore this information are inefficient, at a minimum an 
especially serious problem given the essential lack of information in 
the ecological inference problem. But, in fact, models that ignore the 
bounds, such as all existing statistical approaches, miss a valuable 
opportunity to calibrate many features of the model and hence avoid 
problems such as aggregation bias. Since these bounds can be easily 
combined with any statistical approach to produce better estimates, 
they are guaranteed to improve all methods of statistical estimation. 

5.3 A N EASY VISUAL M E T H O D FOR COMPUTING BOUNDS 

With the expressions given above, computing bounds is very easy: 
just feed in values of X1, T1, and D1 and out will come the bounds. In 
this section, I further simplify the process of computing bounds for β\ 
and β™ by providing a very easy visual method. This method requires 
no numerical calculations or computer runs, can be used with any 
data set, and updates with modern graphical techniques the venerable 
tradition in statistics of providing numerical tables to ease extensive 
arithmetic computations.2 

The bounds are functions of X1 and T1, which are easiest to represent 
graphically for all precincts in the usual X1 by T1 scatter plot (such 
as Figure 4.1, page 60). Because of this, I based the special graphs 
designed in this section on this form of presentation. For example, 
to determine the bounds on β\ for one precinct, locate its position in 
an X1 by T1 scatter plot and note the same position in each graph of 
Figure 5.2. 

The interiors of these figures are white for combinations of T1 and X1 

that imply a bound of zero and are solid black when the bound is one. 
As noted numerically on the figure, values in between are represented 
by various shades of gray, and labeled contour lines. (The darkness 
of the shading in the two graphs in this figure is determined by the 
left and right sides, respectively, of the first line in Equation 5.1, page 
79.) Thus, for example, for a precinct with X1 = 0.75 and T1 = 0.5, 
the left panel of the figure indicates that the lower bound on β\ falls 
one-third of the way between the 0.25 and 0.5 contour lines. Thus, 
min(/3^) = 1/3. Similarly, the graph on the right of Figure 5.2 gives an 
upper bound for X1 = 0.75 and T1 = 0.5 of max(/3f) = 2/3. Thus, in 

2 The same methods (and figures) can be used to determine the bounds on d\ and 
0". Similar methods could be provided for Af and Af, but because these are functions 
of three variables, the algebraic methods are easier to apply. 
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β* Lower Bound β* Upper Bound 

Figure 5.2 Image Plots of Upper and Lower Bounds on β\. Locating a precinct 
on the left graph, according to its values on X, and T1, gives the lower bound 
on β\, with darker areas representing higher values of the lower bound. The 
labeled contour lines show the numerical values of some of these bounds. The 
right graph gives analogous information for the upper bound. For example, 
if X, = 0.5 and T, = 0.75, then β\ e [0.5,1]. 

this example, β\ e [1/3, 2/3]. Figure 5.3 similarly gives the bounds for 
j8f (and is a mirror image of Figure 5.2). 

By overlaying a scatter plot of X, by Γ, on Figures 5.2 and then 
5.3 (or by visual comparison), a researcher can instantly ascertain the 
upper and lower bounds for a large set of precinct parameters. 

An especially useful version of this visual method of bounds ap­
pears in Figure 5.4. Comparing a point, or scatter plot of points, to 
this figure instantly indicates how much deterministic information 
exists about a parameter. Shades of grey in this figure refer to the 
width of the bounds, with lighter areas indicating more information. 
Solid black maps the maximum possible width of 1.0 (which implies 
bounds on /3* or /3f respectively, covering the entire range from zero 
to one). AU white areas (on the edges of three sides of each figure) 
indicate widths of zero, uniquely determining the position of the pa­
rameter; these are the homogeneous precincts discussed in Section 5.1. 
For help in interpreting, the figure also includes contours that trace 
out a few of the lines for which the shading, and thus the widths of 
the bounds, is the same. For example, any point from a scatter plot 
that falls on the β\ graph to the right of the 0.5 contour line has a 
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β* Lower Bound β? Upper Bound 

0 .25 .5 .75 1 0 .25 .5 .75 1 

Figure 5.3 Image Plots of Upper and Lower Bounds on β?. Locating a precinct 
on the left graph, according to its values on X1 and T1, gives the lower bound 
on β™, with darker areas representing higher values of the lower bounds. The 
labeled contour lines show the numerical values of some of these bounds. The 
right graph gives analogous information for the upper bound. For example, 
if X, = 0.5 and T1 = 0.75, then β? e [0.5,1]. 

width that covers less than half of the [0,1] maximum bounds, effec­
tively eliminating half of the ecological inference problem. This area, 
which includes more than half the area of the scatter plot, shows the 
large range of precinct-level outcomes that yield moderate to very in­
formative bounds. Although reducing the [0,1] bounds to half that 
range may not be sufficient for some substantive purposes without 
additional information, it is extremely informative as part of a larger 
statistical model. Indeed, rarely are statistical analysts of any prob­
lem fortunate enough to have this degree of deterministic informa­
tion about the parameters of interest at the level of the observation. 
Ignoring this certain knowledge in a problem where considerable con­
tent has been aggregated away from the start is a stunning waste of 
valuable information. 

As an example of how to use these figures to determine the bounds 
on β\ for a set of ρ precincts, consider the scatter plot in Figure 5.5. 
This figure plots the Hispanic fraction of the voting age population 
(X1-) by voter turnout (T1). The circles in the plot are coded from the 
same 250 precincts in Pennsylvania's state senate District 2, matched 
to U.S. Census data, as used in Figure 5.1. In fact, this graph reex-
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Width of β* Width of β*· 

Figure 5.4 Image Plots of Width of Bounds for β\ and β™. Locating a precinct 
on the left graph, according to its values on X, and T1, gives the width of the 
bounds on β\, with darker areas representing wider (less informative) widths. 
The labeled contour lines show the numerical values of some of these widths. 
The right graph gives analogous information for /SJ". For example, if X, = 0.5 
and T1 = 0.25, the upper bound minus the lower bound for both β\ and β™ is 
0.5. 

presses the identical data in a different way, with each circle corre­
sponding to one of Figure 5.1's tomography lines. (For example, the 
circle at the right with the small box around it is the same precinct, 
number 52, as the dark line in Figure 5.1.) The bounds can be deter­
mined by studying Figure 5.1 or from this figure. To use this figure, 
we could superimpose the scatter plot on Figures 5.2 and 5.3, but 
a quicker procedure not requiring sophisticated graphics is to draw 
in the two diagonal lines on the graph, as in Figure 5.5. This figure, 
which I will refer to as a scattercross graph, is very easy to draw in al­
most every graphics program. If that is difficult, drawing in the IEl by 
hand over a scatter plot is also easy. Failing even that, it is also not 
difficult to imagine the cross superimposed on the scatter plot. 

It is easy to use this scattercross graph to get a quick sense of how 
wide the bounds are for the precincts represented in Figure 5.5. The 
large group of points clustered in the triangle on the left contain no 
additional deterministic information about β] (fraction of Hispanics 
who vote); that is, their bounds are all [0,1]. This is easy to see by 
comparing the position of the points in this graph to the position 



5.3. An Easy Visual Method 89 

Figure 5.5 A Scattercross Graph of Voter Turnout by Fraction Hispanic: 
Precincts from Pennsylvania's 2nd State Senate District, 1990. Compare the 
position of the points in this figure to Figures 5.2-5.4 to determine the bounds 
for any precinct represented here. For example, the points in the left triangle 
have [0,1] bounds for β\ and very narrow bounds for β™. (These are the same 
data used in the tomography plot in Figure 5.1. For example, the dark line in 
the tomography plot represents the same data point appearing with a small 
square around it in this figure.) 

on the left graph in Figure 5.4. Fortunately, the points in the left tri­
angle do provide very narrow bounds on β™ (the fraction of non-
Hispanics who vote), in most cases narrower than a width of 0.1, and 
near a value of β™ % 0.5. That considerable information exists in these 
points can be seen quickly by consulting the right panel in Figure 5.4; 
the specific upper and lower bounds on β™ can be seen by locating 
the position of these points on Figure 5.3. Finally, the group of points 
spread across the bottom triangle have narrow bounds, and are there­
fore very informative, about both β] and β™. 

Overall, as is often the case, the bounds on the precinct-level pa­
rameters implied by these points are very informative. As a con­
sequence, the bounds on the aggregate quantities of interest, when 
properly computed, are also very narrow. For example, the propor­
tion of Hispanics who voted in Philadelphia (Bb) must fall between 
0.001 and 0.437. Even more informative are the bounds on the pro­
portion of non-Hispanics who vote (Bw), which the aggregate bounds 
indicate must range between 0.295 and 0.365. (In contrast, the wider 
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bounds on Bb, computed with the inferior procedure used in the lit­
erature formalized in Equation 5.6, page 84, range all the way from 
zero to one. Similarly, the incorrect wider bounds on W range from 
0.20 to 0.37.) 

The tools and results presented in this section should also make 
clear that the optimal scatter plot from the perspective of making 
ecological inferences is not necessarily one that closely approximates 
a steeply sloping regression line. Indeed, the conventional wisdom 
about optimal scatter plots is quite misleading. For example, the slope 
of the regression line is immaterial: even a flat line (zero slope) can 
be very informative in ecological inference problems. In fact, the best 
situation, at least from the perspective of available deterministic in­
formation, is instead one with points falling along the edges of the 
scatter plot. If the goal is to estimate β\, then the best scatter plot 
looks like Zl, that is, with points around all the edges except the left 
margin. If the goal is instead /3f, a IZ-shaped graph is preferable, that 
is, one with points near all edges but the right margin. Of course, re­
searchers do not usually get to choose the data to be analyzed based 
on the certainty of the results, but we should at least understand how 
much information different types of data are likely to contain. 



CHAPTER 6 

The Model 

THIS CHAPTER sets forth a method of ecological inference that solves 
the problems identified in Part II using the aggregate data as reex-
pressed in Chapter 5. The statistical model has the following features: 

1. The model combines the insights of the various statistical approaches 
and the deterministic method of bounds approach, using only those 
assumptions with at least some observable implications in aggregate 
data. 

2. It allows parameters to vary over precincts in a manner consistent with 
and verifiable in observable data. 

3. The model has a variance function that requires no assumptions, but fits 
an important feature of ecological data. 

4. It takes advantage of available information in the data to avoid aggre­
gation problems. External data may also be used if available. 

5. The model is strongly robust to aggregation bias, even when not using 
the explicit procedures designed to ameliorate it. 

6. The estimation method gives accurate estimates of district- and precinct-
level quantities of interest and provides estimates of uncertainty such as 
confidence intervals and posterior distributions. 

In addition, I follow a strategy that helps to satisfy two im­
portant but conflicting goals of good statistical models: fitting the 
data, and estimating the correct quantities of interest. The tension 
between these goals is at the heart of many problems in social 
science statistical applications. The tension is often caused by the 
understandable desire of analysts to trick existing canned statis­
tical packages into printing out the quantities of interest directly, 
but they too often compromise on one of the goals in seeking to 
accomplish the other. The various failed attempts at "cookbook" sta­
tistical procedures, most of which do not contain sufficient recipes 
to cover what we have in our data-filled refrigerators, commonly 
result in highly parameterized model-dependent inferences (as in 
some structural equation models), or atheoretical data-fitting ex­
ercises (such as stepwise regression or "automatic interaction de­
tectors"). Like trying to make a contraption that would serve the 
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purposes of both a car and a peanut butter sandwich, the result 
may be fun to watch but you wouldn't want to drive it or take a 
bite. 

The tension between these conflicting goals is resolved by using 
a two-stage, hierarchical approach. First fit the data with a model 
parameterized in a manner most convenient for this purpose. This 
makes fitting the data and estimation straightforward, even though 
the estimated parameters are not the quantities of interest. Then, in 
a separate computation, but with no new assumptions, use the first-
stage results to compute the quantities of interest. With this procedure, 
each stage can be optimized to achieve its goal without the constraints 
from the other stage. 

Although this tension affects most areas of statistical inquiry, con­
sider one example of it from the ecological inference literature. Achen 
and Shively (1995: 45) are explicitly ambivalent about recommend­
ing nonlinear specifications in ecological inference models: "Bounding 
probabilities between zero and one means that a likelihood function 
straining to produce . . . estimates of 150% or —20% will be forcibly 
prevented from doing so, and thus important clues to incorrect spec­
ification will be lost Nonetheless.. ., the gain in accuracy from 

nonlinearity may be worthwhile." Achen and Shively's conundrum 
would be easily resolved by the approach taken here. They could use 
a nonlinear specification if appropriate, and then also conduct sepa­
rate diagnostic specification tests if desired. By not trying to create 
strained models that are also "self-diagnosing," researchers can pro­
duce better models and also better diagnostic procedures. Models that 
are self-diagnosing can be useful, but we do not usually need to sac­
rifice more fundamental goals to create such models. 

This chapter is devoted to the simplest version of the theoretical 
model. Section 6.1 gives a brief statement of the model, and Section 6.2 
interprets it from five different perspectives. Extensions of the model 
are given in Chapter 9. 

6.1 THE BASIC MODEL 

This section summarizes the most basic version of the model for in­
ferences about β\ and β™ in Table 2.3 (page 31).1 The model consists 

1 As described in Section 8.4, an analogous model applies to the intermediate param­
eters 0? and Θ™. Estimating the parameters of interest from Table 2.2, Af and Af or larger 
2 χ C tables require two separate applications of this basic model. Larger R x C tables 
will require a generalization of the model, which I put off until Chapter 15. 
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of three assumptions built on the basic accounting identity in which 
T1 and X, are observed, and β\ and /3f are the quantities of interest, 
for i = 1, . . . , ρ precincts: 

T1 = / 3 ¾ + ) 8 ^ ( 1 - X 1 ) (6.1) 

Equation 6.1 is a statement of fact, not an assumption of linearity 
or anything else. The three model assumptions I add to this identity 
are all at least in part verifiable in aggregate data. That is, because 
observable implications of each do exist, the assumptions can be ver­
ified in sufficient depth to weed out many applications for which 
similar assumptions in other models might lead one astray. Chap­
ter 9 discusses these observable implications, provides a variety of 
diagnostic tests, and introduces extensions of this basic model that 
allow each of these three assumptions to be modified, extended, or 
dropped. 

First, model β\ and βΥ as if they are generated by a truncated 
bivariate normal distribution, conditional on X1. Thus, instead of 
assuming these parameters are constant over precincts, we only 
assume, roughly speaking, that they have something in common— 
that they vary but are at least partly dependent upon one another. 
(For help in visualizing this important but relatively simple as­
sumption, look ahead to the three-dimensional surface plots of this 
distribution in Figure 6.2, page 105.) This distribution has a sin­
gle mode, indicating where most values of β\ and β^ lie, and also 
allows any degree of variation in each around the mode. For ex­
ample, most values of β\ could be narrowly dispersed around 0.7, 
while values of β™ might vary widely over the entire [0,1] inter­
val. The distribution also allows β\ and /3f to have any degree 
of correlation from —1 to 1. Formally, the probability density of 
(tf, JSf)IS 

Υ{β\,βΥ) = ΎΗ{β\,β^,τ) (6.2) 

where TN stands for the truncated normal distribution with trunca­
tion limits β\ € [0,1] and /3f e [0,1] (As demonstrated below, after 
conditioning on T1, this specification implies truncation according to 
the narrower precinct-level bounds in Chapter 5.) The mean vector 
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and variance matrix of (/3*, β™) are2 

- ( S ) -d s - ( l S) 
The purpose of the model is to estimate β\ and β™ for all ρ observa­

tions. Thus, the parameters S3 and t are not of direct interest. In addi­
tion, 23fc = E(ySf) and W = E{0f) are based on simple averages of the 
precinct parameters rather than the more interesting aggregate quan­
tities of interest, Bb and Bw, which are weighted averages (see Chapter 
2). The only direct use 33 and X have in the following analyses is to 
help understand intermediate results on the way to computing the 
parameters of interest. 

Second, assume for the time being that β\ and β™ are "mean inde­
pendent" of X1-, which is a weaker assumption than requiring β\ and 
/Jf to be stochastically independent (that is, completely unrelated; see 
Goldberger, 1991: 61). This assumption, which is equivalent to assum­
ing the absence of aggregation bias, is technically necessary to obtain 
consistent estimates of 23 and Σ. However, and somewhat surprisingly, 
this assumption is not always necessary to obtain accurate estimates 
of the quantities of interest, about which more in Chapter 9. 

Finally, assume, as in all previous ecological inference research, that 
values of T1- in different precincts are independent after conditioning 
on X,. As explained in Section 9.1.3, violating this assumption does 
not have major consequences for most aspects of this model. 

If there exists evidence that the bivariate distribution is not trun­
cated normal, that there is aggregation bias to which the model is not 
robust, or that the observations are spatially dependent, this informa­
tion can be detected and incorporated in the model via the procedures 
discussed in Chapter 9. 

6.2 MODEL INTERPRETATION 

The remainder oi this chapter provides interpretations of the model 
in Section 6.1 from different perspectives and with several graphical 

2 If there exists evidence that, conditional on this specification, model variances are 
proportional to, or in some other way related to, precinct size, the correct specification 
would be to add this "sampling" variance to the elements of Σ. This would change the 
definition of Σ, but since this is an additional source of variation, it makes little sense to 
allow it to reduce the total variance, as sometimes occurs when designing models based 
entirely on unsupported assumptions such as independence and identical probability 
of votes, as in Equations 4.1 and 4.2 (page 62). 
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and algebraic methods. No new assumptions are added. This section 
begins with a brief overview of the results to follow as well as a gen­
eral sense of how the model will be estimated (as explained in detail 
in Chapter 7) and quantities of interest computed (as developed in 
Chapter 8). The ultimate goal is calculating the posterior (or sampling) 
distribution of β\ and β™ in each precinct (the mean and standard 
deviation of which could serve as point estimates and standard er­
rors, respectively, for example). Accomplishing this goal requires four 
steps. 

First, represent the precinct data on a β\ by β™ tomography plot 
(as in Figure 5.1, page 81). In this figure, each precinct observation 
of X, and T1 appears as a line, just as was described originally in 
Equation 5.2, page 80. This presentation narrows the known possible 
coordinates of the true β\, β™ point in each precinct from the entire 
unit square to one line in the square, and thus also incorporates the 
deterministic bounds on each parameter. 

Second, estimate the means, standard deviations, and correlation 
of β\ and )8f across precincts. These five quantities are the parame­
ters of the truncated bivariate normal distribution (from the statistical 
model's first assumption) and can be estimated from the information 
in a scatter plot of X, by T1 like those in Figure 6.1 (page 100). As this 
figure explains, the means can be estimated from the expected value 
of T1 given X1-, which is linear and thus can be estimated by a regres­
sion (although this procedure will be substantially improved upon), 
and the standard deviations and correlation are estimated from the 
pattern of heteroskedasticity around the linear expected value. 

The third step is to represent the particular truncated bivariate nor­
mal distribution, as indicated by its five estimated parameters, in 
the same β\ by j8f square as the data (see, for example, Figure 6.3 
page 114). In the figure, this is done with contour ellipses, which 
are two-dimensional projections of the three-dimensional distributions 
looking down from above (the same idea as the contour lines used to 
represent mountain ranges on geographic maps). For example, the 
identical distribution represented in the contours in Figure 6.3 is rep­
resented as a three-dimensional surface plot in Figure 6.4 (page 116). 
The contour representation is more useful because the data, repre­
sented as lines, can more easily appear in the same figure. 

Finally, in order to learn more about where on each line, and thus 
where within their bounds, the true β\ and β™ fall, the model borrows 
strength statistically from the truncated bivariate normal distribution 
of all the precincts. That is, the posterior distribution for one precinct 
is exactly the univariate distribution sliced out of the contours by 
its line in Figure 6.3 and projected onto the vertical or horizontal axis. 
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This tells us that the location of the true β\, β™ point known for certain 
to fall on its line is most likely to lie on that portion of the line passing 
closest to the center of the truncated bivariate normal distribution 
contours estimated from all the lines. 

Examples of the posterior (or sampling) distributions of the precinct 
parameters that result from these calculations appear in Figure 8.1 
(page 148). Some comparisons of these estimates with the true val­
ues of the quantities of interest are given in Part IV (such as Figure 
10.5, page 210). Posterior distributions of district-level quantities, and 
comparisons with the truth appear in, for example, Figure 10.4 (page 
208). 

I now explain these points in more depth and with all the neces­
sary technical details. Thus, the remainder of this chapter discusses 
how the model's parameters affect observable features of aggregate 
data (Section 6.2.1), how an alternative parameterization can be useful 
(Section 6.2.2), and how to compute 2p quantities of interest from only 
γ observations (Section 6.2.3). Section 6.2.4 gives a geometric interpre­
tation of the model related to statistical analyses of "tomography" 
problems in medical and seismic imaging, and Section 6.2.5 shows 
why models based on individual-level (within-precinct) assumptions 
would not be helpful. 

6.2.1 Observable Implications of Model Parameters 

In order to understand the model, it is essential to see how its five pa­
rameters are revealed in aggregate data. Identifying these observable 
implications of the model will prove especially important for estima­
tion (as described in Chapter 7). 

To begin, write the model parameters as unconditional (un­
weighted) means and variances of the precinct-level parameters of 
interest: 

and the relationship between the precinct parameters and their 
means as 

β) = 93fc 4- e? 

β™ = %w + e« (6.5) 
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where the error terms and ef have zero means because they are 
defined as deviations from their corresponding conditional expected 
values. 

Now, by following the procedures first suggested by Goodman 
(1959), substitute the right sides of Equations 6.5 into the accounting 
identity of Equation 6.1: 

T, = tfXj + /3™(l — X,) 

= (8* + e?)X, + + e f ) ( l - X,) 

= ® b X , + « a j ( l - X , ) + e, (6.6) 

where 

e ^ t f i X i + e f i l - X , ) (6.7) 

With these preliminaries aside, it is easy to see that E(e,|X!) = 0 
and, as a result, the mean function of the outcome variable is 

E(r,|X,) = S i X, + 93 K ' ( l -X I ) (6.8) 

This equation shows that 23b and 23® could be estimated by something 
like Goodman's regression (although this procedure will be substan-
tially improved upon). Indeed, any estimate of the conditional expec-
tation of T, given X,, based on these aggregate data alone, provides 
some useful information about 23b and 23®, which are features of the 
precinct-level parameters of interest and fif. For a simple example, 
E(T;|X, = 1) = 23b can be estimated by the average of T, for homoge-
neously black districts, as E( T,) X, = 0) = W can be estimated by the 
average of T, in all-white districts. These simple examples are meant 
to provide intuition as to where in the data there exists information 
about fflb and sSw. Chapter 7 uses this intuition but develops a more 
sophisticated model built on all useful information in the data. 

Whereas 23b and 93® affect aggregate data through the conditional 
expectation function, the remaining three parameters of the truncated 
bivariate normal—the variances V(/3bt) = and V(/3®) = and 
the covariance C(/3-, ) = crbw—affect aggregate data through the 
conditional variance function, which is heteroskedastic (that is, the 
variance changes over precincts). We can see this by applying the 
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rules for the variance of linear functions: 

V(TiIX1O = V(C1IX1) 

= <72X2 + cr 2(l - Χ,·)2 + (7 to2X,(l - X1-) (6.9) 

= (σ 2) + (2abw - IaI)X1 + K* + σ2 - 2 ^ ) X 2 (6.10) 

Equation 6.10 indicates that the variance is a quadratic function of X1, 
with the three factors in parentheses as coefficients. (Equation 6.9 is 
more useful for evaluating partial estimation results, since the σ'β are 
more directly interpretable than the parenthetical terms of Equation 
6.10.) In addition, I will usually refer to the correlation, ρ = abw/abaw 

which ranges from —1 to 1, instead of the covariance abw. Although 
expected value and variance calculations such as these have been sug­
gested in theoretical discussions as early as Goodman (1959), previous 
researchers have confused the parameters 33 (and X) with the aggre­
gate quantities of interest B1 and have not developed methods of com­
puting the correct quantities of interest from either. 

In order to interpret these variance function results, consider some 
special cases. With X, at its extremes, indicating precincts with only 
blacks or only whites, the variances refer to parameter variation 
among only blacks or whites: 

V(TiIX1 = I) = VGB?) = ^ 

V(T1IX, = 0 ) = V(/3f) = al 

In our running example, the variances of black voter preferences are 
often smaller than the variances of whites (ab < <r2), as for example in 
the scatter plots in Figures 4.1 (page 60) and 4.3 (page 66), although 
the pattern of heteroskedasticity will differ across applications. The 
basic model is thus a heteroskedastic linear regression model of T1 on 
X1, where the parameters of interest are related to, but not coincident 
with, the parameters of the regression. The theoretical variance around 
the regression line is fairly wide to begin and gets narrower as X1 

moves from zero (whites) to one (blacks) if σ 2 < σ 2. This suggests 
a clear pattern that we should, and in fact almost always do, see in 
real data of this kind. Many published scatter plots of percent black 
by percent voting for the Democratic candidate (or similarly for other 
ethnic groups) display this strong pattern. 

The pattern by which the heteroskedasticity gets narrower as X1 

increases is governed by the covariance term, abw, which indicates 
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the degree to which black and white support for Democrats covary. 
For example, at the mid-point, the variance around the expected value 
line is: 

VWX1 = 0.5) =σ« + σ[+2σ>™ 

The heteroskedasticity in many voting data sets appears to get nar­
rower quickly when X, is between 0 and around 0.3 and then gradu­
ally thereafter. In other cases, the variance is a nearly linear function of 
X1-. The covariance indicates the degree to which the parameters vary 
together or independently over precincts. The covariance will equal 
zero when the two parameters (β\ and β™) vary independently, con­
ditional on X1, and will reach its theoretical maximum (the product 
of the variances, so that the correlation is 1.0) when they are identical 
[β\ = β?). They could also vary inversely if the covariance is negative. 

Other data sets should be expected to display different types of het­
eroskedasticity, and fortunately most plausible types will fall within 
the possibilities that can be represented by this model. Figure 6.1 dis­
plays some of the types of heteroskedasticity which the model allows 
by setting the five parameters at various specific values and randomly 
generating data from the specified model. The straight, solid line in 
each graph of Figure 6.1 is the expected value of T1 from Equation 6.8, 
and the dashed lines are drawn at plus and minus one standard de­
viation (the square root of the variance in Equation 6.9). As the figure 
demonstrates, the model is quite flexible. The variance can grow or 
shrink as X, increases. It can also shrink and then grow in the same 
graph, with the inflection point also varying over the range of X,. 

Figure 6.1 is also useful for understanding precisely what features 
of the data will be used (in Chapter 7) to estimate each of the five pa­
rameters. In summary, 93b, S&°, ab, and aw will prove relatively easy 
to estimate, as they are each related to gross, easy-to-identify features 
of the data. The correlation of β\ and β™, ρ, is related to a more subtle 
feature of the data and will therefore prove more difficult to estimate 
precisely (although it is statistically identified and fortunately the pa­
rameters of interest will turn out not to depend heavily on p). 

More specifically, 93b is the point at which the solid line intersects 
the right vertical axis (that is, where X1 = 1, meaning that all voting-
age people are African Americans). 18w is the point where this ex­
pected value line intersects the left vertical axis. A rough estimate 
of 53b and 931" could be based on a least squares regression, or even 
the average of the points near their respective extreme. (These rough 
methods of estimation can obviously be improved upon, but consid-



Figure 6.1 Features of the Data Generated by Each Parameter. Each graph 
is a plot of X, by T, with dots representing individual precincts. Data were 
randomly generated from the model with parameter values of 93\ ab, <tw, 
and p, indicated at the top of each graph. 99b and 93™ are the values at which 
the solid (expected value) line crosses the right and left axes, respectively. trb 

and crw are the standard deviations of points around the solid line at the right 
and left axes, as indicated by the dashed lines, p influences the degree of dip 
in the dashed standard deviation curves near the middle. 
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ering them helps to understand the kind of information in the data 
being relied upon during more sophisticated estimation procedures.) 
The primary difficulty with estimating these parameters occurs when 
extrapolating the regression to one extreme if most of the data points 
fall far from that end of the graph. For example, if most of the data 
have values of X1 e [0, 0.1], extrapolating to the right vertical axis to 
estimate 33b should generate fairly uncertain inferences. 

Only slightly less information exists in the data to estimate the vari­
ances. The parameter ab is the vertical distance between the solid line 
and either dashed line at the right side of the graph; aw is the same 
at the left side of the graph. These can be roughly estimated by calcu­
lating the standard deviation of the points near their respective sides 
of the graph (although a better procedure is to use all points with a 
full model). Estimating variances is usually somewhat more difficult 
than estimating means, and extrapolating them in the situation where 
no data are near the relevant extreme would be even more difficult. 

In contrast to 93b, 93*", ab, and aw, the correlation ρ = σί,π)/(σί,σι1)) 
does not depend on such easy-to-recognize features of aggregate data. 
For example, compare panels (a) and (b) in Figure 6.1. All parameters 
are the same in the two graphs except for the correlation, which is 
set at two extreme values, —.95 and .95. The correlation between β\ 
and βγ is revealed in ecological data only in the degree of dip in the 
variance between the two ends. A large dip implies a negative corre­
lation, as in panel (a), whereas no heteroskedasticity in the data (that 
is, only linear changes in the variance) is the aggregate information 
that indicates a strong positive correlation at the individual level, as 
in panel (b). Fortunately, ecological inferences depend on ρ to only a 
relatively minor degree. 

To see how this pattern emerges, note that T1 is generated from 
a linear combination of β\ and β™', due to the accounting identity 
in Equation 6.1. The closer β\ and 0f come to being identical, as is 
nearly the case in graph (b), the more the accounting identity approx­
imates T1 = β\ = βγ, and thus the less the variability in T, responds 
to changes in X1. The result is that a large value of ρ produces the 
homoskedastic pattern in graph (b). In contrast, the reduced variance 
near X1 = 0.5 in graph (a) emerges from the natural consequence of 
averaging two negatively correlated parameters with equal weights 
(i.e., with X1 = (1 — X1) = 0.5). Averaging negatively correlated vari­
ables reduces variance even more than with independent components. 

Figure 6.1, panels (b) and (f), shows that the model also allows for 
very low or nonexistent levels of heteroskedasticity, which do occur in 
some data. Such data sets will thus pose no difficulties for this model. 
Indeed, it is a common misconception in some statistical literature that 
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expanding a model by adding parameters (or having fewer constraints 
on existing parameters) will necessarily make inferences less certain. 
This concept is correct only if the data are analyzed improperly or if a 
larger number of dependent inferences are being made. In the present 
situation, almost no matter how complicated the model that fits the 
data, the quantities of interest do not lose precision if they are calcu­
lated by averaging over the estimated parameters. Thus, more com­
plicated models will not necessarily cause inefficiencies in estimates 
of the parameters of interest. A more realistic model is certainly better 
than incorrectly assuming that the variance function is homoskedastic. 
Moreover, the complication induced by the heteroskedastic variance 
function is a natural feature of the problem, and it does not require 
more assumptions to derive. 

6.2.2 Parameterizing the Truncated Bivariate Normal 

The truncated bivariate normal distribution in Equation 6.2 has five 
parameters—two means, two standard deviations, and a correlation, 
all of βΊ and β™. These parameters can be represented in three ways: 

t = {S8b,V$w, σ-i,, aw,p} = {%,!} (6.11) 

Although these are not the parameters of interest, they have direct in­
terpretations as unweighted functions of β\ and β™. Unfortunately, ψ 
turns out to be very difficult to use directly in the necessary math­
ematical derivations to follow. The problem is that although ψ can 
serve as the parameters of the truncated bivariate normal, it cannot 
do so algebraically in the usual manner that probability distributions 
are represented. Indeed, the model in Equation 6.2 (page 93), using the 
parameters ψ, can only be defined implicitly, whereas we need an ex­
plicit algebraic expression. In order to develop this explicit expression, 
an alternative parameterization will prove useful.3 That is, instead of 
ψ, denote ψ as a vector of five new parameters of the truncated bi­
variate normal distribution. With this new parameterization we now 
provide an explicit algebraic expression that can be translated back 
into the original, and more interpretable, φ. 

In order to explain this problem and how the new parameteriza­
tion serves as its solution, I show how to derive the truncated bivari­
ate normal distribution from the corresponding untruncated bivariate 

3 1 thank Andrew Gelman for helpful suggestions regarding this alternative 
parameterization. 
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normal. This procedure reveals the direct, algebraic form of the pa-
rameters 41 that will prove immensely useful for subsequent compu-
tations. Thus, begin by (temporarily) writing /3b and /3"' as if they were 
generated by an untruncated bivariate normal probability density: 

= (2ir)_1|2|~1/2exp - 1 ( 0 . - fcyS"^, - ®) (6.12) 

where /6, is a vector containing $ and (if. This is the usual formula for 
the bivariate normal distribution, and it is readily interpretable. The 
only unknowns are its five parameters—two means (93), two standard 
deviations, and a correlation (X). For given values of these parame-
ters, this expression gives the probability density of the variables 
and 0f; the volume under the surface of this distribution in different 
regions gives probabilistic statements about where /3b and /3® fall. Be-
cause these are parameters of the untruncated bivariate normal, we 
can reuse the same symbols as in Equation 6.11, but with the addition 
of " on top of each: 

$ = i%b,&w,&b,&a,p} = {%,i} (6.13) 

It is important to recognize that the untruncated parameters i(i are 
not restricted in the same way as are the truncated parameters ip. 
Thus, for example, although the truncated means 93fc and 93® must 
fall within the [0,1] interval, the untruncated parameters W and 23® 
can fall anywhere on the real number line. 

In order to create the desired truncated bivariate normal distribu-
tion assumed for /3f and we must perform two operations on this 
untruncated normal: first, we must truncate it, so that the probability 
of fibt or fif falling outside of the [0,1] interval is zero. This has the 
effect of cutting off pieces of the untruncated normal outside the unit 
square. Second, we must rescale the (remaining) volume under the 
distribution above the unit square so that it still integrates to one (in-
dicating that $ and each always take on some value). The result is 
the same truncated bivariate normal distribution as in the model from 
Equation 6.2, but now written in terms of the untruncated bivariate 
normal with its untruncated parameters: 

- 1(Rb Rw\ 
TN(0?, /3®|93, 2 ) = N(j8f, S) y p , J ' (6.14) 

R(93, 2 ) 
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This truncated normal differs from the untruncated normal in Equa­
tion 6.12 due to the extra factor on the right side of Equation 6.14. The 
numerator of this factor performs the truncation, guaranteeing that β\ 
and β™ (each proportions) have a zero probability of varying outside 
the unit interval: l(/3f, β™) is an indicator function that equals one if 
β\ e [0,1] and β™ e [0,1] and zero otherwise. The normalizing fac­
tor in the denominator, R(93, X), is the volume under the untruncated 
normal distribution above the unit square: 

R08,X) = I I N(j8*, j8w|&, i)dfibdfiw (6.15) 
Jo Jo 

When divided into the untruncated normal, this factor keeps the vol­
ume under the truncated distribution equal to one. 

The vectors φ and φ are alternative representations of the same pa­
rameters of the truncated bivariate normal distribution. The advantage 
of φ is that it is relatively easy to interpret, which can be useful for 
understanding the model (as used in Section 6.2.1), and evaluating in­
termediate results during estimation. The advantage of φ is that the 
algebraic form of the probability distribution can be written down ex­
plicitly and thus easily used in subsequent calculations. The same is 
not true of φ. The disadvantage of using φ is that it does not have 
as direct an interpretation. For example, unlike 93b and SQW, 2r and 
%w are not unweighted averages of β\ and β^, respectively; indeed, 
they are not even proportions. Although the output of the procedure 
discussed in this book includes estimates of the quantities of interest 
in exactly the scale and with precisely the interpretation desired, it is 
helpful to have a full understanding of φ and φ in order to under­
stand the inner workings of the model. 

Fortunately φ does have some interpretative value in one partic­
ular circumstance. That is, the core of the truncated normal is the 
corresponding (untruncated) normal distribution, N ( ^ , /3"Ί93, X). 
When R(33, X) is nearly one, the truncation has little effect on the 
distribution, in which case φ is numerically close to φ. This occurs 
when the means of β\ and /3f, on the untruncated or truncated scale 
fall well within their bounds (such as 93fc = 0.5 and W = 0.5) and 
the variances are small (such as ab = 0.01 and aw = 0.01). In this 
situation, only a very small amount of the area under the untrun­
cated bivariate normal distribution falls outside of the [0,1] χ [0,1] 
square, and so the truncation has very little effect. This relationship 
is useful for interpreting φ, although using φ does not involve any 
approximation. 
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(a) 0.5 0.5 0.15 0.15 0 (b) 0.1 0.9 0.15 0.15 0 (c) 0.8 0.8 0.6 0.6 0.5 

Figure 6.2 Truncated Bivariate Normal Distributions, ΤΝ(β?, j8|"|S, t ) . Graph 
(a) is a distribution relatively unaffected by the truncation bounds. The 
graphs (b) and (c) are strongly truncated. Parameter values 33, 23, ab, aw, 
and ρ are indicated beneath each graph. 

These concepts are portrayed in the three-dimensional surface plots 
of the truncated bivariate normal distributions in Figure 6.2. Note 
how the distribution in graph (a) is very nearly flat as it approaches 
the edges of the square (i.e., near the [0,1] extremes of j3f and /3f). 
This special case is useful to keep in mind as a leading example when 
trying to understand the role of φ. But one must also remember that 
φ Φ φ in general. For example, although 93b and 931" always fall within 
the [0,1] interval, 93b and 931" have no such restrictions. The graphs 
(b) and (c) in Figure 6.2 give examples of truncated bivariate normal 
distributions where the truncation limits have a clear effect, and thus 
φ is not close to φ. 

The precise functional relationship between φ and φ cannot be 
solved analytically, but translating numerically (with any desired de­
gree of precision) is straightforward. Doing this requires an increas­
ingly popular technique from statistics called "simulation" that is 
described in detail in Section 8.1. For example, to go from φ to φ, 
draw a large number of random samples of β\ and /3f from the trun­
cated normal distribution TN(/3b, j3^|93, Σ), that is, with mean vector 
93 and variance matrix Σ. To compute 93, take the means of the random 
samples. The sample variance matrix of the random draws gives Σ. 
This procedure is an approximation, but any degree of accuracy may 
be achieved by merely increasing the number of random draws, and 
so nothing is lost. 

In order to make continued analogies to the special case where φ 
can be interpreted as φ, denote the "expected value" as E(a) and 
"variance" as V(a), regardless of the degree to which the variable a is 
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affected by truncation. Thus, E ( # ) = $* and VQ3f) = ft. In situations 
with little or no truncation, E(a) = E(a) and V(a) = V(fl), in which 
case 93fc and ft have direct interpretations as the mean and variance 
Of)S*. 

A logic parallel to that for the conditional expected values and vari­
ances in Section 6.2.1 applies for this alternative parameterization. 
Thus, the conditional "expected value" is: 

6(TfIX1-) = μ, = SfcX,· + $ " ( 1 - X1-) (6.16) 

and the conditional "variance" is 

V(T1IX1) = ^ 2 

= σ 2 Χ 2 + σ 2 ( 1 - X,·)2 + <7to2X,(l - X1-) (6.17) 

= (ft) + (2abw - IaI)X1 + (ft + ft - 2<*to)X2 (6-18) 

Obviously, these expressions directly parallel the original truncated 
versions in Equations 6.8 to 6.10. This means that we can understand 
μ,, and of to be the conditional expected value and variance when 
truncation is relatively minor. In addition to their interpretive value, 
these expressions will also prove useful in the next section for deriving 
further implications of this model. In that section, μ, and σ 2, which 
are exact in all cases (and thus no approximation is involved), are 
used even if the truncation has a large effect. The only consequence 
is that these parameters can no longer be interpreted as the expected 
value and variance. They are, however, still equivalent to the right 
sides of Equations 6.16 and 6.18. 

6.2.3 Computing 2p Parameters from Only ρ Observations 

The model given in Section 6.1 contains very useful implications about 
the precinct-level quantities of interest. Working out these implications 
in detail is one of the most important differences of the approach taken 
here from that in previous research. For, even though the precinct-
level parameters may at first seem impossible to estimate, they are 
the parameters of interest relevant for aggregate data. Statistical mod­
eling is often improved by beginning with micro-foundations at the 
lowest level for which observations are available (for example, Dunn 
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et al., 1976). This is often the level at which assumptions are best 
made and their observable implications most easily verified. In this 
case, attention to these basic parameters has substantial additional 
payoff since not only does it enable one to include the very informa­
tive precinct-level bounds in estimating the district aggregates, and 
take into account differing numbers of people per precinct, it also 
(surprisingly) enables one to derive informative estimates of all 2p 
precinct-level quantities of interest from only ρ precinct observations. 
Indeed, we will even be able to fit γ lines to γ points without inde­
terminacy (Figure 10.8, on page 214, gives one such example). This 
may seem counterintuitive, but most commonly used statistical mod­
els have similar properties, even though they are not usually exploited 
in this fashion. Even the simple linear regression model can provide 
estimates of numerous quantities if, for example, fitted values are of 
interest. These implications are derived here, but issues of estimation 
are saved for Chapters 7 and 8. 

The distribution derived in this section is conditional on the param­
eters of the truncated bivariate normal distribution, parameterized as 
in Section 6.2.2 according to the corresponding untruncated normal, 
ψ = (W1 331", σ\, SrI1, ρ). The parameters ψ are not known, and there­
fore a model which conditions on knowledge of them cannot be used 
directly for making empirical inferences.4 

After deriving the distribution conditional on the ψ parameters 
here, I show how to estimate the parameters and average over our 
information about, and uncertainty in, them to yield the goal of 
this derivation—the unconditional posterior distribution of β\ and 
fif. This should be a familiar strategy. For example, most textbook 
presentations of regression analysis first derive the variance of the 
coefficient vector conditional on the regression variance. In the usual 
notation, W(b\a2) = (X'X)~V2. Only after this calculation do we av­
erage over the uncertainty in σ1 to yield the unconditional variance 
V(fc) = (X'X)- 1 ^ 2 = (X'X)-Ve/(tt - k). 

The other feature of this distribution is that it is conditional on 
T1. However, unlike ψ, T1 is observed. Thus, conditioning on it is 
essential, as it includes valuable information about β\ and β™. For 

4 In other words, the probability statement we would like is Pr(unknown|known) or, in 
our case, Pr(quanti ty of i n t e r e s t | a g g r e g a t e data). That is, since we do not know 
our quantity of interest, we do the next best thing and try to describe its likely value with 
a probability distribution. This distribution should be based on (i.e., conditional upon) 
as much (known) information as we have available. A distribution that conditions on 
quantities that are unknown is not useful until the unknown is removed by "averaging 
over the uncertainty" we have in this unknown. 
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example, since the bounds on these parameters are functions of X, and 
Tj, conditioning on T, automatically narrows the bounds from [0,1] to 
those given in Chapter 5. In the description below, the conditional 
distribution of the precinct-level parameter (3bt, P(j3f| T„ ij>) is derived 
first. Once is known (or drawn from this distribution), and thus 
P(j8f | Tt, tp), is calculated via the basic accounting identity (Equation 
6.1). This is explained below.5 

A detailed derivation appears in Appendix C, the key feature of 
which is conditioning on T„ which in precinct i is now observed. 
The result of this derivation appears complicated at first, and it has a 
surprising substantive interpretation, but once understood it is quite 
intuitive. The technical form is a univariate truncated normal distri-
bution (for X, > 0): 

P(/3?|T„ i/>) = TN + -

<619) 

where 

<0, = vb2X, + crbw(l - X,), (6.20) 

e, = T, - &X,- - $ " ( 1 - X,), (6.21) 

and of is from Equation 6.17. Because this distribution conditions on 
T, (as well as X,), the bounds on are now narrowed to those de-
rived in Chapter 5. This univariate truncation is accomplished alge-
braically in Equation 6.19 via the same two steps as for the truncated 
bivariate normal distribution analyzed in Section 6.2.2 (Equation 6.14, 
page 103). First truncate the (untruncated) normal distribution: l(/3-) 
equals one if falls within the permissible bounds 

tfe m a x ( 0 , ^ i — ( 6 . 2 2 ) 

5 Parallel procedures can be used to model and ff" if desired. From these results, 
we will also be able to compute the posterior distributions of A J1 and A", posteriors 
for the aggregate parameters, and any other quantities that may be of interest. See 
Section 8.4. 
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and zero otherwise. Second, the remaining area of the distribution 
within the bounds must be renormalized so that it integrates to one 
(indicating that β\ always takes on some permissible value); this is 
accomplished in Equation 6.19 by dividing the untruncated normal 
by the area under this distribution within the permissible bounds: 

/•mini 1, χ1-) / 2 \ 

S ( M ) = / ' • N (βψ*+ ^e1, Zl-^2 W (6.23) 
./max (ο, !=*£&)) \ σ,· afj 

I now interpret this result and then proceed to average over the 
uncertainty in ψ (which will have the effect of replacing the parame­
ters in ψ by their estimates). Consider first the "expected value" from 
Equation 6.19, the first parameter of the truncated normal: 

E(^IT 1 , ψ) = 8 * + % (6.24) 

This is the real expected value of the parameter of interest β] when 
the truncation limits have little effect. Otherwise it merely represents 
a parameter of the truncated distribution. (That is, to help with inter­
pretation, refer to graph (a) of Figure 6.2.) 

Why the first term is there should be obvious: E(y8f) = 93* is the 
unconditional average of the precinct parameters. What might be less 
obvious is why the second term is present. After all, in ordinary re­
gression analysis we routinely make predictions at the level of the ob­
servation with just the fitted value (which is just the constant term in 
a regression model without covariates). If the parameters are known, 
as they are, and 23b is constant, as it is, then the analogous regression 
predicted value would be based on 83*. So why is the second term 
included? 

The difference here is the random coefficient terms (Equation 6.5, 
page 96), and the result is that more information exists in the model 
about β\ than exists in 33*. This counterintuitive result can be inter­
preted in several ways. First, under the model, <w; is the covariance of 
β\ and e,, and of is the variance of e,. Thus, the ratio ω,/σ2 is the theo­
retical regression coefficient of β\ on et, which can be interpreted 
as the fraction of e, that makes up /3*. Thus, adding (ω,/σ2)€„ which 
varies over i, to 23* improves the calculation of the expected value. 

For a second interpretation of Equation 6.24, note that if there is 
not much of a truncation effect, /3* = 23* + £*, and so we can add to 
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the information in 33b an estimate of e\. To compute ef, begin with e, 
from Equation 6.7, which is reproduced here: 

e i = e ? X , + e r ( l - X , ) (6.25) 

Conditional on i/f, we know e„ since e, = T, — 93bX, - — X,) 
(and later, unconditional on iJi, we will be able to estimate e,). The 
logic of the second term of Equation 6.24 is that e, in Equation 6.25 is 
multiplied by a factor, &j,/<t,2, that pulls ef out of e,. To see that this is 
the case, we reformulate this factor: 

= / ^ x f + a ^ . q - x , ) \ /_1_\ 
of \o*X} + 2&M1 - X,) + <7-2(1 - Xt)2 J \X, J 

The denominator of the first factor on the right side of this equation 
is the total variance in e„ V(e, |X,), and the numerator of this factor is 
equal to the first term and half the second term of the denominator. 
Thus the entire first factor is the fraction of variation in the first term 
of Equation 6.25, efX,, with the covariance split equally between the 
two terms. Thus, the first factor times e( is a good approximation to 
efX, and the entire fraction (w,/of )e,, that is after dividing by X,, is 
a good approximation to ebt. (Because the covariance term is split be-
tween the two terms, the quantities of interest are not very sensitive 
to the value of p = obw/{&ba-w). This is fortunate, since less informa-
tion exists in the aggregate data about p than the other parameters; 
see Figure 6.1.) 

Put one final way, w,X, is the amount of variation in efX,, and 
(<o,X,/(tF) is the fraction of variation in the known (or estimable) e, 
attributable to efX,-. And, thus, (a>i/a})ei is a good approximation to 
ef. As a result, adding (w,/of )e, to is like computing 93fc + ef, which 
gives a better approximation to $ than 336 alone. 

The variance from Equation 6.19 has a similarly substantive inter-
pretation: 

The first term is the variance without conditioning on TT: V(/3-|I/F) = 
ab . The second term, which is always between 0 and 1, is the 
amount the variance is shrunk by conditioning on the additional 
information from the dependent variable T,. Thus, rf/cr? is a di-
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rect measure of how much benefit we receive in each precinct by 
conditioning on T1. Furthermore, since ω?/σ,2 depends inversely 
on X1, the model's estimate of β\ is more variable when a smaller 
fraction of the voting-age population is black. That is, not sur­
prisingly, when relatively few blacks are submerged in an over­
whelming white precinct, ascertaining black voter behavior from 
only aggregate data is considerably more difficult. At the other ex­
treme, when X, = 1, the variance is zero because β\ is known with 
certainty. 

Once β\ is known, computed, simulated, or estimated, β™ may be 
calculated directly by solving the accounting identity in Equation 6.1: 

β· = Y-Ii*' (6·26) 

This procedure is self-consistent, so that the distribution for β™ could 
be computed, and from that β\ calculated. The results would be iden­
tical. Then, of course, means and variances of the parameters of inter­
est, β\ and βγ, can easily be computed from these results. 

Although this model contains only five parameters to be estimated 
(the elements of ψ), it provides (non-independent) information about 
all 2p parameters of interest, /3̂  and /3f (for i = 1, . . . , p). The quan­
tities of interest are dependent parameters, of course, which explains 
the apparent paradox. As discussed in Chapter 7, another way to think 
about this model is that knowledge of ψ is summarized in an estima­
tion stage from which /3̂  and β™ will be calculated in a prediction 
stage. 

The distribution reported in Equation 6.19 is conditional on φ, 
which is unknown. Averaging over the uncertainty in ψ to produce 
the unconditional result is explained in Chapter 8, but this conditional 
distribution is useful for one final interpretive purpose. 

Imagine we knew ψ or, equivalently, we were fortunate enough 
to have an extremely large number of aggregate units so that un­
certainty in ψ were small or nonexistent. In this situation, the 
distributions of the precinct-level parameters in Equations 6.19 and 
6.26 do not collapse to spikes. That is, perfect knowledge of ψ does 
not imply perfect knowledge of the precinct-level parameters of interest 
β\ and β™. Although this feature is not common among models of 
ecological inference, it is a required part of making honest infer­
ences in this always uncertain problem. After all, larger numbers 
of precincts do not eliminate the ecological inference problem. In 
more standard regression problems, in which one observes realiza-
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tions of the quantity being estimated, more data will usually enable 
one to make more and more error-free evaluations. In contrast, the 
fundamental uncertainty of making ecological inferences must be 
a part of any reasonable model of ecological inference and, fortu­
nately, is well represented in the distributions in the model given 
here. 

6.2.4 Connections to the Statistics of Medical and Seismic Imaging 

It turns out that the ecological inference problem is mathematically 
equivalent to an idealized version of an aspect of the statistical prob­
lem underlying medical imaging with X-rays or CT scans and some 
aspects of seismic imaging.6 The problem of tomography (from the 
Greek word τόμος meaning slice) involves reconstructing an image 
of the inside of an object from information gathered outside the ob­
ject. The information outside comes from passing beams, such as 
X-rays, through the object and observing the pattern of shadows 
formed on photographic plates (the pattern resulting from the dif­
ferential absorption of X-rays by tumors, bones, or normal tissue). 
The goal of tomography is to reconstruct a full two-dimensional 
image of a thin slice of an object, such as of a human head, from 
millions of individual X-rays passed through the object from many 
different angles. Versions of tomography are used in many fields, 
including seismology, where the beams are often generated by earth­
quakes or devices placed in drill-holes; the field of nondestructive 
testing, where X-rays are used to identify flaws in manufactured 
parts; astronomy, where images of the sun have been generated; and 
oceanography, where it has been used to map ocean currents and 
temperatures. 

Because the logic behind the ecological inference problem parallels 
a specific idealized version of one imaging technique, the concept of 
tomography will prove to be a useful heuristic in understanding the 
model proposed in this book. However, due to the numerous special 
features of medical and seismic imaging equipment and feasible data 

6 My special thanks goes to Andrew Gelman for helping me make this connection 
and for related suggestions, and to Paul Martin for help in understanding the physics 
of PET scans. See Beran et al. (1996) for a similar connection between tomography 
problems and random effects models; Webb (1990) for a detailed history of tomography; 
Vardi et al. (1985), Johnstone and Silverman (1990), and Worsley et al. (1991) for related 
statistical models of PET-generated data; and Natterer (1986) and Gardner (1995a, b) 
for details of the mathematics of tomographic analysis. 
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collection techniques, the statistical and mathematical models used 
in real tomography problems differ substantially from the ecological 
inference problem and the model proposed here (see note 7, page 119). 
Thus, like any heuristic, this one is not essential to the presentation 
that follows, and readers who do not care for analogies to the physical 
and natural sciences may wish to skip the relevant paragraphs in this 
section. 

In general terms, the model first imposes the known bounds. Within 
these bounds all knowledge of the quantities of interest is uncertain. 
The statistical model then estimates a probability distribution to rep­
resent this uncertainty within the bounds. 

To be specific, the goal for each precinct is knowledge of β\ and 
β™. These two quantities of interest are represented, from this per­
spective, as a single point in Figure 6.3 with the parameters as coor­
dinates. The unit square in this figure corresponds to a cross-section 
of a body part in some medical imaging experiments. The true values 
of β\, β™ correspond to coordinates within the cross-section of the ob­
ject being imaged. The data for this figure were randomly generated 
from the model with the parameter values indicated at the top of the 
figure. 

Consider now the available information in the ecological inference 
problem as it arrives according to the model, in order, one piece at 
a time, using Figure 6.3 as a guide. Before any data are known from 
a precinct, we know that β\ and β™ are each between zero and one, 
which are the limits of each axis in the figure. In this geometric inter­
pretation, the goal is to narrow the plane (or square) represented in 
the figure to a single point. Still before any data arrive, slightly more 
information does exist. That is, from Chapter 5 (Figure 5.1, page 81), 
we know that the true answer lies on a line that expresses β™ as a 
linear function of β\. The algebraic expression underlying this is a re­
formulation of the basic accounting identity (Equation 5.2, page 80), 
which is reproduced here: 

* - ( 1 ^ ) - ( 1 ¾ ' * < 6 ' 2 7 ) 

Because the slope and intercept of this line are still unknown (i.e., T, 
and X1 are unknown presently), the line is also unknown. However, 
we do know that except for homogeneous precincts, the true {β), /3J") 
point lies on a line with a negative slope, since -X 1 /(I — X1) is never 
positive. This is equivalent to a medical imaging experiment with­
out positively sloping camera angles, which makes inferences more 
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0.6 0.4 0.1 0.2 0.7 

Figure 6.3 A Tomography Plot. Each coordinate represents a unique value of 
β\ and β™. Each line traces out, for a particular combination of T1 and X,, the 
algebraic expression in Equation 6.27. The contour lines on the figure repre­
sent the truncated bivariate normal distribution of β\ and β™, with parameters 
W, $}w, ab, aw, and ρ indicated at the top of the graph. (See Figure 6.4 for a 
surface plot representation of these contours, which may be more familiar.) 

difficult. Of course, only knowing that the slopes are negative is not 
sufficiently helpful. 

For a single precinct, the first piece of relevant information available 
is the value of X,. If we retain the assumption of mean independence 
(which will not change until Chapter 9), then by definition the value 
of X, in precinct i provides no information about the point (β\, β™). 
In terms of Figure 6.3, knowledge of X1 enables an analyst to narrow 
the plane to a line with known slope but still with unknown position 
(or intercept). Thus, knowing X, uniquely determines the slope of this 
line, -XJ(I — X1-). But because T1 is still unknown at this point, the 
position of the line is not known and no helpful information is pro­
vided. (And, of course, the unique point on the line, wherever the 
line is, is also unknown.) Because the model is conditional on X1-, 
the figure should be treated as conditional on the slopes (or camera 
angles) that happen to be available in any application. The observ­
able uncertainty in the problem is due to T1, the intercepts in the 
figure. 

The next piece of information that arrives according to the model is 
T1-. That is, according to the model, first X, is observed; then β\ and β™ 
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are generated but not observed; and finally, T1 is formed and observed 
as β]Χ, + /3^(1 - X1). Once T1 is observed, the slope -X,/(I - X,) and 
now the position T1/(I — X1-) of the line are uniquely determined. T1 

is also the point at which the line crosses the 45° line in Figure 6.3, 
so that for example if T1 = 0.6, the line passes through the (/3f = 
0.6, βγ = 0.6) point. We can now therefore narrow the {β\, β™) plane 
to a specific line represented by Equation 6.27. Some examples of these 
lines are given in Figure 6.3 for specific values of Γ, and X, for each 
precinct. 

As described in Chapter 5, each line in the figure determines the 
bounds on β\ by the projection downward of its endpoints onto the 
horizontal axis. Thus, a line that cuts across the entire graph hori­
zontally, without reaching the ceiling or floor, implies bounds on β\ 
covering the entire range, zero to one; in contrast, a line that only in­
tersects the top right corner of the graph implies bounds on β\ that 
are much narrower, say [0.95,1]. Similarly, projecting the same line 
onto the left vertical axis determines the bounds on βY. Thus, for ex­
ample, relatively flat lines give very narrow bounds on β™ and wide 
bounds on β\. The line representing each precinct provides more use­
ful information than the separate bounds on each parameter, because 
of the deterministic information in Equation 6.27. For example, this 
equation implies that if β\ falls near its upper bound, β™ must fall 
near its lower bound. 

Knowing that the desired (β\, β™) point lies on a specific line is 
helpful but not sufficient in many empirical analyses. That is, the 
parameter bounds are often fairly wide. Since no additional infor­
mation can be extracted from the data in precinct i alone to learn 
about β\ and βγ, a key feature of the model is that it borrows strength 
from data in other precincts via the statistical portion of the model. 
The statistical information appears via an estimate of ψ, the param­
eters of the truncated bivariate normal distribution (as described in 
Chapter 7). 

This distribution with parameters φ is represented in Figure 6.3 
by two contour lines, which trace out the shape of the distribu­
tion of β\ and βγ from Equation 6.14. Contour plots are one way 
to represent a three-dimensional image, and have a venerable his­
tory for representing bivariate normal distributions (see Yule, 1911: 
320). (They are also used to represent mountain ranges on geo­
graphic maps, for example.) Contours give an alternative perspective 
of a distribution to the three-dimensional surface plot in Figure 6.2 
(page 105), from the top looking down. Thus, the center of the con­
tours is the mode of the truncated bivariate normal distribution, 
and the farther from the the mode, the larger the fall-off. The con-
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Figure 6.4 Truncated Bivariate Normal Surface Plot. This distribution is iden­
tical to the one represented with contours in Figure 6.3. Figure 6.3 appears as 
the floor of this three-dimensional surface looking down from the top. The 
purpose of this figure is to understand better the corresponding contour plot 
representation. 

tour ellipses trace out lines of equal height. Thus, the mode is the 
coordinates near the place where most of the β\ and β™ values 
fall. 

In order to become accustomed to contour lines, it may help at 
first to see the more familiar surface plot representation of the same 
distribution. Figure 6.4 thus gives such a surface plot for the iden­
tical truncated bivariate normal distribution from Figure 6.3. The 
contour lines in Figure 6.3 provide a perspective on the distribution 
looking down from the top of Figure 6.4, and are more convenient 
for tomography graphs, where it is important that the lines are also 
visible. 

To combine the information available only in precinct i, and repre­
sented by a single line in the tomography graph in Figure 6.3, with 
this statistical information from the set of precincts, focus on the slice 
of the bivariate distribution cut out by this line. This slice is a uni­
variate distribution over the line that represents the borrowed prob­
abilistic information about the location of β\ and β™ in precinct i. 
Note that the height of the univariate distribution is indicated in the 
figure by the intersection of the line with the contour curves. This 
univariate distribution is the posterior distribution of the quantities 
of interest in precinct i, conditional on information shared from the 
other precincts. This concept will prove very useful for additional in-
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terpretation and specific calculations in Chapter 8. Figure 8.1 (page 
148) gives an example of posterior distributions for the precinct-level 
parameters sliced out of the bivariate normal and projected onto the 
β\ axis. 

The truncated bivariate normal distribution corresponds to a brain 
tumor in a medical imaging experiment. Each line represents one X-
ray taken at a specific camera angle. The exact angle is given by the 
slope in Equation 6.27, which is solely a function of X,. Thus, just as a 
larger range of camera angles would make locating a tumor in a cross-
section of a brain easier, a set of precincts with a larger range of X, 
values would help in locating the position of the truncated bivariate 
normal distribution and ultimately generate more reliable ecological 
inferences. This problem is more difficult than medical imaging in part 
because "camera angles" in ecological inference problems cannot be 
positively sloped. It will therefore pay to search for data with a large 
range of X, values, if possible, so we will at least have a large range 
of negatively sloping angles. Combining precincts from different areas 
and ranges of X, (such as from adjacent congressional districts, one 
largely white and the other mostly black) may therefore substantially 
improve inferences. Of course, we must weigh this known benefit 
from combining data sets with the possible costs of misspecification if 
more than one mode appears. (The procedures described in Chapter 
9 can be used to evaluate this possibility and, if necessary, to generate 
a combined specification.) 

Although this figure is best for understanding the precise role 
of the distribution assumed for β\ and β™, for most purposes 
separate univariate posterior distributions for each parameter are 
easier to interpret. These are direct functions of the posterior dis­
tribution of (/3f, /3J") sliced out of the truncated bivariate normal 
by the line for each precinct, ψ are also the parameters of the 
distribution of the precinct-level quantities of interest (see Equa­
tion 6.19). 

The analogy to X-rays and CT scans is also useful for emphasiz­
ing that the model is conditional on X1, since the camera angle is 
determined by the medical researcher. This fact becomes especially 
important for evaluating distributional assumptions with tomogra­
phy plots, as described in Section 7.1. In particular, the slope of the 
lines, —X,/(l — X1), are determined prior to, and are thus not rele­
vant for judging, the fit of the model. However, although X, is ex­
ogenous in the ecological inference model, the researcher still has 
no effect over X1 except by selecting data and merging additional 
precincts with different values of X1. In order to understand how X1 

can be exogenous even though the analyst of ecological data cannot 
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experimentally manipulate it, I introduce the analogy of the field of 
"emission tomography" (as in positron emission tomography, or PET), 
where the same situation holds. The mathematical structure of eco­
logical inference is also closer to PET than the more familiar CT scans 
or X-rays. 

In both PET and ecological inference problems, the analyst has 
little control over where each tomography line is drawn. PET re­
quires administering, via inhalation or intravenous injection, a 
radiopharmaceutical—a drug that is radioactive so that it can be 
detected, but with a sufficiently short half-life so it does not kill 
the patient. (Fortunately, the odds of dying in a failed ecological 
inference experiment are somewhat lower than in an incorrect ap­
plication of medical imaging technology.) The radiopharmaceutical 
concentrates in areas of the body with high metabolism, such as the 
blood vessels that form in and around tumors. At random times, 
an electron in the body and positron (anti-electron) from the ra­
diopharmaceutical meet and decay. The particles vanish and their 
masses are turned into radiation. Most often, this radiation takes 
the form of two X-rays which, by the conservation of momentum, 
must shoot out in precisely opposite directions. When X-ray detec­
tors outside the body register two hits on opposite sides at exactly 
the same instant, one line in the tomography plot can be drawn. That 
is, we only know that the emission came from somewhere on the 
line, but not precisely where. With more emissions and thus more 
lines, the analyst has a better chance of reconstructing where the 
major points of X-ray emissions, and thus tumors, are located. The 
key to this analogy is that, in PET, the laws of physics guarantee 
that the angle of the line is independent of the position of the emis­
sion, thus ensuring unbiased inferences; in ecological inference, only 
knowledge of the substantive problem (along with the bounds, the 
truncation, and observable implications described in Chapter 9) can 
help rule out the equivalent relationship between the {β\, β™) point 
and X1. 

Thus, in the ecological inference model developed here, each ob­
servation can be understood as providing one tomography line and 
thus deterministic bounds on each of the coordinates being estimated, 
but no information about where within the bounds the true point lies. 
Then the collection of all observations, and thus all tomography lines, 
is used to identify the location and five parameters of the truncated 
bivariate normal distribution. The posterior distribution of each of the 
precinct parameters within the bounds indicated by its tomography 
line is derived by the slice it cuts out of the bivariate distribution of 
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all the lines; in this way, we borrow strength from all the observations 
to provide maximal information about each one.7 

6.2.5 Would a Model of Individual-Level Choices Help? 

A key feature of the model offered in Section 6.1 of this chapter is that 
the precinct-level quantities of interest, β\ and β™, follow a truncated 
bivariate normal distribution. Each of these quantities is a function of 
individual-level dichotomous variables (race XI; and turnout Jt)). Thus, 
it might seem reasonable to suppose that the well-developed rational 
choice and statistical literatures on individual choice processes (Man-
ski and Mcfadden, 1981) might provide insights for constructing an 
ecological inference model. Building such a model based on assump­
tions about individuals would be straightforward, and it is possible 
that some version of it could result in an improved ecological infer­
ence model. Unfortunately, unless the information in these models 
increases substantially, beyond what is available about individuals, 
the value added is likely to be relatively small. I explain this conclu­
sion in three ways and then briefly illustrate the resulting problems 
with two previous attempts at building such a model. 

First, a key problem is that individual-level models do not have 
any necessary connection with the process of aggregation from indi-

7 Tomography plots like Figure 6.3 are not used in medical research because the 
immense amount of data generally available (usually well over a million observations) 
would make such a figure an undifferentiated block of ink. Thus, although the concepts 
from tomography are analogous, analysts making ecological inferences will not be able 
to draw on the wisdom of those in a better-developed field of inquiry to guide them 
in interpreting these graphs. A few analogous graphs have appeared in the seismology 
literature, where data are harder to come by (e.g., Ivansson, 1987: 172-176). 

Statistical models for image reconstruction with PET technology differ from ecolog­
ical inference models in many specific ways. For example, many emissions and thus 
tomography lines are missed entirely by the relatively small number of detectors that 
can be placed around an object being imaged. Positrons can move 2-4mm in random di­
rections prior to annihilation; the X-rays are often a few degrees short of 180°; and body 
tissues can attenuate the X-ray photons. Each detector is really a three-dimensional tube, 
and so measured lines can only be located within a specific cylindrical volume. These 
types of measurement error do not occur in ecological inference models. Conditioning 
the model on one coordinate is not reasonable in PET as it is in ecological inference. 
In ecological inference, but not imaging, tomography lines cannot be upwardly slop­
ing. Many other measurement issues arise from the technical issues in engineering PET 
machines, designing radiopharmaceuticals, and coping with the large individual vari­
ability in live biological systems. 
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viduals to precincts, and thus they do not address this essential com­
ponent of the ecological inference problem. We could aggregate an 
individual-level model, such as a logit or probit, to the precinct level 
but this would still require additional, mostly unrelated, assumptions 
about how the individuals sort into precincts—assumptions analo­
gous to the truncated bivariate normal. Additional assumptions at 
the individual level provide little or no information about how to 
construct these precinct-level aggregation assumptions. Thus, no mat­
ter how much more comfortable we may be with making assumptions 
about individuals, the assumptions required for making ecological in­
ferences are aggregation assumptions, at the precinct level. Individual-
level assumptions may not hurt, but they will not help in this regard 
either. 

To put it a second way, we can begin with a set of individuals liv­
ing in a district and divide them up into precincts in a variety of 
ways. No matter what the underlying model of individuals is, a suffi­
ciently careful division of people into areal units can produce almost 
any distribution of the precinct-level quantities. However, the key to 
solving the ecological inference problem is the distribution of /Sf and 
/3^ across precincts; it is the division of people into precincts, not the 
processes that generated the individual-level choices within each. We 
might think about developing models that explain how precinct lines 
are drawn, but precincts are for the most part arbitrary administra­
tive units that are not based on individual motivations. Even restrict­
ing cases to partisan gerrymanders would not be especially helpful 
(see Gelman and King, 1994a). 

A final, and perhaps clearest, way of understanding why individual-
level, within-precinct assumptions are not very helpful is to focus 
on the sources of variability at each level of analysis. Choice-based 
models assume that individual decisions are probabilistic and are 
modeled either directly, via an unobserved threshold (of say the 
propensity to turn out), or random utility maximization (whether 
turning out has a higher expected utility than staying home) (see 
King, 1989a: Section 5.3). The problem is that whatever model is 
used for the individual-level decision, the number of individu­
als aggregated into each precinct is large, and so individual-level 
variability is obliterated in the aggregation process. As Achen and 
Shively (1995) emphasize, individual-level random error in T and 
X,; contributes little or no variability to the precinct-level averages, 

^i = W Σ i=i """ι; a n c * X) = ]̂ ~ Σ I=I \j· To put it another way, all 
the hard work a researcher might put in to develop a model of 
individual-level variability would be lost once the data are aggre­
gated and observed. This means that most within-precinct features 



6.2. Model Interpretation 121 

of an ecological inference model will have almost no observable 
implications, will be nearly unverifiable, and will have little or no 
weight in the ultimate ecological inferences drawn from the aggregate 
data. 

These problems can be seen in the two leading models of ecological 
inference that were built by making assumptions about individuals. 
These are among the most creative contributions to the literature since 
Goodman's original model, and both have been studied in real eco­
logical data, but each runs into some severe difficulties in both theory 
and practice, in large part because of the problems identified above. 
Both models are also closely related to Goodman's. 

Brown and Payne's (1986) "aggregated compound multinomial" 
model is the most complete approach to modeling T,; conditional 
on X,;. They begin by modeling individual decisions and logically 
aggregating all the way to the ecological level. Unfortunately, the 
model requires covariates with substantial amounts of information 
and is computationally infeasible even without the covariates. For 
empirical analyses, Brown and Payne introduce normal approxima­
tions that turn their model in practice into a heteroskedastic version 
of Goodman's regression that is still very computationally burden­
some (Cleave, Brown, and Payne, 1995).8 

Thomsen's (1987) "logit approach" (or "ecological factor analysis") 
models T ! ; and Χη as joint outcome variables without conditioning. 
An unusual feature of Thomsen's model is the multiple unobserved 
variables that generate the observed ones but, in my view, its key 
insight is that the absence of conditioning would seem to have the 
potential to avoid the aggregation bias that occurs when X, is treated 
as fixed but is correlated with the parameters. The logic is analo­
gous to modeling endogenous explanatory variables in simultane­
ous equations systems, except that Thomsen's estimator requires no 
instruments. Unfortunately, like simultaneous equation models, the 
benefits of stochastically modeling X,·,· are counterbalanced by the ex­
tensive and largely untestable, and in some cases impossible, assump­
tions required. The leading special case of the model turns out to be 
equivalent to Goodman's (1959) at the aggregate level. Perhaps most 

8 Brown and Payne's (1986; see also Forcina and Marchetti, 1989; Lupia and McCue, 
1990; King, 1990) model includes no information from the precinct-level bounds, allows 
no inferences about the precinct parameters, estimates the wrong aggregate parameters 
due to not including precinct size, and requires covariates to get the probability struc­
ture correct; moreover, and running it is "an awesome computational task" (Brown and 
Payne, 1986: 454), that would take over 100 years to compute a single observation from 
one iteration of the likelihood function (Cleave, 1992). 
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troubling is that even if the individual-level data were observed so 
that the ecological inference problem would normally be resolved by 
a mere cross tabulation, this model would still be unidentified; plausi­
ble individual-level models cannot result even from arbitrary param­
eter restrictions. As a result, this is a model of aggregate data but not 
one that enables scholars even in theory to make inferences across the 
levels of analysis.9 

Although modeling within-precinct variation does not seem espe­
cially useful for making ecological inferences, we can use intuition 
from empirical analyses of survey (or other individual-level) data to 
help inform the types of models we choose in making ecological in­
ferences. That is, the intuition learned from numerous applications of 
discrete choice models to available individual-level data can be useful 
in judging whether the assumptions of the ecological inference model 
proposed here are appropriate or should be modified (as discussed in 
Chapter 9). In addition, if even limited survey data are available and 
are combined with aggregate data, ecological inferences can be made 
much more certain (see Section 14.2). 

9 Thomsen's model also includes built-in biases due to the approximations used (un­
less every precinct is a microcosm of the entire district), makes no use of information 
from the precinct-level bounds, does not allow covariates, does not estimate precinct-
level quantities or the correct aggregate-level quantities of interest (although this can be 
corrected), provides no standard errors or other measures of uncertainty, and requires 
numerous crucial untestable assumptions. It is possible to write down a logically con­
sistent model that implies Thomsen's estimator, but there is little reason or available 
evidence to believe the required assumptions. Much of the complication of this method 
arises from its multiple unobservable factors, but, even though all but two of the factors 
are superfluous, simplifying to one factor (such as in Achen and Shively, 1995: 183ff) 
does not work: it requires that the aggregate correlation between X, and T1 be exactly 
1.0, an assumption rejected in all (nontrivial) real aggregate data. 
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Preliminary Estimation 

THE MODEL described in Chapter 6 is fixed except for the five un­
known parameters of the truncated bivariate normal distribution, 
symbolized by the vector ψ. The sole purpose of this chapter is to 
develop a method for estimating these parameters using only aggre­
gate data. Since ψ are not the parameters of interest, the results I 
derive here are of intermediate use only. The ultimate goal is reached 
in Chapter 8, which shows how to calculate the quantities of interest 
and their uncertainties from these results.1 

The procedures described in this chapter can be thought of from 
a "classical" or "Bayesian" perspective. From a classical perspective, 
the likelihood model in Section 7.2 serves the purposes of estima­
tion. Maximizing the likelihood function yields point estimates of ψ 
and the curvature of the function at the maximum (the negative of 
the inverse of the matrix of second derivatives) gives the variance-
covariance matrix. All knowledge of φ is then summarized by the ap­
proximately multivariate normal sampling distribution Ρ(ψ\Τ), with 
mean and variance set to these point and variance-covariance ma­
trix estimates (see King, 1989a). In Chapter 8, then, these estimates 
are used for prediction of the 2p precinct-level quantities of interest, 
which includes their point estimates and uncertainty estimates such 
as confidence intervals or hypothesis tests. These results can also be 
summarized with a complete "sampling distribution," the mean (or 
mode) and standard deviation of which are the point estimates and 
standard errors, respectively. 

From a Bayesian perspective, information about ψ is summarized 
by its posterior distribution (which serves nearly the same practical 

1 Many features of this chapter were substantially improved with the assistance of 
Andrew German, Martin van der Ende, and Ron Schoenberg. Andrew helped me cor­
rect the proof of the likelihood function, was an expert sounding board for my attempts 
at using importance sampling and choosing reparameterizations and priors, and made 
many helpful suggestions. Martin wrote a far more accurate but still fast version of a 
cumulative bivariate normal distribution function that is especially useful for comput­
ing the area above the unit square, a part of the likelihood function. Ron made some 
changes in, and gave me advice about, his constrained maximum likelihood algorithm, 
and helped with some related computational problems. I very much appreciate the gen­
erosity of these scholars in providing their time and suggestions. However, I am solely 
responsible for any errors that may remain. 
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role as the sampling distribution in classical inference): 

Ρ(ψ\Τ)<χΡ(ψ)Ρ(Τ\ψ) 

where Γ(Τ\ψ) = L(i/f|T) is the likelihood function described in Section 
7.2, and Ρ(ψ) is the optional prior distribution given in Section 7.4. 
Like the sampling distribution, the mean and standard deviation of 
the posterior can serve as a set of point estimates and standard errors. 
Fortunately, to derive the posterior, point estimates are not needed, as 
some approximation of the entire distribution is required. (Indeed, the 
existence of a unique maximum is not even necessary.) One way to 
approximate the distribution is with its limiting asymptotic form, the 
multivariate normal, using the same mean and variance matrix that 
came from maximizing the likelihood function viewed from a classi­
cal perspective. This posterior distribution can then serve as a (data 
based) prior distribution for φ in computing the goal of the analysis— 
the posterior distribution of the precinct-level parameters. However, 
instead of using the multivariate normal as an asymptotic approxima­
tion to the posterior distribution of ψ, I use the actual, "finite sample" 
posterior distribution. 

Section 7.1 begins by extending the tomography heuristic provided 
in Section 6.2.4. This heuristic is not required for the model or its 
estimates, but it does help in providing a more understandable, qual­
itative perspective on the workings of the proposed solution to the 
ecological inference problem. The likelihood function is then derived 
in Section 7.2; an alternative parameterization more useful for esti­
mation is given in Section 7.3; optional priors appear in Section 7.4; 
and Section 7.5 shows how to summarize information in the data with 
(classical) sampling distributions or (Bayesian) posterior distributions. 

7.1 A VISUAL INTRODUCTION 

This section provides a qualitative overview of the entire chapter, as 
well as demonstrating one way to check the distributional assump­
tions about individuals with only the available aggregate data. A more 
complete approach to verifying assumptions is given in Chapter 9. 

A key assumption of the model is that β\ and β™ are distributed as 
a truncated bivariate normal distribution with parameters ψ (or ψ, de­
pending on parameterization).2 If β\ and β™ were observed, we would 

2 See Section 8.4 for how to use these results to estimate the parameters of 2 χ C 
tables, and Chapter 15 for R χ C tables. 
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be able to estimate ψ directly. That is, if β\ and β™ were observed, 
the likelihood function would be exactly a truncated bivariate normal 
(that is, based on Equation 6.14 instead of the function derived below 
in Equation 7.1). ψ could be estimated by taking the means, standard 
deviations, and correlation of β\ and /3f. Unfortunately, the aggrega­
tion problem eliminates the possibility of using this direct estimation 
method. 

Instead, the likelihood derived below, based only on aggregate data 
from the marginals of cross-tabulations, is indirect. The exact proce­
dure for finding evidence of individual-level effects in these aggre­
gate data comes from the fact that expected values of β\ and β™ (23) 
appear in the mean function of the aggregate variable T1 and the vari­
ances and covariance (Σ) turn up in the variance function of T1 (see 
Section 6.2.1). The fact that these parameters reveal themselves by af­
fecting specific features of aggregate data is what makes ecological 
inference possible. The indirect nature of this estimation problem is 
also critical to understanding the likelihood portion of the model. The 
difference between it and the direct approach that would be available 
if β\ and ftf were observed is also a precise measure of some of the 
information lost due to aggregation. 

One disadvantage of indirect estimation is that checking whether 
the distributional assumptions are correct is more difficult than sta­
tistical problems for which direct estimation methods are possible. 
Fortunately, information does exist in ecological data with which to 
verify distributional assumptions at least partially such as the one in 
this model. This fact is critically important, as unverified assumptions 
can easily lead to fallacious conclusions. 

A simple example of how the distributional assumption can be par­
tially verified in this model appears in Figure 7.1, which displays a 
tomography plot like that in Figure 6.3 (page 114). This figure dif­
fers from Figure 6.3 in several ways. First, the parameter values of 
the model that generated this graph are different (for variety). In 
addition, I have added a small dot to each solid line to indicate 
where the true values of β\ and β™ lie. If, in a real application, these 
points were known, the truncated bivariate normal, and the corre­
sponding contour lines, could be fit to them directly. Instead, the in­
formation aggregated away means that the corresponding distribu­
tion (the likelihood function derived below) can only be fit based on 
the lines, with no direct knowledge of where the points fall on each 
line. As described in Section 6.2.4, these lines show what informa­
tion is still available in each precinct after aggregation, and it is obvi­
ously less certain data than if we knew where on the line the (β\,β™) 
point fell. 
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Figure 7.1 Verifying Individual-Level Distributional Assumptions with Ag­
gregate Data. Each coordinate in this tomography plot represents a unique 
possible value of β\ and β™, with small circles indicating (usually unobserved) 
true values. Each line traces out Equation 6.27 for one precinct, summarizing 
knowledge of where the true value can lie if only X1 and Γ, are observed. The 
contour lines represent the estimated truncated bivariate normal distribution 
of β\ and β™. All data were randomly drawn from the model except for the 
dashed lines, which represent outliers. 

The dashed lines in the corners of the figure are examples of 
precinct results that would seem to violate the model assumption, 
as they imply that, wherever the {β^,β™) point is on each of these 
lines, it would fall 4-5 standard deviations away from the mode of 
the distribution. (The inner and outer contour ellipses were drawn so 
that the distribution above the areas they encircle includes 50% and 
95% of the volume of the entire distribution, respectively.) Although 
these results are technically possible, they are so improbable they 
should cause an analyst to question the modeling assumption. Thus, 
verifying the distributional assumption is not as easy in ecological in­
ference models as in some other statistical problems, but observable 
implications of individual-level distributional assumptions do exist. 
Remedies to problems such as this and more extensive methods of 
verification, are developed in Chapter 9. 

Finally, although the model presented in Chapter 6 and the meth­
ods of inference discussed in this chapter require no concepts from 
tomography, these concepts are often useful. Thus, in order to help in­
terpret the plots, which take some getting use to, Figure 7.2 provides 
a set of these graphs for several different possible parameter values 
and ranges of X1-. To construct these graphs, I drew 100 random val-



Figure 7.2 Observable Implications for Sample Parameter Values. The num-
bers at the top of each tomography plot are the parameter values for the dis-
tribution from which data were randomly generated: 93\ 93111, arh, <tw, and p. 
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ues of β\ and β™ from a bivariate truncated normal distribution with 
parameters ψ indicated at the top of each graph (that is, on the un-
truncated scale). These "true" values are plotted as small circles. For 
graphs (a)-(d), I fixed X, to 100 numbers evenly spaced between zero 
and one and then calculated Tj- via the accounting identity. Values of 
X, for Graph (e) were generated evenly spaced on the intervals (0,0.1) 
and (0.6,0.7), and graph (f) on the interval (0.5,0.55). All lines were 
drawn using Equation 6.27 (page 113). 

Figure 7.2 can be studied as a reference. It is useful to compare 
graphs based on real data to these prototypical graphs in order to see 
whether the estimated parameter values, and corresponding estimated 
contour lines, fit the data. Several features are apparent from these 
graphs. For example, distinguishing graphs in the first column (with 
93b = 0.5 and S8W = 0.7) and the second column (with different means) 
on the basis of the lines alone is quite easy. That means that aggregate 
data reveal a lot of information about the means (and, to a slightly 
lesser extent, the variances). 

In addition, just as was seen in the implications of these parame­
ters for lines fit to scatter plots of X, by T1 (as in Figure 6.1, page 100), 
values of ρ affect the data in relatively minor ways. This same feature 
arises again when the problem is viewed from the tomography per­
spective given in Figure 7.2. For example, graphs (a), (b), and (c) share 
the same means and standard deviations, but different values for p. 
The differences among the pattern of lines in these graphs are fairly 
subtle. For example, clearer evidence exists for negative than positive 
correlations. This is apparent by noting that graph (a) (p = —0.8) is 
easier to distinguish from graph (b) (p = 0) than (b) is from (c) (with 
ρ = 0.8) on the basis of the lines alone. This difference is similar to 
the problem in medical imaging where tumors in some places and at 
certain angles are easier to detect than at others, and it relates to the 
ecological inference problem where all "camera angles" always have 
a negative slope (due to the slope of Equation 6.27). A good way to 
distinguish these three graphs is to check the minimum value that the 
width of the contours could be in the direction of the 45° diagonal 
line (not shown). For example, in graph (c), focus on the lines that cut 
off the top right or bottom left corners. Since one true point must 
fall on each of these lines, the contours should be roughly that wide. 
The correlation is revealed from the lines by noting how much wider 
graph (c) should be, based on these lines, than graph (a), and how 
graph (b) falls in the middle. 

Graphs (e) and (f) in Figure 7.2 have a distinct pattern because 
the range of X, is highly restricted, making inferences more difficult. 
Since the model is conditional on X1-, these patterns do not indicate 
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that the fit is poor. Indeed, all data in Figure 7.2 were randomly gen­
erated from the model, so fit is not an issue. However, a restricted 
variance of X, will generate more uncertain inferences. The nearly 
parallel lines of graph (f) correspond to a medical imaging problem 
with X-rays taken from approximately one camera angle, which makes 
reconstructing the full two-dimensional cross-section difficult. For ex­
ample, suppose an X-ray of your head were taken from the front, with 
the photographic plate placed behind your head to catch the image. 
The shadows of the X-rays on the photographic plate might indicate 
that a tumor exists on the right side, but the X-ray provides no in­
formation about whether the tumor is immediately behind your right 
eye or all the way near the back of your head. (To see this, note that 
the one X-ray taken from the front would yield identical information 
to an X-ray taken from the back, with the photographic plate placed in 
the front.) The only way to determine the depth of the tumor would 
be to take another X-ray from a different camera angle, such as from 
the side. This second image would also not be sufficient by itself, but 
the two images, taken together, would be quite informative. Note how 
the second "camera angle" in graph (e) helps to locate the mode of 
this distribution. 

The same problem occurs in ecological inference: Locating the trun­
cated bivariate normal distribution becomes very difficult when the 
range of X1 (and thus the diversity of slopes — X,/(l —X,)) is restricted. 
Thus, in graph (f) of Figure 7.2, we know that the bulk of the distri­
bution falls on the lines somewhere, but there exists little evidence to 
ascertain whether it belongs where it is pictured or instead should be 
slid up or down the lines somewhat. This uncertainty in locating the 
distribution will translate into uncertainty in our ultimate inferences 
about j8* and β™. Finally, note that the mode in graph (f) falls outside 
the unit square; this is not a problem because the parameters are from 
the untruncated normal which indeed allows for additional flexibility 
in fitting the data. 

The problem portrayed by these graphs is described in the tomog­
raphy literature as an ill-posed inverse problem. To understand this per­
spective, let /( ·) represent a function that maps the truth onto the 
observed data: 

/(truth) = data 

In the ecological inference problem, the "truth" refers to values of β\ 
and j8f; in medical imaging the "truth" is often the locations of tumors 
or other internal features of the human body; in seismology, "truth" 
might refer to an ore deposit or chemical spill. The "data" are what is 
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observed on the outside, either the ends of the lines outside the square 
in figures like 7.2 or outside the head in imaging problems. This is an 
"inverse problem" since the function / ( · ) needs to be inverted to rea­
son from the data to the truth. That is, a solution requires / - 1 ( · ) · As 
described, this "inverse" problem is of course identical to recovering 
parameters in a likelihood or Bayesian framework (see King, 1989a: 
Chapter 2). However, this problem is different because of its indeter-
minacies. In recognition of this problem, tomography is referred to 
as "ill-posed," which more formally means that the data do not de­
pend approximately continuously upon the truth, and so / _ 1 ( ) may 
not necessarily even have a unique solution. Similarly, the ecological 
inference problem would also have no unique solution without some 
distributional assumption.3 

Thus, from only the lines, we need to identify where the contours 
should be drawn. Maximizing the likelihood function is obviously 
the best way to determine their placement, but to understand where 
they should be (on the basis of the lines alone), the best procedure is 
usually to begin by locating the likely mode of the underlying distri­
bution. Thus, first look for the area with the greatest density of lines, 
from which "emissions" might be coming. This is sometimes near the 
middle of the graph, as is clear in Figure 7.2, graph (a) (or even more 
clearly in Figure 7.1), although it can also be at an extreme, such as in 
graph (d). In graphs (a) and (d), the area with the greatest line density 
is where all the lines are crossing. Crossing lines are consistent with 
the presence of a mode, but they do not prove that a mode exists at 
that point, since if the true points fell on the same lines along the bor­
ders of the figure, the graph would look identical (this being another 
way to express the loss of information due to aggregation). Of course, 
there exists no information in ecological data to distinguish between 
the situations in which the true points fall near the center and those 
in which they fall along the borders. However, there does exist more 
information, even if not in X, and T1. 

That is, in virtually all cases, analysts generally know at least that 
the precincts (or other areal units) in the data set have something in 
common. At a minimum, the precincts are all from the same state and 
are near one another. The same elections are generally held in all the 
precincts; all the people in these precincts are governed by the same 
state and federal governments. In most situations, many other reasons 

3 Computerized tomography, as used in most imaging applications, requires distri­
butional assumptions also. The related field of geometric tomography has as its aim 
the reconstruction of fixed geometric objects, and so unique solutions are sometimes 
possible. See Gardner (1995a). 
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could also be found. A reasonable inference in these common situa­
tions is that β\ and β™, while not constant over precincts as in the 
Goodman model, may cluster around a single mode, although per­
haps with a wide variance. This is one possible motivation for the 
modeling assumption of a single truncated bivariate normal distribu­
tion. But the extra information from this knowledge is sufficient to 
identify features of the distribution from which the lines were gener­
ated. This is also equivalent to the assumption in medical imaging that 
a single tumor or cluster of tumors exists rather than a large number 
of small tumors randomly spread round the subject's brain. In both 
problem areas, assuming the existence of a single mode is a reason­
able assumption that is in part verifiable in the tomography plot. (If 
multiple modes are suspected, or if evidence is found for them, one 
can either run separate analyses on the data from each mode, or fol­
low other procedures described in Chapter 9.) 

Note that the mode of the distribution is not necessarily located at 
the visual average of the lines in the graph, as if we were looking at a 
scatter plot. Instead, the mode is at the average of where the true β\ 
and j8J" points lie, which in turn give rise to the lines. In judging where 
the points (and thus the mode of the distribution) might be, from the 
lines only, we need to think of the problem as inverted and ask: where 
is the clump of points that give rise to the "emissions" represented as 
lines? Each point could fall anywhere along its corresponding line, but 
the assumption that they are truncated bivariate normal enables us to 
use all the precincts together to locate the mode of the points common 
to all the lines. For example, panel (d) of Figure 7.2 has a mode all 
the way in the corner. This mode is easiest to recognize from the lines 
alone by noting that the highest density of lines, and line crosses, is in 
the lower left corner of the graph. It is also important that the density 
of lines drops in all directions as we move away from that corner, 
which is a property of a unimodal distribution. 

Another useful procedure for parsing the information in the tomog­
raphy plots is to begin with the recognition that the model is condi­
tional on X1. This means that the slope of any line alone should not 
be used to evaluate the fit of the model. Thus, one could consider 
sets of lines with roughly the same slope and use their positions to 
evaluate the fit of the model. For example, graph (d) contains lines 
with approximately two distinct slopes. That lines from each group 
pass through the same small area on the graph helps to confirm the 
existence of a mode near the bottom left of the figure. 

As should be apparent, an infinite variety of other patterns can oc­
cur in tomography graphs. In all cases, the basic non-identification 
problem must be kept foremost in mind and weighed against avail-
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able qualitative information about the areal units being analyzed. A 
tomography plot for data that meet Goodman's unrealistic assump­
tion of constant parameters have lines that all pass through a single 
point (and look something like *, except that all lines must be neg­
atively sloped). Under Freedman et al.'s (1991) "nonlinear neighbor­
hood model," where the similarly unrealistic assumption that /3f = βγ 
is imposed, the precinct estimates are taken from the intersection of 
each tomography line with the 45° diagonal with no random error 
of any kind. Tomography plots based on real, nontrivial data sets 
never resemble a star pattern supporting Goodman's model assump­
tion, and only in rare applications is Freedman et al.'s assumption 
substantively or empirically plausible. In practice, each model is cor­
rect on occasion, but largely by coincidence. In the examples in Part 
IV, Goodman's and Freedman et al.'s estimates are, with a few unpre­
dictable exceptions, usually far from the true values. 

7.2 THE LIKELIHOOD FUNCTION 

If the truncation limits have relatively little effect, the parameter vec­
tor ψ can be estimated through a modification of the generalized least 
squares or iterative estimators developed for random coefficient mod­
els (following Hildreth and Houck, 1968, and the subsequent liter­
ature). Unfortunately, these procedures have not worked as well in 
practice as their developers had hoped. The most common problem 
is that the variances are not always estimated as positive numbers. 
In addition, the condition σ^σ^ — &lw > 0, required to ensure that the 
implied variance matrix Σ is positive definite (or, in other words, so 
that the correlation lies between - 1 and 1), does not always hold for 
the estimates.4 

Various suggestions have appeared in the literature to fix these 
problems, such as changing negative variance estimates to zero, using 
restricted least squares, reparameterizations, approximate Bayesian 
estimation, mixed estimation, or minimum norm quadratic estima­
tors (see Griffiths, Drynan, and Prakash, 1979; Srivastava, Mishra, 
and Chaturvedi, 1981; Swamy and Mehta, 1975; Schwallie, 1982). In 
my experience, none of these fixes is sufficiently satisfactory when 
applied to ecological inference problems (an experience similar to 
those reporting other applications in the statistics and economet­
rics literatures). Moreover, these generalized least squares estimators 

4 Many methodological descriptions of random effects models do not mention these 
problems, but virtually all authors in this literature who have had experience with these 
models in real data analyses usually run into and report these problems immediately. 
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are not appropriate for most cases when truncation does have an 
effect. 

Fortunately, we can use some of the insights from these attempts 
to solve the problem with a more straightforward simultaneous maxi­
mum likelihood approach. According to the model, T1 is a linear func­
tion of truncated bivariate normal variates, β\ and β™, since T, = 
β\Χ, + β™(1 — X1), and X, is fixed. However, this does not mean 
that T1 follows a truncated univariate normal distribution. The for­
mal mathematical derivation of the correct distribution is given in 
Appendix D. This section derives the likelihood function more quali­
tatively (and perhaps more intuitively) by close reference to the con­
cept of a tomography plot and the truncated bivariate normal dis­
tribution positioned over it. The total volume above the unit square 
and beneath the truncated bivariate normal probability density equals 
1.0 (as for all proper distributions). Portions of this volume above 
regions of the square (such as β\ > 0.9 and j8f < 0.2) indicate the 
probabilities of these events occurring under the model. The key to 
understanding this derivation is keeping straight the pieces of the 
corresponding untruncated joint normal distribution above (1) one 
line segment and (2) the entire unit square, both truncated at the 
edges of the tomography square, and the corresponding portions of 
the untruncated normal distributions above (3) the line and (4) the 
plane. 

The likelihood function is based on the observable information in 
aggregate data about the parameters of interest in combination with 
the modeling assumptions. The only observable information for a 
precinct is represented by the area above its tomography line segment. 
We also know that the entire unit square represents all the places this 
line might have appeared. The corresponding area above the untrun­
cated line and the volume above the untruncated plane are introduced 
for mathematical convenience only, just as we previously introduced 
untruncated parameterizations. The following proof connects the most 
substantive interpretation, at the start, with the formal mathematical 
notation, at the end. (If the math were sufficiently easy, the third line 
of this equation would be sufficient.) 

Thus, for heterogeneous precincts (i.e., for X, not equal to one or 
zero), the likelihood function is proportional to a probability density 
that can be decomposed as follows: 

L(.AIT)OC Π p ( T *l#) 
X,6(0,l) 

T-r / What we observe \ 

ν /ni\ V What we could have observed/ 
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j—r / Area above line segment \ 

x e(o i) ^ Volume above square ) 

(Area above line segment\ 
Area above line ) 

V m A Volume above plane / (Volume above square \ 
^ Volume above plane J 

- n ^ 
X,e(0,l) Z ) 

The core of the likelihood function, N(T, |/x,, of), is an untruncated 
normal distribution with mean E(T,|X,) = jn, defined as linear in X, 
in Equation 6.16 (page 106): 

Vi = + W(\ - X,) 

and variance V(T,|X,) = of defined as quadratic in X, in Equation 
6.18: 

= (<*£) + ( 2 - 2&l)Xi + {&l + 2a-bw)Xj, 

The remaining factor in the likelihood function in Equation 7.1, 
which allows this function to deviate from a normal distribution, is 
composed of two scale factors. The first, R(23,2), is the normaliz-
ing constant for the truncated bivariate normal of fib and /3l" (defined 
in Equation 6.15, page 104), which indicates how much of the cor-
responding untruncated bivariate normal distribution covers the unit 
square: 

R(®, 2 ) = f 1 f 1 N(j8*, f}w\%, t)dpbdl3w (7.2) 
Jo Jo 

Procedures for computing this function are described in Appendix F. 
The final piece of the likelihood function, S(S3,2), is the fraction of 

an untruncated normal distribution falling above the line segment for 
one precinct in a tomography plot. It turns out that S(S, 2 ) also hap-
pens to be the normalizing constant from the truncated normal pos-
terior distribution of f3b given T, and ip, (defined in Equation 6.23, 
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page 109): 

*» + % , σΐ - 4 ) d? (7.3) 

and which is easily calculated as the difference between two cumula­
tive normal distribution functions. 

The factor S(93, 2)/.R(23, X) is the difference between this likelihood 
and a normal distribution. The factor is roughly one, and can thus 
be ignored, only when the corresponding truncated bivariate normal 
distribution on β\ and β™ is not heavily influenced by the bounds, as 
in graph (a) of Figure 6.2 (page 105). In this situation, the likelihood 
function would then reduce to a normal distribution with a mean that 
is a linear function of X1, just as in an ordinary regression but with a 
variance function that is quadratic in X1-. Since likelihoods are func­
tions of the parameters, ignoring this factor is only appropriate when 
it is approximately one for all combinations of parameters with rea­
sonably high likelihood values. Since this will not happen in general, 
this factor should not normally be ignored. 

Because homogeneous precincts reveal the true value of the quan­
tity of interest without uncertainty, they need no distribution. How­
ever, they are very useful in helping to locate the truncated bivariate 
normal distribution, which can then be used to improve estimation of 
the distribution of precinct parameters from heterogeneous districts. 
Recall that if β\ and β™ were observed, the distribution could be fit 
to them directly, and that it is only the aggregation process that forces 
us into an indirect estimation procedure. In homogeneous precincts, 
these parameters are observed and so they can be used directly in 
the estimation procedure. That is, although this estimation provides 
no help for these precincts, it does help by sharing their considerable 
strength in estimating the quantities of interest for the other precincts. 

The algebraic form of the likelihood function for homogeneous 
precincts is fairly simple because T1 reduces to β\ (for X, = 1) or 
βΥ (for X, = 0). The likelihood function is also easy for unanimous 
precincts since if T1 — 0 or T1 = 1, then β\ = β™ — T1. These cases are 
covered in Appendix D. 

7.3 PARAMETERIZATIONS 

In order to maximize the likelihood function more easily, and then 
later to summarize the information about it, choosing a parameteri­
zation close to the normal distribution is best. (That is, the parame-

min(l,^j 
S(SB, 2 ) = / N 

(0.I=S^l) 
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terization should be close to the normal in the parameters, not neces­
sarily in T1.) This procedure also helps to avoid numerical difficulties 
that sometimes occur when computing the double integral in Equa­
tion 7.2. Since maximum likelihood is invariant to reparameterization, 
this reformulation does not affect where the maximum is located on 
the scale of ψ. 

For example, as is very common in the statistical literature, I esti­
mate In(CTj,) instead of &h. This parameterization has the advantage 
of being unbounded and more nearly symmetric, as a normal variate 
must. To compensate for the correlation that often appears between 23 
and C ,̂ I use a modified ratio of the two for estimation. The full set 
of parameterizations is as follows: 

23fc - 0.5 

&l + 0.25 

2> - 0.5 

σΐ + 0.25 

In(Oj1) 

I n ( ^ ) 

0.51η ( i ± | ) (,4, 

where φ5 is Fisher's (1915) "Z transformation." 
An example of the advantages of these parameterizations appears 

in Figure 7.3. The left panel of this figure gives a sample contour plot 
of W by ah (using the data set described in Chapter 10, and with the 
other values set at their maximum likelihood estimates). Each contour 
line traces out all places on the corresponding three-dimensional im­
age that have a certain height, labeled as the fraction drop-off from the 
mode. Thus, the concentric lines on the left graph portray a long thin 
hill that peaks at the center of the 0.9 loop. The fact that the contour 
plot is long and thin is indicative of highly correlated parameters. 

In contrast, the right panel in Figure 7.3 plots the contours of the 
corresponding reparameterized version, φ1 by φ3. The parameters in 
this distribution are nearly uncorrelated, making numerical maximiza­
tion much easier. For other data sets, the original distribution is more 
skewed or "banana-shaped", whereas the reparameterized version is 
much closer to the elliptically shaped normal distribution. Thus, a 
normal distribution will much more closely approximate the variabil-

Φι 

Φι 

φ4 

Φ5 
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τ 1 1 1 1 — 1 1 1 1 1 1 1 Γ 

1.15 1.25 1.35 1.45 1.55 1.7 1.8 1.9 

Figure 7.3 Likelihood Contour Plots. The left panel shows the contour plots 
with highly correlated parameters under the original φ parameterization. The 
right panel gives the more nearly uncorrelated normal contours for the repa-
rameterized version, φ. 

ity in the likelihood function under this new parameterization. This is 
not an essential step from a theoretical perspective, and has no effect 
on the ultimate estimates, but it vastly reduces computational bur­
dens in maximizing the likelihood function, in drawing samples from 
the exact posterior distribution, and in understanding and evaluating 
intermediate results. A smaller correlation is also useful since when 
the maximization routine tests parameter values far from the mode, 
standard numerical calculations of R(93, Σ) become imprecise. Reduc­
ing the correlation lessens the chance of running into these numerical 
difficulties. 

This is the third parameterization used for the parameters of the 
truncated bivariate normal distribution in Equation 6.14. We began 
with the (unweighted) moments of β\ and β™, 

and then transformed to the corresponding untruncated scale to ease 
the mathematical derivations, 
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and now transform to the most convenient scale for the purposes of 
estimation, 

Φ = {Φι, Φι, Φ3> Φ*> Φδ} 

Neither ψ nor ψ nor φ are the parameters of interest, even at the ag­
gregate level, but keeping the parameterization flexible and changing 
it to suit different needs in different parts of the analysis like this is 
easier mathematically and computationally. It makes estimation faster, 
and it is more straightforward to understand (at least as compared to 
the algebraic mess that would result if only one parameterization were 
used). Moreover, the flexibility facilitates making inferences about ex­
actly the desired quantities of interest because they are computed in 
a separate step, described below. The only disadvantage is that more 
steps are required to switch between the parameters. 

In practice, φ is estimated first and then translated into ψ (by invert­
ing Equations 7.4). From ψ, the quantities of interest can be computed 
directly (as described in Chapter 8) or, to interpret the results of this 
preliminary estimation stage of the analysis, ψ can be calculated (us­
ing the methods of simulation indicated in Section 6.2.2). 

7.4 OPTIONAL PRIORS 

The likelihood function can be maximized fairly easily as given. How­
ever, to facilitate computation in difficult cases, priors can be useful 
for φ3, φ4, and φ5, the parameters about which the least information 
exists in the data but some prior information does exist. Because of the 
extensive information available in the data, priors for φλ and φ2 are 
usually best omitted unless substantial precise external information is 
available. 

Since β\ and β™ are each truncated, the variances cannot logically 
get huge. In particular, ab and &w should be greater than about 0.5 
only very infrequently. I therefore use a half-normal prior for each (or 
equivalently for e^ and e*4) with variance 0.5.5 

The least information in the data exists for estimating p. Fortunately, 
the empirical results are not very sensitive to estimated values of p. 
Substantively, ρ can range from —1 to 1 but in real applications it 
should not be too large or small. For example, the correlation be­
tween the fraction of blacks and whites voting for the Democrats 

5 A half-normal distribution is the right half of a normal distribution with mean zero, 
normalized to have an area of one. The resulting distribution has a mean equal to y/2/ττ 
times the variance of the original untruncated normal. 
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should rarely get above 0.95 (or below —0.95) and in most applica­
tions will normally range between roughly —0.7 and 0.7. I therefore 
usually use a normal prior on φ5 with hyper-parameters of mean zero 
and standard deviation 0.5. Although the priors on ah and aw rarely 
have any significant effect, this prior on ρ sometimes does. The effect 
is almost entirely on the uncertainty of the ultimate inferences, as the 
values of ρ very close to 1 or —1 imply unrealistically narrow confi­
dence intervals on the parameters of interest. (The ellipse in Figure 
6.3 becomes very thin and the conditional distribution cut across it 
by the tomography lines have very small variances.) The prior com­
pensates for the lack of information in some data sets and keeps the 
variances realistically sized (see Section 9.3). 

Since ecological data sets generally contain numerous observations, 
the prior (which is equivalent to adding one strategically selected ex­
tra observation to the data set) is usually overwhelmed by the like­
lihood function. The priors help for small data sets, and for the start 
of the maximization process, but so would collecting data for smaller 
areal units or merging data from adjacent geographic areas. 

7.5 SUMMARIZING INFORMATION ABOUT ESTIMATED PARAMETERS 

The likelihood function (which is proportional to the sampling dis­
tribution), or from a Bayesian viewpoint the posterior distribution, is 
used to summarize all information in the data about the parameters 
φ. To do this, first maximize the log-likelihood function yielding esti­
mates of the mode φ and corresponding variance matrix V(<£). (If the 
number of observations ρ were to increase, the estimation variance 
would tend toward zero, but elements of φ including the variance 
terms would tend toward fixed numbers. This is evidence that the 
model does not ignore the fundamental uncertainty inherent in the 
ecological inference problem.) 

One easy summary of knowledge of φ is via a normal approxi­
mation. Because of the reparameterization developed for estimation 
purposes, the normal is not far off. Thus, we could use the multivari­
ate normal as an approximation to the posterior distribution: 

φ~Ν(φ\φ,\1(φ)) (7.5) 

Since the correct posterior distribution is asymptotically normal, and 
aggregate data are rarely in short supply in ecological inference prob­
lems, this approximation should work reasonably well for many data 
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sets.6 But, since it will not work for every data set, I go the extra step 
of using the actual, rather than approximate, posterior distribution. 
This is done via importance sampling. The idea is to use the normal 
distribution in Equation 7.5 as a first approximation to the correct 
posterior, Ρ(φ\Τ) — Τ'(φ)Ρ(Τ\φ), and then to improve the approxima­
tion to reach Ρ(ψ|Γ). To be specific, first draw a random value of φ 
from the normal distribution Ν(ψ|ψ, V(^)) in Equation 7.5, which is 
easily done. Then accept this randomly drawn value with probability 
proportional to its importance ratio, Τ(φ\Τ)/Ν(φ\φ, V(0)). If rejected, 
draw a second value from Ν(φ\φ,Υ(φ)) and repeat the procedure. 
See Chapter 8 for details of this procedure. Using the exact posterior 
has the additional advantage of working correctly even if the max­
imization routine were to fail. Indeed, even if the posterior has no 
unique maximum, multiple modes, or a plateau at the maximum, im­
portance sampling will take longer but it will still yield random draws 
from the correct posterior, Ρ(φ\Τ). Although these problems do not 
seem to occur in this model, a diagnostic for it occurring would be 
the importance sampling taking an inordinately long time. 

6 The normal in Equation 7.5 is, by the central limit theorem, a possible distribu­
tion for the parameters. The distribution for the outcome variable T1 is still the original 
posterior, which is the likelihood times the prior. 



CHAPTER 8 

Calculating Quantities of Interest 

THIS CHAPTER shows how to use the model in Chapter 6 and pre­
liminary estimates in Chapter 7 to make inferences about the various 
quantities of interest. These quantities of interest include the precinct-
level parameters β\ and βγ from Table 2.3 and λ\ and AJ" from Ta­
ble 2.2, as well as the corresponding district-wide aggregates Bb, Bw, 
Ah, and Aw. Other more specialized quantities of interest are also de­
scribed. The inferences include point estimates, and uncertainty es­
timates such as confidence intervals, or complete posterior distribu­
tions. 

The technique of simulation is the easiest way to compute the quan­
tities of interest. Simulation requires no additional assumptions and 
is a lot easier, faster, and more intuitive than the corresponding math­
ematical derivations, which are not even solvable in many cases. Sec­
tion 8.1 gives a brief review of this technique. Section 8.2 then de­
scribes how to simulate the precinct-level parameters, and Section 8.3 
describes district-level parameters. Simulation of quantities of interest 
in 2 χ 3 and larger 2 χ C tables are described in Section 8.4. A variety 
of other quantities of interest are given in Section 8.5. 

8.1 SIMULATION IS EASIER THAN ANALYTICAL DERIVATION 

"Simulation" (also called "stochastic simulation," "Monte Carlo sim­
ulation," "random simulation," or "Bayesian simulation") substitutes 
computer effort for human effort and is used to compute features of 
probability distributions, such as means, variances, covariances, and 
the like. It involves mathematical approximation rather than statis­
tical estimation, and is not used for estimating these features from 
data. Simulation can approximate the numerical value of the quantity 
of interest to any degree of precision. The basic idea involves taking 
random samples of the parameters of interest from the given prob­
ability distribution and averaging to approximate the mean, taking 
the standard deviation for the standard error, etc. In some ways sim­
ulation, as compared to mathematical derivation, can be thought of 
as the canonical approach, since it so closely mirrors statistical proce­
dures for mathematical purposes. Its computational advantage is that 
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the integrals required for analytical solutions are often difficult or im­
possible to compute. In contrast, we can get equivalent results via 
simulation if we can only figure out how to draw repeated indepen­
dent random samples from the distributions. Simulation is becoming 
increasingly popular in statistical modeling because drawing random 
samples from a distribution is frequently easier than integrating. As 
such, nothing is lost by this approach, and much is gained in terms of 
time and resources. Because simulation is probably not very familiar 
to most readers, and since it has not before been used in the ecological 
inference literature, I briefly describe it here. See Ripley (1987), Tan­
ner (1996), Gelman et al. (1995), and Jackman (1996) for more detailed 
expositions. 

8.1.1 Definitions and Examples 

As a simple example, suppose we wish to compute the expected value 
of a variable from a complicated probability distribution P(y). (For 
simplicity, assume that the distribution has no parameters or that 
they are fixed and need not be estimated.) The goal, then, requires 
a solution to a straightforward mathematical problem. The analytical 
solution calls for computing this integral: 

/

OO 

•oo 

Unfortunately, integrals such as this are often very difficult or impos­
sible to solve. 

Alternatively, to compute the same expected value via simulation, 
follow these much simpler steps: 

1. Draw 1,000 random numbers from P(y) 
2. Compute the arithmetic mean of these random draws 

The mean of the random draws serves as the approximation to the 
expected value. The precision of this approximation can be computed 
easily via the same sampling theory used to decide how many obser­
vations to draw in conducting public opinion polls when using sim­
ple random sampling. But in practice an easier alternative is to repeat 
the procedure and observe how much the approximation changes. 
If only three places after the decimal point will be used in report­
ing the expected value, and the approximations change only after the 
fourth decimal point in repeated applications, then the approximation 
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is sufficiently precise and nothing is lost. If there is any doubt about 
whether a sufficient degree of precision has been reached, just increase 
the number of random draws from 1,000 to some larger number. The 
number of draws required depends on the nature of the distribution 
being sampled from, the quantity of interest, and the desired degree 
of precision. For most problems in this book, 100 draws is sufficient; 
for a few as many as 10,000 are required. 

Using simulation to approximate the mean of a probability distribu­
tion is logically almost the same as using sampling theory to estimate 
the mean of a real population. To estimate a mean, average a large 
number of independent random draws from some real population. 
To approximate the mean of given probability distribution, average a 
large number of independent random draws from that distribution. 
For the model described in this book, and for many complicated sta­
tistical models, simulation is conceptually very natural because of the 
parallels between these two important activities. 

Other features of the probability distribution besides the mean can 
also be computed by simulation. For example, to compute the vari­
ance of y, take the sample variance of a large number of random 
draws. To approximate Pr(y > 7) under this distribution, compute 
the proportion of random draws of y that are larger than 7. To ap­
proximate the entire distribution, plot a histogram of all the random 
draws. 

The only difficulty in applying simulation is figuring out how to 
draw random numbers from specialized distributions. Most computer 
programs include random number generators for the uniform distri­
bution on the interval [0,1], and for the standard normal distribution. 
Some programs include other useful distributions, too. For more un­
usual or new distributions, special procedures need to be followed, 
and a large statistical literature seeking to provide useful methods 
has developed to meet this need. 

For one simple example relevant to the problem in this book, sup­
pose we desire random numbers from the truncated standard uni­
variate normal distribution with bounds at 0 and 1. The easiest ap­
proach is called rejection sampling: draw many random numbers from 
the (untruncated) standard normal available in most computer pack­
ages, and discard those draws that fall outside the [0,1] interval. The 
remaining random draws can then be used to compute the mean or 
other features of the probability distribution, just as before. The slight 
complication here is that a larger number of draws would need to be 
taken initially if many are rejected for falling outside the truncation 
bounds. Fortunately, if too few are accepted, we can redraw additional 
values until we have a sufficient number, and the precision of the ulti-
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mate approximations can be checked by repeating the procedure. (See 
Appendix F for further refinements.) 

8.1.2 Simulation for Ecological Inference 

The specific goal of this chapter is to compute the posterior distri­
bution (or sampling distribution from a classical perspective) of each 
quantity of interest, and to draw random samples from it. For exam­
ple, once we are able to draw random numbers from the posterior 
distribution P(/3f |T) r we will be able to make any desired statement 
about β\, given the information in the aggregate data. If we wish to 
know our best guess (point estimate) about the value of jSf, we could 
take the mean of a large number of random draws. Its standard er­
ror could be computed by calculating the standard deviation of the 
random draws. The full posterior distribution of β\ could be approx­
imated by plotting a histogram of these random numbers. 

The complication here is that the exact form of ¥{β\\Τ) has not 
yet been calculated. If the five parameters of the truncated bivariate 
normal distribution, φ (or in its alternative parameterizations, φ or ψ), 
were known, the posterior distribution of the precinct-level parameter 
β\ would be ¥{β]\Τ, φ) which was given in Section 6.2.3 (see Equa­
tion 6.19 on page 108, and the derivation in Appendix C). Of course, 
φ is not known, and so P(/3f | T, φ) is only the conditional posterior dis­
tribution. To produce the desired unconditional posterior distribution, 
P(ySf I T), we need to average over the uncertainty in the posterior of φ 
given the data (see Section 7.5). With this information, we will be able 
to compute any quantity of interest, such as racially polarized voting 
estimates or the district aggregates. 

For example, the unconditional posterior distribution of β\ requires 
solving this formidable expression: 

P(jB?|T) α jp(tf, φ\Τ)άφ 

(χ Ιγ{φ\τ)Υ{β\\Ύ,φ)άφ 

ex /"P(^fJN(TiKo? 
-' 1=1 

S(SB, Σ) 

R(*,2) 

χ Τ Ν »? + 
σΐ at 

άφ 

This is 
too hard! 
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These five-dimensional integrals appear to have no closed form so­
lution. Fortunately, as the following sections demonstrate, simulation 
will solve these problems quite easily. 

8.2 PRECINCT-LEVEL QUANTITIES 

This section first describes how to simulate values of β\ and β™, and 
then what to do with these values to learn what the data and model 
say about the fraction of blacks who turnout in precinct i. (Section 8.4 
shows how to simulate values of \b

t and Af, and how simulating θ\ 
and Of require procedures parallel to this section.) 

Consider first the general logic, saving the practical details until af­
terward. In homogeneous precincts, β\ and j8f are known and need 
not be simulated. Simulating from the posterior distribution in het­
erogeneous precincts depends on its structure: 

/

OO 

Ρ(φ\Τ)Ρ(βΊ\Τ,ψ)άψ 
-OO 

(Recall that φ is a deterministic function of ψ.) Instead of carrying out 
the integration, we draw a single β\ from Υ(β\\Τ) by following these 
steps: 

1. Draw one value of φ from its posterior Ρ(φ|Τ) (derived in Section 7.5) 
and label it φ, 

2. Reparameterize φ (which is on the scale of estimation) into the untrun-
cated scale, producing ψ (which is a simulated value of ψ). 

3. Insert φ into the conditional posterior distribution of β\ (derived in Sec­
tion 6.2.3), which is now ¥(β\\Τ, φ), and draw a value of β\ randomly 
from it. 

Following these steps is equivalent to drawing β\ directly from its 
posterior Υ{β\\Ύ). The specific details of how to carry out each of 
these operations is somewhat more technical, but the underlying logic 
is no more complicated than these three steps. 

I now proceed to explain these steps with a slightly different orga­
nization, and in more detail. Thus, in order to take a single random 
draw of β\ from its posterior distribution P(/Sf | T1), for precinct i, fol­
low these steps: 

1. Draw one random sample of the parameter vector φ using the normal 
approximation, and label it φ. This requires two steps: 

a. Find the values of φ that maximize the log of the likelihood func­
tion in Equation 7.1 (page 134), plus the log of the prior if used, 
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and summarize the results with the vector of point estimates φ 

and a variance-covariance matrix, ν ( ψ ) . Any standard maximum 

likelihood program can produce these estimates (see Appendix F). 

b. Draw one value of φ from a normal distribution with mean φ and 

variance V(4>) (Equation 7.5, page 139). 

2. Reparameterize the simulated elements of φ into the untruncated ver­

sion, ψ, by substituting the elements of φ into the left sides of Equations 

7.4 (page 136) and solving (see for example, Equation 10.1, page 202).1 

3. Improve the normal approximation by using "importance sampling" 

(see Tanner, 1996). The result is a single random draw of φ from its 

posterior distribution, which is also labeled ψ. To do this, follow these 

steps: 

a. Compute the "importance ratio," which is the the ratio of the value 

of the likelihood function L (ψ\Τ), to this the normal approxima­

tion, N (φ\φ,ν(φ)\, each evaluated at the simulated parameter 

vector, and normalized across repeated draws to a scale of zero to 

one. 

b. Accept the sampled value ψ with probability equal to the impor­

tance ratio. That is, keep the sampled value if it is larger than a 

number drawn randomly from a uniform distribution on the in­

terval [0,1]. If the sampled value is rejected (because it is less than 

the randomly drawn uniform number), go to step l.b. and draw 

another. 

4. Insert ψ, which is the result of the importance sampling, into the con­

ditional posterior distribution of β\, P(/3f \T„ ψ), and draw a value of /3f 

randomly from it. To do this, follow these steps: 

a. Compute of from Equation 6.17 (page 106), ώ, by using Equation 

6.20, and i, by Equation 6.21 (page 108). 

b. Substitute these values into the truncated conditional normal pos­

terior distribution in Equation 6.19 (page 108), and draw one value 

o f # . 2 

A s u m m a r y of w h a t the m o d e l a n d the data have to say about 

β* can be d i sp layed by taking a large n u m b e r of r a n d o m d r a w s of /8f 

1 The notation φ refers to a simulated value of φ, the untruncated parameterization 
of the truncated bivariate normal distribution parameter vector. 

2 To draw from this truncated normal, sample rejection, as described in Section 8.1.1, 
is often fastest. For hard cases, where the [0,1] region is distant from the mean of the 
untruncated normal and the variance is small, the inverse CDF method can be used. In 
addition, if the precinct is racially homogeneous (i.e., X1 =1 or 0), then the value of the 
parameter is given in Equation B.l. Since it is known exactly, its standard error is zero, 
and no simulation is necessary. 
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(by repeating this algorithm) and plotting a histogram. This histogram 

represents the posterior density of β\, which is a representation of all 

knowledge we have about the parameter. If enough simulations are 

taken, the histogram becomes smooth; alternatively, a "kernel density 

estimate" can be used instead, which is a smooth version of a his­

togram (see Silverman, 1986; and King, Alt, Burns, and Laver, 1990, 

for a political science application). 

For example, I collected data from the 1990 election held in Penn­

sylvania's 8th state senate district. This district has 244 precincts 

that could be matched to demographic data from the U.S. Cen­

sus. The algorithm described in this section was then applied in 

order to estimate the fraction of blacks who turned out to vote in 

each precinct. Figure 8.1 plots four kernel density estimates of β\, 

the fraction of blacks who voted in 1990, from four precincts in 

Pennsylvania's 8th state senate district. These four were selected to 

show the diversity of empirical results. For example, the top two 

posterior distributions appear symmetric, unaffected by truncation, 

and imply reasonably narrow confidence intervals, but with very 

different means for β\. The third distribution gives an even more 

confident prediction; it is also skewed and heavily influenced by 

its upper bound. The final distribution is much flatter, spreading 

out its information over a larger interval, meaning that inferences 

from it are much less certain. This fourth posterior is also skewed 

even though it is not influenced by the bounds, and it is slightly 

multi-modal. 

The mean of each of these distributions can be used as a point esti­

mate and the standard deviation could summarize the degree of vari­

ation, and hence uncertainty, around the mean, although the full dis­

tribution as in Figure 8.1 contains all relevant information and should 

always be presented if there is sufficient room. Posterior distributions 

like these also make possible specific probabilistic statements about 

each value of β\. For example, we could easily compute the probabil­

ity that /?238 > 0.4 by adding up the area under precinct 238's curve to 

the right of 0.4 on the horizontal axis (this can also be done directly 

from the simulated values by counting the proportion of simulated 

values greater than 0.4). 

We can arrive at a point estimate of a precinct-level parameter by 

repeating these steps to yield a large number (K) of simulated values 

and averaging them (K = 100 will usually be sufficient, although any 

degree of precision can be achieved by drawing a sufficiently large 

number). For example, a point estimate of the proportion of blacks 
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A 

Figure 8.1 Posterior Distributions of Precinct Parameters β\. Proportion of 
blacks voting in selected precincts from Pennsylvania's 8th senatorial district 
in 1990. The first two posteriors are symmetric; the third is strongly affected 
by its upper bound; and the last has a wide variance and is thus less infor­
mative. These figures are "density estimates" (smooth versions of histograms) 
drawn using the simulations β\. 

voting in precinct i is: 

1 K 

Jt=I 

(8.1) 

where β, is simulation k. If the posterior is skewed as is often the 
case, the median value might serve as a better point estimate sum­
mary. However, because the posterior distribution is always trun­
cated, the median is not often far from the mean. 

It would be possible to calculate a standard error of this proportion 
by taking the standard deviation across these K simulations: 

SE(tf) 

N Jt=I 
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However, because the posterior distribution is truncated, the stan­
dard error is not always the best measure of uncertainty for estimates 
from this model, even though it will often prove to be a useful sum­
mary. In general, standard errors are approximations for use with a 
normal posterior (or sampling) distribution. Although standard errors 
can always be computed, they do not always correspond to the usual 
/-statistics and confidence intervals unless the underlying posterior is 
normal. One would still want to compute hypothesis tests and confi­
dence intervals, but the familiar rules of thumb no longer apply. For 
example, without a normal posterior, ±2 standard errors would no 
longer be approximately the 95% confidence interval. 

So the question is how best to represent the uncertainty about our 
point estimates. By far the best summary of our knowledge of the 
parameter, with or without knowledge that the distribution is normal, 
is the entire posterior distribution. With simulation, this is easy to 
compute: merely plot a histogram of all the simulated values from a 
precinct, such as in Figure 8.1. The problem is that this is unwieldy 
if the problem includes many precincts (such as in Part IV, which 
includes thousands of estimates.) 

As a convenient summary of the model's uncertainty, confidence 
intervals are very useful. These are also easy to compute from simu­
lations. For example, to compute the 80% confidence interval for β\, 
use the values at the 10 th and 90 t h percentiles of the simulated values. 
That is, sort the K simulated values of this parameter. Then take the 
value which is 0.1K from the smallest for the lower end of the con­
fidence interval and 0.1K from the largest (or equivalently 0.9K from 
the smallest) for the upper end. Thus, if we used 100 simulations, the 
10 th and 90 t h smallest values form the confidence interval. 

To draw random values of β^, follow the steps for drawing ran­
dom values of β\ and then compute J3f deterministically using Equa­
tion 5.2 (page 80). We would follow parallel procedures for θ\, and 
Θ™ from Equation 2.3 (page 34). The parameters from larger tables 
require similar, but slightly more complicated, procedures described 
in Chapter 15. 

8.3 DISTRICT-LEVEL QUANTITIES 

The district aggregates are also of obvious interest, as they were the 
original, more limited, goal of previous studies of ecological inference. 
They can also serve as convenient summaries of detailed precinct-level 
results. 

One set of district-level parameters are those explicitly represented 
in the likelihood model, ψ (or ψ or φ, depending on parameteriza-
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tion). However, because these parameters are based on the simple un­
weighted averages and do not include the full information from the 
precinct-level bounds, they are not the district-level parameters of in­
terest. The correct district-level parameters of interest are the weighted 
averages of the precinct parameters computed in Section 8.2. 

To draw a single random value of a district aggregate, draw one 
value for the corresponding parameter in each precinct and then take 
their weighted average. To compute one simulation of the district 
aggregate, Bb, follow these steps: 

1. Apply the steps described in Section 8.2 once for each of the ρ precincts, 
producing β\ (for i = 1,..., p). 

2. Take the average weighted by the numbers of blacks in each precinct by 
following Equation 2.1 (page 33): 

B -L^ir 
I=I 

(These will automatically fall within the correct bounds for the district 
aggregate.) 

To produce a set of K simulated values of the district aggregate, 
repeat this procedure K times. The resulting simulations can then be 
used in the same way the precinct-level simulations were used in 
Section 8.2. For example, the best summary of our knowledge about 
the district aggregate is the posterior distribution, which can be ap­
proximated by plotting a histogram of the district simulations (for an 
example, see Figure 10.4, page 208). 

We could similarly compute a point estimate for the district aggre­
gate quantity of interest by taking the mean of the simulated values: 

1 K 

K

k=l 

where Bb^ is simulation k of the district aggregate. 
As with the precinct-level quantities of interest, we could compute 

the standard error of this quantity, based on the standard deviation of 
the simulations, 

SE(Bb) i£(B«*)-#)2 
M Kk^i 

Although the standard error is not always a good summary of the 
posterior for the aggregate quantities of interest, the definition of 
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these quantities as weighted averages over all ρ observations makes 
standard errors much more appropriate than at the precinct level. Of 
course, in all cases, histograms or density estimates of the entire pos­
terior is preferred if space allows. 

8.4 QUANTITIES OF INTEREST FROM LARGER TABLES 

This section provides two methods of simulation for making infer­
ences about λ\ and A^ from 2 x 3 tables (such as Table 2.2, page 
30), as well as the analogous quantities of interest from arbitrarily 
large 2 χ C tables, for C > 2. (General RxC tables are discussed 
in Chapter 15). The unknown quantities in the 2 χ 3 table include 
β\ and j8f, which can be estimated via the procedures introduced 
in Section 8.2. They also include λ\ (the fraction of blacks voting for 
the Democratic candidate) and Kf (the fraction of whites voting 
for the Democratic candidate). 

The first method introduced here is easier to apply because it re­
quires two applications of the procedures used for 2 χ 2 tables, and 
because the variable codings used are more natural. It is also easier to 
apply to larger 2 χ C tables. The second method maintains closer con­
nections with the literature, as it builds on insights from the double 
regression model. 

8.4.1 A Multiple Imputation Approach 

The first method of simulating the A's begins with the fact that if 
X1 (the fraction of voters who are black, NJ'1/N1) were observed, 
we would have a 2 χ 2 table of Democratic/Republican vote by 
black/white race with both marginals observed (V1, the Demo­
cratic fraction of the vote, and X1). This means that if x, were 
observed, we would be able to substitute the accounting identity 
V1 = k\xt + A^(I - X1) (from Equation 4.3, page 68) for the one used 
in our running example, T1 = ^1X1 + β™ (I - X1), and no generaliza­
tion would be necessary. All the same methods, graphics, and models 
could be applied without modification. To make use of this result, 
I use the decomposition X1 = β\Χι/Τι (originally introduced in Sec­
tion 4.2) and estimate xt by using an estimate of the only part of X1 

that is unknown, β\. Fortunately, we already have a good method of 
estimating β\ by applying the basic model. 

Thus, to estimate the A's, we could use the following procedure. 
First estimate β\ with its mean posterior point estimate in the turnout 
by race 2 x 2 case with marginals T1 and X1. Then substitute this 
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estimate, for each i, into β\Χί/Τι to generate an estimate of X1. Finally, 
draw simulations of the A's by analyzing a second 2 x 2 table with 
marginals VJ and x,·. 

This is a reasonable approach and I find that it works well in prac­
tice and in Monte Carlo simulations. But there are at least two op­
portunities for improving this procedure (short of using the meth­
ods in Chapter 15). First, the second-stage 2 x 2 analysis conditions 
on X1, as if it were known without error. This conditioning is obvi­
ously incorrect since we are estimating x;. The result of ignoring this 
source of variability is that confidence intervals will be too short, al­
though in my experience the shortfall is relatively minor in many, al­
though not all, cases. Fortunately, this extra variability can easily be in­
cluded in the model by appealing to the ideas of multiple imputation 
(Rubin, 1987) and treating X1- as a variable containing (all) missing 
values. To apply this method, impute m values of x, (for each i) by 
drawing m values of β\ from its posterior distribution (by following 
the steps in Section 8.2) and computing x,- = / 3¾/T 1 for each. Then Af, 
Af, or any other quantity of interest is computed in each of the m im­
puted data sets, and the results are combined. For example, if a point 
estimate is desired, we use the average of the point estimates com­
puted in each of the m completed data sets. To compute the squared 
standard error of this point estimate, we average the variances com­
puted within each of the m data sets and add to this the sample vari­
ance across the m point estimates times (1 + 1/m). The last term corrects 
for bias given that m < oo; in fact, in most cases, m = 4 is sufficient. A 
slightly easier alternative way to combine the separate runs is to draw 
K/m simulations of \b

t and Af from each of the m completed data sets, 
and to use the resulting iC simulations as draws from their posterior 
distribution. 

A second opportunity for improving this procedure occurs because 
the A's are treated as if they are independent of V1 (and β\ and β™). If 
they are instead related, we can improve on this approach by allow­
ing dependence in the model. (This is a somewhat related argument 
to concerns about making the "independence of irrelevant alterna­
tives" assumption in individual-level models for multinomial choice.) 
The simplest way to include this information is by using V1 as a 
covariate in the first-stage analysis for estimating β\ or possibly 
using an estimate (or imputations from the posterior distribution) 
of β] as a covariate for estimating λ\ and Af in the second stage. 
(Including covariates is described in Sections 9.2.1-9.2.3). 

This procedure (with or without these two improvements) can be 
used to estimate quantities of interest in larger 2 χ C tables, that is with 
any number of outcome categories C. The procedure is first to divide 
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the categories into a series of sequential, dichotomous outcomes. In 
the present case, we have taken a three-category outcome and treated 
it as (1) vote/no vote and (2) Democratic/Republican, given vote. If 
we had four catgories, say also a minor party candidate, we could 
use (1) vote/no vote; (2) major party/minor party, among those who 
vote; and (3) Democratic/Republican, among those who vote for ma­
jor party candidates. It is most convenient if the dichotomization par­
allels some substantive organization of the problem at hand or even 
a model for the individual's decision process. This will make it easier 
to interpret the diagnostic procedures and graphics. However, the or­
dering of the dichotomies is not necessarily material to the method: 
so long as one is careful to get good estimates of the early stages, the 
later stages will be properly estimated. 

The deterministic bounds on the A's should always be computed 
using the original derivations in Equation 5.4 (page 83) rather than 
using formulas for the bounds from 2 x 2 tables in Equation 5.1 (page 
79) with V1 and the estimated x, as marginals. The latter procedure 
incorrectly treats x„ and thus β\, as if they are known. The differ­
ences between these correct and incorrect procedures for computing 
the bounds also helps quantify precisely why ecological inferences in 
larger tables are necessarily more uncertain: the farther down the se­
quential list of dichotomies a quantity of interest appears (and thus 
the deeper it is buried within a large table), the wider and thus less 
informative the bounds become. Or, to put it in reverse, if β\ and thus 
Xi were really known, the bounds on the A's given this information 
would become narrower. 

8.4.2 An Approach Related to Double Regression 

The second method of simulating the A's requires simulations of the 
/3's and the 0's separately. The former were described in Section 8.2. 
The latter can be simulated using the same procedures applied to a 
different 2 x 2 table also collapsed from the 2 x 3 Table 2.2. Thus, 
instead of collapsing the Democratic-Republican-no vote choice into 
turnout (T1) versus no vote (1 — T1), as in Table 2.3 (page 31), we now 
collapse this table into vote Democratic (D1-) versus vote Republican or 
no vote (1 - D 1 ) . This is equivalent to Table 2.3 with D1 replacing T1 and 
θ\ and 0f replacing β\ and β?, respectively. Thus, to estimate the 0's 
requires applying exactly the same model and estimation procedures 
as already described, only to this different 2 x 2 . 

A single random draw of \\ can be simulated by drawing one value 
each of β\ and θ\ (by following the procedures described in Section 
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8.2), and completing the division implied in the definition Equation 

4.6 (page 71): 

P - θ> 
λί'Ά 

and verifying that the result falls within the bounds specified by Equa­
tion 5.4 (page 83). If a random draw of \b falls outside of its bounds, 
discard it and draw another. This is equivalent to drawing directly 
from the truncated normal. 

The difference here is that drawing permissible values for the 
bounds on β\ and θ\ does not guarantee admissible values for kb. 
The bounds on k\, in terms of the bounds on Bb and β\ can be seen 
in Figure 8.2. The unit square in this figure is made up of coordi­
nates of β\, 6b. From this figure, we can determine how the value of 
Xb is constrained by the various bounds. Thus, β\ must fall within its 
upper and lower bounds, which appear as vertical dotted lines. Sim­
ilarly, the bounds on θ\ are given as horizontal dotted lines. Each of 
these lines can move, as a function of X1, T1, and D1, as the formulas 
for these bounds indicate (Equation 5.1, page 79). 

Thus, so far, \\ must fall within the inner rectangle defined by the 
dotted lines. In addition, the upper and lower bounds on \\ further 
constrain the permissible area, as determined by their bounds (Equa­
tion 5.4, page 83). These diagonal lines can also move as a function 
of X„ T1, and D1, although they must remain below the 45° line so 
that \b is always less than one. The result of all these restrictions is an 
irregular pentagon, which appears in the figure as a shaded area. De­
pending on where the lines move, the shaded area will also move to 
any space beneath the lower diagonal. The permissible area will not 
always have five sides. Depending on its position, it can have three, 
four, five, or six sides. 

Figure 8.2 can be used to improve the procedure for drawing ran­
dom values. Instead of the sample rejection method, it would be 
possible to draw directly from this area via some procedure such 
as Gibbs sampling. For difficult cases, this should be much faster 
computationally. 

One possible problem is that this procedure implies that β\ and 
6b are independent after conditioning on X„ which may not be ac­
curate. The independence can be seen since separate likelihood func­
tions and separate posterior distributions are used for each parameter. 
Especially after conditioning, independence is a reasonable assump­
tion for our running example since voter turnout and voter choice are 
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O min(pb) max(pb) 

β" 

Figure 8.2 Support of the Joint Distribution of 0f and β\ with Bounds Spec­
ified for Drawing \\. The shaded area indicates permissible values for \\, 
which can move as a function of X1, T1, and D1 to anywhere beneath the 45° 
line. The minimum and maximum values of each parameter in this figure 
refer to the upper and lower bounds computed in the text. 

not closely related empirically (even though there are some theoret­
ical reasons to suspect otherwise). A generalization of the model to 
include dependence is introduced in Chapter 15. 

The other precinct-level parameter of interest, λ™, can be drawn 
deterministically by using θ\ and β\, which were used in the pro­
cess of drawing simulations of λ*. TTte procedure is to use the first, 
second, and last accounting identities in Equations 4.6 (page 71). That 
is, we compute: 

D1 X, 

~kw _ ^T _ ! ~xi ! - xi 

β? X 

1 - X1- 1 - X 
1 # 

Each of the parameters of interest can then be drawn for all precincts, 
i = 1 , . . . , p, by repeating these procedures. With repeated simulations 
for each precinct parameter one can calculate any quantity of interest. 

To draw a single random value of a district aggregate, using ei­
ther method, draw one value for the corresponding parameter in each 
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precinct and then take their weighted average. That is, 

Aw = Y^ —'- — 

έ ί fiwT 

where NfT = $bNf and NfT = frfN?. Simulations of these quanti­
ties of interest will automatically fall within their proper aggregate 
bounds so long as the constituent precinct parameters are properly 
drawn. As before, the posterior distribution of these parameters can 
be approximated via the histogram of many simulated values. Confi­
dence intervals can be calculated as before via percentiles of the sorted 
simulations. 

8.5 OTHER QUANTITIES OF INTEREST 

Other quantities can also be computed in a similar fashion. For exam­
ple, the difference β, = (β\ —β™) is the degree of racially polarized 
voting in district i. To compute the posterior distribution of this quan­
tity of interest, draw one simulated value of β\ and /3^, and compute 
their difference. Then repeat this procedure K times and plot the his­
togram of these simulated values. 

To compute a posterior distribution for the degree of racially polar­
ized voting for the district aggregate, B = (Bb — Bw), draw simulated 
values of Bb and Bw and take their difference; then plot a histogram 
of the simulated values of B. The histogram of any quantity of inter­
est that is a function of the parameters discussed here can be similarly 
computed. The key is to do computations at the level of individual 
simulations, and to avoid doing computations after averaging. 

Finally, for displaying the fit of the model to the aggregate data 
points, it is often helpful to display the expected value E(TJX,) and 
confidence intervals around this expected value. As an easier alterna­
tive, Figure 6.1 (page 100) plotted the expected value and plus and 
minus one standard deviation. The expected value was easily com­
puted because estimates of 23b and W" provided the end points at 
X, = 1 and Xr = 0, respectively (see Equation 6.8, page 97). The stan­
dard deviations were also easy to compute, from the estimates of ab, 
aw, and ρ (see Equation 6.9), and it was especially useful for that fig­
ure in displaying the theoretical properties of the model. However, 
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in applications, the standard deviations will not be as useful, since 
adding them to the mean is only appropriate if the underlying distri­
bution is normal, which is not the case here. Confidence intervals are 
thus an appropriate alternative, and used frequently in applications 
in succeeding chapters. 

For example, to compute the 80% confidence intervals around 
E(T1]X1), we need to draw samples from the conditional distribution, 
P(T1IX,). To draw one value, take random samples of β\ and β™ us­
ing the procedures described in Section 8.2. Then set X1 at (say) 0.5, 
and compute 

T1 =β"1Χ1+^f(I-X1) (8.2) 

Then repeat this procedure a large number of times to draw many 
values of T1, all for X1 = 0.5. To compute the expected value E(T11X1 = 
0.5) via simulation, take the mean of these random draws. To compute 
the 80% confidence intervals around this point, sort the values and 
take the 10th and 90th percentile values of T1. To draw the complete 
80% confidence intervals, repeat this procedure for all the values of 
X1 (say all the values between 0 and 1 in increments of 0.01), and 
connect the dots either directly or with some minor smoothing to 
eliminate variation in the lines due to approximation variability (cf. 
Keane, 1994: 100). Figure 10.3 (page 206) gives an example of 80% 
confidence intervals of T1IX1 from a real data set. 



CHAPTER 9 

Model Extensions 

THE BASIC ecological inference model presented thus far relies on three 
assumptions that are inappropriate for some data sets. Fortunately, be­
cause many basic statistical problems unrelated to aggregation have 
already been solved and incorporated in the model (such as those 
discussed in Chapter 4), inferences even without model extensions 
to deal with aggregation issues explicitly are far more robust than 
with other techniques. As demonstrated in Part IV, in many real data 
sets the problems of inaccurate estimates that occur with Goodman's 
model vanish without any special attention to the model extensions 
discussed in this chapter. Of course, reliably generalizing to all empiri­
cal examples likely to arise in the future is impossible, and, as demon­
strated here, generating data that will send the basic model off track is 
possible and thus may occur in practice if the analyst has insufficient 
contextual knowledge about the desired inference. In other words, be­
cause the essence of aggregation is the loss of some individual-level 
information, ecological inferences will always entail some risk. The 
purpose of this chapter is to evaluate these risks, to highlight the pre­
cise consequences of violating each model assumption, and to provide 
a set of tools for modifying or dropping the assumptions and avoid­
ing the problems that can result. 

Section 9.1 outlines what can go wrong with the basic model and re­
views the observable implications of its three assumptions (originally 
introduced in Section 6.1). The specific diagnostic tools and model ex­
tensions designed to cope with these problems are then provided in 
the succeeding two sections. Monte Carlo evidence, and a fully non-
parametric version of the model are also provided. Section 9.2 dis­
cusses aggregation bias, and Section 9.3 considers possible problems 
with the distributional assumption. 

9.1 WHAT C A N G O WRONG? 

In this section, I generate artificial data sets that represent worst-case 
scenarios for making ecological inferences. These data sets are not 
intended to be realistic, only to show what we would be up against 
in a world where nature is maximally malevolent and social scientists 
are unusually naive. These problems are most likely to happen to 
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empirical researchers who make inferences without taking the time to 
learn about local context, and even then only sometimes. Succeeding 
sections show what to do to avoid these problems. 

The precise role of each assumption in the estimation process is 
gauged by isolating the effects of violating each while satisfying the 
remaining two. But it pays to remember that most real applications 
that deviate from the basic ecological inference model do not violate 
one assumption while neatly meeting the requirements of the others. 
This makes diagnosis somewhat more difficult because more than one 
problem is often occurring simultaneously. However, although each 
extension of the basic model may represent only one small step for 
diagnosis, it is often a giant leap for amelioration. That is, because the 
logically distinct problems are empirically identical, fewer modifica­
tions of the basic model are necessary to produce valid inferences. 

9.2.2 Aggregation Bias 

I first create a reference data set by randomly generating observa­
tions that meet all model assumptions. Define X, as 75 points equally 
spaced between zero and one. Then randomly generate β\ and /3f 
from a truncated bivariate normal distribution with means (on the un-
truncated scale) W = 0.5 and 93*" — 0.5, standard deviations ab — 0.4 
and aw = 0.1, and correlation ρ = 0.2. Graph (A) in Figure 9.1 presents 
the tomography plot with estimated maximum likelihood contours for 
these data; the true points appear as black dots. 

The location and shape of the contours and true points correspond 
to the parameters from which the data were drawn: For example, 
the mode is near dead center, which is 0.5 on both axes. In addition, 
most of the distribution is far from the edges of the square, except 
the ends, which are clipped horizontally. Another representation of 
the same data appear in graph (B) of Figure 9.1. This graph plots 
X, by T1 with one circle for each precinct. By extending the logic of 
Figure 3.1 (page 41), one line is drawn through each point from the 
true β™ at the left vertical axis to the true /Sf at the right vertical axis. 
The variation in the lines highlights the nature of parameter variation 
over the precincts. 

Thus, each precinct is represented in graph (A) by one line where 
the true β\, )3f coordinate could fall when observing only aggregate 
data, and one black dot where it does fall. In graph (B) the same 
precincts are each represented by one circle where the observed co­
ordinates for X, and T1 are, and one line for the true slope of that 
precinct's line. The lines in graph (A) and the points in graph (B) are 
observable in aggregate data, whereas the points in the tomography 
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Figure 9.1 The Worst of Aggregation Bias: Same Truth, Different Observable 
Implications. Graphs (A) and (B) represent data randomly generated from 
the model with parameters 93* = %w = 0.5, ab = 0.4, aw = 0.1, and ρ = 0.2. 
Graphs (C) and (D) represent data with the same values of β\ and /3|" but 
different aggregate data, created to maximize the degree of aggregation bias 
while still leaving the generating distribution unchanged. Graphs (A) and (C) 
are tomography plots with true coordinates appearing as black dots, and with 
contour ellipses estimated from aggregate data only. Graphs (B) and (D) are 
scatter plots of X1 by T1 with lines representing the true precinct parameters. 

plot and the lines in the scatter plot are usually unobserved. The ex­
pected value line from graph (B) is omitted to reduce visual clutter, 
but it is easy to see that it would lie flat at about T1 = 0.5 for all values 
of X,. 

The model fits the data represented in these graphs well. For exam­
ple, the (inner) 50% contour line (estimated from only the aggregate 
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data) captures about 50% of the true points. This is no surprise, of 
course, since the data were generated to meet the model's assump­
tions. In addition, the slope of the lines in the scatter plot appears to 
be uncorrelated with the value of X, at each point, which is one way 
of indicating the absence of aggregation bias (as per the definition in 
Section 3.5). 

To create the first type of worst case scenario, the β\, /3f points are 
exactly as in graphs (A) and (B), but the aggregate data that are gen­
erated by (but still consistent with) these points have been changed. 
To create these new aggregate data, sort the two precinct parameters 
according to their sum and match them to sorted values of X1-. This 
procedure induces an especially large aggregation bias, as indicated 
by the relationship between β\ and X1, and between β™ and X1-, while 
still not altering the truncated bivariate normal distribution of the pa­
rameters. 

These data are analyzed in graphs (C) and (D) of Figure 9.1 in pre­
cisely parallel fashion to the original data set. The true β\, β? points 
in the tomography plots, and the true lines in the scatter plots have 
not changed, but the aggregate data have changed so the tomography 
lines and X1-, T1 points differ from graphs (A) and (B) to graphs (C) 
and (D). The high level of aggregation bias can be seen in these figures 
in several ways. For example, the points in graph (D) have sharply 
increasing slopes for points with larger values of X1. Or, to put it an­
other way, the steeper the slope of a tomography line in graph (C) 
(which implies larger values of X1), the larger are β* and, to a lesser 
extent, |3f. 

Unless one has some sense that different assumptions are appropri­
ate for these two data sets, no method of ecological inference could 
ever distinguish between the two. The problem created for the un­
witting researcher can be seen in Figure (C), where the the contour 
ellipses, estimated from the aggregate data alone, exclude most of the 
true β\, jSf points. This can also be seen in graph (D), since the ex­
pected value line would be sharply increasing to fit the circles whereas 
the average line in that graph, which is the goal of the estimation, is 
flat at T1 w 0.5 for all X1. 

9.2.2 Incorrect Distributional Assumptions 

Section 9.1.1 analyzed data sets for which the truth remained the same 
but the observable implications differed, in order to demonstrate the 
effects of aggregation bias. I now create two new data sets with the op­
posite problem in order to demonstrate the consequences of the wrong 
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distributional assumptions. That is, these data sets have different true 
parameter values with identical observable implications—that is, the 
same values of X, and T1 but different values of /3f and β"'. 

For comparison, first generate a data set that meets all of the 
model's assumptions. Graphs (A) and (B) in Figure 9.2 analyze this 
new data set in parallel fashion to Graphs (A) and (B) in Figure 9.1. 
These data were randomly generated from the model with means 
93b = 23w = 0.5, standard deviations ab = aw = 0.07, and correlation 
p = 0. The contour ellipses computed from aggregate data in graph 
(A) fit the true points (represented as black dots) very well. The in­
ference from the lines to the contours are also especially clear in this 
example: with the assumption that there exists a single mode (that is, 
that the precincts have something in common), a researcher can look 
at the lines in the tomography plot and clearly see that the middle 
of the graph is where all the lines are crossing, and is likely to be 
where the "emissions" are mostly likely to be coining from (and thus 
is the probable location of most of the true points). The maximum 
likelihood procedure picks up on this same information and correctly 
locates the contours at the center of the graph. The scatter plot in 
graph (B) gives the observed aggregate data points, X1 and T1-, as cir­
cles and true β\, β™ parameters as lines. As can be seen from this 
graph, these data have no aggregation bias because the slopes and 
intercepts of the lines are unrelated to the value of X1 at each point 
on the lines. 

Now consider a new data set that maximizes distributional prob­
lems, without inducing aggregation bias, created by keeping X1 and T1 

the same and moving the β\ and β™ points to different locations. This 
can be seen by the tomography plots in graphs (A) and (C) in Fig­
ure 9.2, where the lines remain unchanged and the points are moved 
to near the edges of the graph. In order to avoid creating a corre­
lation between X1 and the precinct parameters, move precincts with 
an even-numbered first digit after the decimal point for X1 toward 
the upper left of the graph, and those with an odd-numbered first 
digit down to the right. This is an extremely artificial procedure that 
will probably never occur in a real application, but it does serve the 
purposes of demonstrating one type of ecological inference problem 
without having to consider others simultaneously. 

The problem created by this data set is severe but different from that 
in Figure 9.1. Since aggregate data are the same in the two data sets in 
this figure, the estimated contour lines are identical. These contours 
fit fine in graph (A) of Figure 9.2, where the data generation process 
is a good model of precincts that have something in common. Not 
surprisingly, if this assumption is incorrect, the results are far off: in 
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Figure 9.2 The Worst of Distributional Violations: Different True Parameters, 
Same Observable Implications. Graphs (A) and (B) represent data randomly 
generated from the model with parameters 2r = 931" = 0.5, ah = aw = 0.1, and 
p = 0. Graphs (C) and (D) represent data with the same values of X, and T, 
but different values of β\ and /3", created to minimize the fit of the truncated 
bivariate normal distribution while not introducing aggregation bias. Graphs 
(A) and (C) are tomography plots with true coordinates appearing as black 
dots, and with contour ellipses estimated from aggregate data only. Graphs (B) 
and (D) are scatter plots of X, by T1 with lines representing the true precinct 
parameters. 

graph (C), even the 95% contours miss all the points. Note that these 
problems occur in data without aggregation bias. 

To see the absence of aggregation bias, note that the average of the 
lines in either graph (B) or graph (D) would still be flat at T1 = 0.5. 
Since this expected value line could be estimated well from the X1, Τ; 

points, this absence of aggregation bias will create no difficulty in 
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estimating averages of the precinct parameters. That is, W and 831" 
will be estimated correctly. If the number of people per precinct is 
constant (as it is in this artificial data set) or independent of β\ and β™, 
then the district aggregates, Bb and Bw, will be accurately estimated 
even when the distributional assumption is wrong. 

The precinct-level estimates will be far off in all cases except when 
the bounds narrowly constrain the answer. For example, the relatively 
flat lines in the tomography plot give highly accurate estimates for 
jSf because of highly constrained bounds. The tomography lines with 
the steepest slopes will give similarly accurate estimates for β\. Be­
cause none of the lines cut off the top right or bottom left corners, 
no precincts have narrow bounds on both β\ and β™. In addition to 
these point estimates, the data represented in Figure 9.2, graphs (C) 
and (D), will also have incorrect uncertainty estimates. For example, 
although the expected value would be estimated well in graph (D), 
the variance around this expected value would be much too small. 
That is, confidence intervals around the expected value line would be 
fairly narrow because the circles have a small variance, whereas the 
true lines being estimated have much wider dispersion that would 
not be captured by the basic model. 

9.2.3 Spatial Dependence 

The third and final assumption of the basic model is that, conditional 
on X, T1 and T; are (spatially) independent for all i Φ j . Fortunately, 
because spatial dependence only affects the variance of φ (instead of 
biasing estimates of X, which is a function of φ), the consequences 
of violating this last assumption are usually not very serious. That is, 
the inefficiencies created by ignoring spatial dependence only affect 
how precisely placed the contours are when estimated from aggregate 
data, and is equivalent to inadvertently dropping some fraction of the 
observations. In contrast, most of the estimated uncertainty in the pa­
rameters of interest arises from the width of the contours where they 
are intersected by each tomography line, but this width is reasonably 
well estimated even in spatially dependent data. 

Put differently, spatial dependence (just like time series autocorrela­
tion) makes estimates of parameters like φ inefficient, but not incon­
sistent. This means that if observations are plentiful, as is the case in 
most aggregate data sets, then this source of inefficiency is a minor 
issue and the point estimates will be more than adequate. The only 
major issue, as in most statistical models with dependence, is that the 
estimated standard errors will be wrong unless some special proce-
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dures are used. A similar story holds here, although the problem is 
not particularly severe. The reason is that both the point estimates and 
confidence intervals of these quantities of interest are computed pri­
marily from the point estimates of φ. The estimated variance of φ does 
come into the calculation, but it does not have as major a role. This 
means that even if spatial dependence is very strong and powerfully 
biases estimates of the estimated variance matrix of φ, our inferences 
about β\ and β™ will not always be greatly affected. 

The basic model assumes that the truncated bivariate normal dis­
tribution is independent over precincts. This assumption is used in 
the model to compute the full likelihood function by taking the prod­
uct of the probability distributions over all of the observations (see 
Equation 7.1, page 134). Deviations from independence assumptions 
like this are generally divided into two categories, spatial variation and 
spatial autocorrelation. 

For the ecological inference model, spatial variation refers to situa­
tions in which β\, β™ vary over the observations in a geographically 
interesting way. A significant degree of spatial variation is already in­
cluded in the basic model since these quantities are allowed to vary 
over precincts. Additional levels of spatial variation can be included 
via the extended model in Section 9.2.1, which allows 9r and 33w (and 
thus the entire contours) to vary over the observations as a function 
of measured covariates. 

Spatial autocorrelation is defined as the deviations from indepen­
dence after conditioning on X1. Although spatial variation can obvi­
ously be modeled with covariates, spatial autocorrelation can also of­
ten be modeled in the same way. This is best done by trying to include, 
among the covariates, the reasons for the dependence among the ob­
servations. For example, measures of residential mobility, frequency 
of commuting, and extent of interconnected transportation systems 
provide some explicit measures of the dependence for some applica­
tions. Spatial autocorrelation can also be modeled more indirectly in 
the stochastic component of most models. 

Studying spatial variation and spatial autocorrelation provide im­
portant opportunities for extracting new interesting information from 
ecological data. Given that the essential character of the aggregation 
problem is the loss of information, it behooves us to search for this 
type of information in aggregate data. An important minimum step 
should be to take the results of the model, such as point estimates 
of the precinct-level quantities of interest, and to portray them in 
geographic form such as with a colored or shaded map (as in Fig­
ure 1.2, page 25). In addition, researchers could take advantage of 
econometric models of spatial autocorrelation and variation to make 
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further studies. See Anselin (1988) for an extensive presentation of 
econometric models that incorporate spatial information (see also 
King, 1991). 

The only issue that remains is the precise consequences for the basic 
model of ignoring spatial variation and spatial autocorrelation. First, if 
the spatial variation is independent of X1, there is no problem, and the 
basic model works without a hitch. If, instead, spatial variation exists 
and is related to X1, then we have aggregation bias by definition, and 
the techniques introduced in Section 9.2 can be used if necessary.1 

I analyze the consequences of spatial autocorrelation here by way 
of some Monte Carlo experiments. For simplicity, consider a special 
case of spatial autocorrelation where all the precincts are arranged 
in a line, and influence is unidirectional—exactly as would occur if 
the precincts were from time series data (that is, I take advantage of 
the fact that time series models are formally special cases of spatial 
processes). There are many ways to modify the basic model so that the 
parameters follow some non-independent time series process, while 
still avoiding aggregation bias and distributional problems. 

One way to generate data that meet the necessary conditions is as 
follows. First define Ub and Uw as truncated bivariate normal random 
draws for β\ and /Jf, respectively, given a fixed parameter vector ψ. In 
this case, set the elements of ψ so that 93̂  = Sdw = 0.5, ab = aw = 0.2 
and ρ = 0.3. These parameter values imply relatively low levels of 
truncation. Other parameter values I tried gave similar results, al­
though when truncation levels are much higher, it is not possible for 
any statistical problems to have much effect on the ultimate estimates. 
Finally, randomly generate the first values for β\ and j8f from this ran­
dom number generator, and define the remaining values i = 2,...,p 

1 If S3 varies randomly over the observations, but is unrelated to X1, then inferences 
will be right on average, but in some cases confidence intervals will be too small. How­
ever, because the variable parameter model offered here is already a generalization over 
the basic Goodman setup in exactly the same direction as this, most problems likely 
to arise in practice are already taken into account in the model. Trying to generalize 
further in this direction leads to infinite regress. That is, the Goodman model assumes 
that the bivariate distribution of β\, β™ is a single spike. The basic model proposed here 
generalizes this to allow a non-degenerate distribution with five fixed parameters. The 
extended model in Section 9.2.1 allows the means to vary according to fixed covariates. 
One could generalize further by trying to estimate the parameters of the prior distri­
butions given for these five parameters. Of course, by this logic, there is also no reason 
to leave the parameters of the prior fixed, and so we could add yet another level of 
variation, for which we could then add more variation, etc. Obviously, when the gen­
eralizations do not improve estimates in practice, it is time to devote one's energies to 
something more productive. 
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via these recursive definitions: 

β\ = 8β\_λ + ( 1 - 8)Ub 

β™ = δβγ_χ + ( 1 - S)W (9.1) 

where δ indicates the degree of autocorrelation by the fraction of the 
previous observation's random draw used to form the current value. 
Thus, if δ = 0, there is no autocorrelation, and we are back to the basic 
model. If δ = 1, every observation's value is equivalent. I generated 
Χ; with values equally spaced between zero and one, and T1 from the 
accounting identity given the fixed X, and the randomly generated β\ 
and /3f. 

Table 9.1 presents the Monte Carlo evidence. Each row in the table 
represents the average of results from separate runs on 250 data sets, 
each with ρ observations, randomly drawn from the model and as 
modified by the autocorrelation parameter δ. As a baseline, the first 
pair of rows gives results for data with no autocorrelation (δ = 0). 
As expected, these rows reveal no problems. For both 100 and 1,000 
observations, the average absolute error of the district-level quantity 
of interest is approximately zero. The true standard deviation across 
the 250 simulations (given in parentheses) equals the average of the 
estimated standard errors from each simulation, indicating that the 
aggregate uncertainty estimates are accurate. In addition, the average 
error in covering the true precinct values for the 80% confidence in­
tervals is very close to zero for both ρ = 100 and ρ = 1, 000. 

The remaining two pairs of rows in Table 9.1 analyze the same types 
of results for moderate (δ = 0.3) and high (δ = 0.7) levels of autocor­
relation. For all four rows, the average error in estimating the district-
level quantities of interest is approximately zero, indicating that spa­
tial autocorrelation induces no bias in model estimates. For moderate 
levels of spatial autocorrelation and ρ = 100, the true standard devi­
ation across the 250 estimates (0.020) looks like it might be slightly 
underestimated by the average standard error (0.016), although the 
confidence interval coverage of the precinct-level parameters is accu­
rate. In addition, this minor problem is substantially reduced with 
the larger sample size (p = 1, 000). A more interesting problem occurs 
with the highest levels of spatial autocorrelation examined (δ — 0.7) 
and few observations. In this case, the estimates are still empirically 
unbiased but the uncertainty measures are underestimated, both at 
the aggregate and precinct levels. This problem is much reduced with 
the larger sample size, but still remains to a degree. 
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Table 9.1 Consequences of Spatial Autocorrelation: Monte Carlo 
Evidence. Each row summarizes 250 simulations drawn from the 
model with the degree of spatial autocorrelation δ and number 
of observations p. The aggregate-level columns report the aver­
age absolute difference between the truth and estimates from the 
model. The precinct-level columns give the deviation from 80% 
in coverage of the 80% confidence intervals (in both cases with 
standard deviations across simulations in parentheses). 

It may pay for future researchers to follow up these studies to try to 
identify other portions of the parameter space, or other types of spatial 
dependence, that produce more serious consequences for this model, 
and to develop more general models to avoid any problems identi­
fied. Although spatial autocorrelation does not appear to have major 
consequences for the validity of inferences from the basic model, we 
should not overlook the common and valuable opportunities in spa­
tially arranged information to extract more information from aggre­
gate data. 

9.2 AVOIDING AGGREGATION BIAS 

The generalizations of the model described in this section enable re­
searchers to detect aggregation bias, to evaluate whether the bounds 
will help avoid it, and to understand several procedures for extending 
the model that allow β\ and β™ to be correlated with X1. 

The ecological researcher can rely on four types of information to 
assess and avoid aggregation bias. The first is nonquantifiable knowl­
edge of the problem. From a qualitative understanding of the liter­
ature, or the politics or other features of the region under analysis, 
a researcher may be comfortable concluding that β\ and β™ do not 
increase or decrease with X ;. Some knowledge of these precinct pa­
rameters is often readily available, for instance by interviewing a few 
citizens, reading newspaper accounts, visiting the precincts, or observ-
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ing regional differences in politicians' appeals. Even if only limited in­
formation is available about a few of these parameters from precincts 
with widely ranging values of X1, it will often provide sufficient in­
formation to make aggregation bias unlikely, or to narrow in on the 
type of relationship likely to exist between β\ and X, and between /3J" 
and X1-. Although this is the least precise type of information that can 
be brought to bear on the problem, it is often the most valuable. Be­
cause the ecological inference problem is due to a lack of information, 
bringing new information, especially from diverse sources, to bear on 
the same inference can be extremely valuable (see King, Keohane, and 
Verba, 1994). 

Second, if detailed survey data are available, and they are trust­
worthy, then no ecological inference problem exists. However, even 
when surveys have been conducted there are rarely sufficient survey 
respondents polled so that each precinct-level parameter can be reli­
ably estimated. Usually at best only the aggregate quantities can be 
reliably estimated. Fortunately, as Section 14.2 demonstrates, even a 
few survey observations per precinct can be used in a slight exten­
sion of the present model to avoid ecological inference problems such 
as aggregation bias. 

A third type of information that can be used to evaluate and remedy 
aggregation bias is variables measured at the same level of analysis 
as the original aggregate data in use. As Section 9.2.1 describes, these 
external covariates are more widely available and useful than has been 
recognized. 

Finally, and perhaps most distinctively, the model offered here high­
lights observable implications of aggregation bias in the original ag­
gregate data—that is, with X, and T1, but with or without additional 
external information. This information in aggregate data about aggre­
gation bias is not available to other methods because they do not in­
corporate the information in the deterministic bounds. Sections 9.2.2, 
9.2.3, and 9.2.4 provide tools for understanding this information and 
using it to avoid aggregation bias problems. 

9.2.2 Using External Information 

The idea of using additional explanatory variables to avoid aggrega­
tion bias dates to the first research on the ecological inference problem 
(Ogburn and Goltra, 1919) and has been suggested repeatedly since 
(e.g., Rosenthal, 1973; Hanushek, Jackson, and Kain, 1974). However, 
it is a strategy that has not often been used in applications. In part, 
this may be because scholars have underestimated the degree to which 
these external data are available. 
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In this section, the assumption of no aggregation bias is dropped 
and substituted with the more benign assumption that β\ and βf are 
mean independent of X, after conditioning on two (different, overlap­
ping, or identical) sets of external variables Zb and Zf. 

The variables Z1 = {Z\, Zf } are used in the model to allow the pre­
viously constant means of the truncated bivariate normal, 23fc and 23™, 
to vary over the observations. If chosen correctly, these variables will 
control for the portions of β\ and βγ that are correlated with X,. These 
additional covariates are to be included for the purpose of ameliorat­
ing aggregation bias. If instead a researcher is interested in explaining 
the variation in β\ or β™ over precincts as a function of measured 
explanatory variables, then it is usually best to perform a separate 
second-stage analysis with the point estimates of these parameters as 
dependent variables in regressions, geographical analyses, or other 
statistical procedures.2 

Since 93f and 93f are on the untruncated scale, restricting the func­
tions of Z, to the unit interval, such as with logit or probit transfor­
mations, is unnecessary. To implement this, solve the first two lines of 
Equations 7.4 (page 136) for the means, and add the new covariates 
linearly: 

Sf = [^1(Cr2 + 0.25) + 0.5] + (Zf - Zb)ab 

&Γ = [Φι(°1 + 0-25) + 0.5] + (Zf - Zw)aw (9.2) 

where ab and aw are parameter vectors to be estimated along with 
the original model parameters and that have as many elements as 
Zb and Zf have columns. The covariates Z\ and Zf are entered as 
deviations from their mean vectors Zb and Zw so as not to change 
the interpretation of the original parameters and so that Z, need not 
include a constant term. If Zb or Zf contain no variables, they are set 
to zero and ab and aw are not estimated so that Equations 9.2 reduce 
to the equivalent of the first two lines of the original Equations 7.4. 

In this extended model, the assumptions E(j8f |X,) = E(/3f) and 
E(j3*"IX1-) = Έ(βΥ) are not required to estimate ψ well. (In the basic 
model, these assumptions are required in theory, but not always in 
practice because biased estimates of ψ still often give excellent esti­
mates of the quantities of interest.) Instead, the researcher only needs 

2 A second-stage procedure such as this should also make use of the estimated vari­
ability of each of the point estimates. This could be done by using the standard error 
of each in a weighted least squares analysis. Or a model analogous to that in Section 
9.2.4 could be used. See Chapter 16 for further details. 
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to assume mean independence, conditional on Z,: 

E(#|X,·, Z1) = E ( ^ I Z 1 ) 

E(ZSnX^Z1O = E(JSfIZ1) 

For example, as before, the model allows the proportion of blacks 
β\ and whites β™ voting to vary over districts randomly or according 
to the wealth of the community, development of the mass transit sys­
tems, degree of residential mobility, education levels, or other factors. 
But in addition, the model now also allows for the possibility that 
blacks vote at higher (or lower) rates according to the degree of racial 
homogeneity of their neighborhood. The only element that must be 
provided is some measures of the causes of these differences, which 
is often easier than it seems. 

Put differently, if X1 and β\ are unrelated, there is no problem, and 
we can set ab = aw = 0 for all i and use the original model in Section 
6.1. If they are related, then it can be helpful to control for some of 
the consequences of X1-. Anything that intervenes between the racial 
composition of precincts and β\ can be used. For example, Freed-
man et al. (1991: 686-687) justify their neighborhood model by mak­
ing continual reference to the causes of this parameter variation (for 
Hispanics and non-Hispanics, in their example), which all are mea­
surable: "Hispanic registrants in highly Hispanic precincts differ in 
many ways from Hispanics in other precincts. The same is true for 

non-Hispanics In the heavily Hispanic precincts, both Hispanics 
and non-Hispanics have lower incomes and educational levels and 
are more likely to be renters than owners." Thus, the readily available 
measures like education, income, and rates of home ownership could 
be used in Z1 to solve the aggregation problem in these data. 

The U.S. Supreme Court in Thornburg v. Gingles rejected measures 
of ecological inference that control for the consequences of race. They 
wanted a measure of the total effect of race, not the effect of race af­
ter controlling for all the consequences of race—which was obviously 
smaller than its total causal effect. The court's statistical reasoning 
was sound in this instance. They also agree with Achen (1986) and 
Flanigan and Zingale (1985: 78-79), who criticize models that include 
control variables, such as Hanushek, Jackson, and Kain (1974), because 
they change the question being asked. In contrast, using external vari­
ables in this model need not change the question being asked since 
the procedure averages over these external variables in computing the 
quantities of interest (as suggested by Palmquist, 1993: 107). This uses 
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essentially the court's logic to solve a problem in ecological inference, 
while still estimating the total effect of race. 

Although it is not widely recognized, researchers are fortunate that 
the required additional information, and a lot more, is already part 
of most ecological data collections, even though it has often been 
discarded or ignored. In most cases, ecological data are based on 
geographic units, which may be the most common organizational 
scheme for data collection in the social sciences. Because so many data 
sets are keyed to geography, additional information is almost always 
available. To demonstrate this assertion in general seems impossible, 
but in any specific example additional data are usually available. 

For example, whenever researchers collect precinct-level political 
data for (say) the U.S. House of Representatives, electoral results from 
statewide or nationwide offices are almost always available. In almost 
all U.S. counties, all precinct-level data are collected on the same paper 
or electronic media. So even if the goal is to collect only votes for the 
House, the data analyst is forced to stare at a rich variety of other 
information. We now have an important use for it. In addition to 
votes for other offices, such as president, governor, and numerous 
minor posts, and votes for the same office in earlier elections as well 
as party registration are often available, as is the relative fraction of 
people voting in Democratic versus Republican primaries.3 

In most other aggregate data collections, similar valuable external 
data are usually available. Aggregate data at the electoral district level 
in any country include at least information about the candidates, such 
as incumbency, and usually many more variables. Occasionally, re­
searchers may have to merge information from related geographic 

3 In order to gather information on black and white voting age populations, a re­
searcher must use data files from the U.S. Census, which include a lot more than just 
race. To be specific, most people matching political and census data use the Census Bu­
reau's PL94-171 data files. These were created to study redistricting and include only 
a small subset of census variables, including race, ethnicity, and various types of pop­
ulation counts. This information is available at the "voter tabulation district" level, 
which is usually the precinct or a level slightly higher than the precinct. However, 
almost identical information is also available as part of the bureau's more complete 
STF3A data files, the advantage of which is considerably more information, most of 
which is disaggregated to only slightly higher levels than the PL94-171 data. This in­
formation includes income, education, home ownership vs. renting, household type, 
spoken languages, degree of linguistic isolation, family types, place of work, means 
of transportation to work, poverty status, urban vs. rural, type of housing stock, res­
idential mobility, and detailed precinct-level cross-tabulations of these and numerous 
other variables. For the 1990 census, data are also available by school district, which 
corresponds with precincts in some jurisdictions. School district data includes all the 
variables from both the PL94-171 and STF3A data. 
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data sets, but the necessary variables will often be available to solve 
this feature of the aggregation bias problem. 

Direct evidence of the degree to which the information in Z1 is ad­
equate is not available since β\ is unobserved (and similarly for β™ 
or other parameters). However, getting a sense of the problem by us­
ing observable data is possible. For example, a reasonable surrogate 
for β\ in thinking about Z, in many cases is T1 (the fraction of peo­
ple voting). That is, it is reasonable to suppose that β\ and T1 are 
highly correlated.4 In particular, the relationship between T1 and X, 
may often be at least as strong as between β\ and X,. More impor­
tantly, most of the variables Z, that seem likely to affect β\ probably 
also affect T1. Thus, the variables Z, which would be necessary to 
cause the coefficient on X1-, in a regression of T1 on X1 and Z1, to go 
to zero are probably the same ones that cause the coefficient on X1, in 
a regression of β] on X1 and Z1, to also go to zero. (This task should 
be even easier when making ecological inferences about voter prefer­
ences.) Fortunately, when regressing T1 on X1, it is not difficult to find 
control variables Z1 which make the coefficient on X1 go to zero. This 
can be accomplished with the right combination of census variables. 
But even easier is using almost any political variable—party registra­
tion, presidential vote, or the vote for a minor statewide office. Even 
the precinct population size should be helpful in some cases. 

Although we cannot be certain of relationships between X1 and un­
observed variables, it seems likely that the variables which do exist 
and are straightforward to collect are sufficient in some cases to solve 
this aspect of the aggregation problem in ecological voting studies. 
This analogy is not exact, but it is probably close in many situations. 
For it to be useful, one needs to assume that the loss from thinking 
about the wrong variables is more than compensated for by substitut­
ing observable for unobserved variables. 

The variables Z1 can include X1, although I save discussion of the 
issues that arise in this specification until Section 9.2.2, where they 
are treated explicitly. Researchers should also use caution in includ­
ing variables in Z1. Additional variables put more demands on the 
data; including the wrong variables does not help with aggrega­
tion bias and, as demonstrated on Section 9.2.3, can reduce statistical 
efficiency (and mean square error). As with any model specification, 
the specific content of Z, should be justified with specific reference 
to prior substantive knowledge about a problem. Researchers should 
also be wary of the additional linearity assumption involved in in-

4 Indeed, if it were not for /3j°, β\ and T1 would be deterministically related, since 

Γ, =)3fX, +/3^(1 -X,). 
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eluding continuous variables in Z ;. With continuous covariates, there 
is more chance of having to extrapolate to portions of the parame­
ter space for which few observations exist. Researchers thus might 
consider a more flexible functional form, such as by dichotomizing 
some of the covariates. Whatever the form of the external variables, 
analysts can avoid the dichotomous choice between the extremes of 
including or excluding variables by adding a prior distribution on 
ab and aw, with mean zero and positive standard deviation; this is 
discussed in Section 9.2.3. 

Achen (1986, 1993) has noted that past efforts to avoid bias in eco­
logical inference by using external variables have failed, and he con­
cludes that external variables will not be helpful. However, the few 
studies he cites (such as Upton, 1978 and MacRae, 1977) use a very 
small quantity of only one specialized type of data that does not gen­
eralize to the vast array of ecological analyses. These data are from 
voter transitions, where the goal is to make inferences about the de­
gree to which voters remain loyal to a party or defect to the opposition 
between two elections. Unfortunately, obtaining appropriate variables 
Z1 in these cases is more difficult than in most other types of data. Fol­
lowing the logic above, we can use the vote at time 2 as a surrogate 
for the unobserved transition rate in thinking about the composition 
of Z1. Thus, what control variables Z1 would cause the coefficient on 
time 1 vote, in a regression of time 2 vote on time 1 vote and Z, to go 
to zero? Including incumbency advantage, campaign spending, can­
didate quality, etc., would not have much of an effect on the time 
1 vote coefficient (which in a regression usually retains a coefficient 
of approximately 0.6-0.8 no matter what is included). The optimal 
variable would be something like voting intentions a month before 
time 2 or an exhaustive list of campaign events, weather forecasts for 
election day, detailed regional polls, etc., but these and other possible 
influential intervening variables are often unavailable for voter transi­
tion studies for each individual areal unit. This makes using external 
variables to remove aggregation bias in voter transition studies more 
likely to be impractical. Fortunately, finding appropriate variables in 
ecological studies of race and voting and numerous others applica­
tions is considerably easier. And, moreover, the method given here 
can work well in voter transition data even without covariates (see 
Section 13.1). 

9.2.2 Unconditional Estimation: X,- as a Covariate 

This section relaxes the assumption that the model is conditional on X, 
(that is, that there is no aggregation bias) by extending the procedure 
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in Section 9.2.1 and allowing X1 to be included among the covariates 
in Z\, Ζ™, or both. The logic here follows the first instinct of most 
scholars new to the ecological inference field who, upon learning that 
the parameters may be correlated with X1, propose modeling the rela­
tionship explicitly by letting both of Goodman's parameters be linear 
functions of X1-. Unfortunately, as Section 3.2 (especially Equation 3.5, 
page 42ff) details, this procedure leads to indeterminacy under Good­
man's model. That is, under the Goodman framework, no information 
exists with which to estimate the model controlling for X1 in the equa­
tions for both W1 and Sbf. Only three of the necessary four parameters 
are identified in aggregate data, and thus the likelihood function is flat 
over the entire real number line. 

In fact, contrary to widely held conclusions (e.g., Rosenthal, 1973; 
Iversen, 1973; Przeworski, 1974; Shively, 1985; Achen and Shively, 
1995), there does exist sufficient information in aggregate data with 
which to generate a meaningful likelihood function and informative 
estimates of all model parameters and quantities of interest even when 
controlling for X,. Because this additional information is incorporated 
in the model developed here, its likelihood function is not flat, and 
thus information does exist in the data, even without external vari­
ables, with which to avoid some of the problems of aggregation bias. 
Put differently, the analysis of indeterminacy in Section 3.2 would be 
correct only if the precinct-level parameters were unbounded, as pre­
vious statistical approaches effectively assume. However, β\ and j3f 
are bounded at their widest at [0,1], and usually much more narrowly 
in each and every precinct. In addition, β* and β™ are constrained to 
vary inversely within their bounds by Equation 6.27 (page 113). Thus, 
once the model includes this and other valuable additional informa­
tion, the likelihood function is quite informative, and all parameters 
can be estimated even when Z\ = X1 and ZJ" = X1. 

The remainder of this section first demonstrates exactly how the 
bounds provide this identifying information; second, contrasts the 
concave likelihood function under this approach with the flat one un­
der the Goodman model; and third, shows how including X1 in Z\ 
and ZJ ameliorates aggregation bias problems even in the data from 
the worst case scenario developed in Section 9.1.1. 

How do the bounds reveal information about aggregation bias from 
the aggregate data alone? Figure 9.3 provides an answer in as simple a 
form as possible. This is a tomography plot for a simple hypothetical 
data set. AU the lines cut off the top right or lower left corners, indi­
cating that only precincts with very tight bounds on both β\ and /3J" 
are included. The values of β\ and β™, represented by lines in the top 
right corner, are sure to be large regardless of where the true points 
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Figure 9.3 Conclusive Evidence of Aggregation Bias from Aggregate Data. In 
this hypothetical example, the tomography lines at the top right imply high 
values for both β\ and /SJ" and, as indicated by the steep lines, large values 
of X1. In contrast, the lines near the bottom left have small values for both 
parameters and, as represented by the relatively flat lines, small values of X1. 
This demonstrates that aggregation bias (a correlation between the precinct 
parameters and X,) can be detected with aggregate data alone. 

fall on the tomography lines. Similarly, the points in the bottom left 
have small values for these precinct parameters. Thus, these aggregate 
data are highly informative about the quantities of interest. In addi­
tion, they also reveal that X„ which is represented in the figure by the 
slope of the corresponding tomography line, is highly correlated with 
these parameters: the small values of jSf and β™ have relatively flat 
slopes and correspondingly small values of X„ whereas large values 
of these parameters have steep slopes and thus larger values of X1. In 
this simple example aggregation bias can be conclusively detected in 
aggregate data. 

Figure 9.3 also gives significant information about the nature of ag­
gregation bias, information that we shall exploit to remedy problems 
that may arise. In this figure, the information available about aggre­
gation bias in the ecological data is very substantial, revealing very 
clearly the degree and precise nature of aggregation bias. More typi­
cally, only some observations in a data set provide this very certain in­
formation about the relationship between β\ and X, and between /3f 
and X1-. There does exist information even for observations without 
narrow bounds, but it comes primarily from the piece of the distribu­
tion that is truncated at the edges of the unit square. Since inferences 
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based on parts of distributions like this tend to be more uncertain and 
model-dependent than other types of inferences, one must be cautious 
when using this information. Thus, the goal is to exploit all available 
information in aggregate data while still having a relatively robust 
ecological inference, one that does not depend too sensitively on ar­
bitrary features of the model. As section 9.2.3 demonstrates, putting 
prior distributions on d0 and aw can be an especially useful approach.5 

Second, to help emphasize that the model is identified even in its 
fully extended form, consider a profile likelihood approach. Begin by 
defining Zf = X1 but leave Z\ empty, so that the model (now with 
parameters φ and aw) is estimable even without the bounds or other 
new information. One way to understand this specification is in the 
equivalent form, where we define Z\ = Zf — Xir estimate aw, and 
fix atb = 0. Thinking about the model in this way also reveals that it 
is not the ab = 0 assumption that is necessary to estimate the model 
without the bounds, only the restriction of ab to some fixed number. 

The idea of the profile likelihood is to maximize the likelihood (or 
posterior distribution) conditional on ab set to zero, and then to maxi­
mize it again given ab set to some other number. This procedure is re­
peated for a wide range of values, and the results are plotted.6 Figure 
9.4 gives an example of the profile likelihood for the data generated 
in Figure 9.1, graphs C and D (page 160). 

This figure plots the value of the maximum likelihood conditional 
on each of a range of values of ab. Although for the Goodman model 
the corresponding profile likelihood plot would be a flat line for all 
possible values of ab, indicating nonidentification, this plot indicates 
that the data are highly informative about the likely values of ab. 
In particular, the results indicate that, conditional on the rest of the 
model and the data, ab is most likely around the value 1.3. This is 
quite far from ab = 0, as the enormous likelihood ratio for these two 
values unambiguously indicates. 

Finally, I now apply the full expanded model with Zb = Zf = X, to 
the first problematic data set represented in Figure 9.1 (page 160), the 

5 Incorporating the bounds in the basic model is part of what make it especially 
robust. When the bounds are very informative, the model is more robust and more 
likely to produce accurate inferences even in the face of massive aggregation bias. In 
other situations, when the bounds are not so informative, the method will still often give 
accurate results but it will be more dependent upon assumptions about aggregation bias 
and thus less robust. 

6 The procedure requires rerunning the maximization algorithm many times, but it is 
easy to cut down on how much time this takes. The trick is to use sequential values 
of ab and to define as starting values for any one run the converged values from the 
previous run. 
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Figure 9.4 Profile Likelihood. Using the same data analyzed in graph C of 
Figure 9.1, this figure plots the value of the likelihood at the maximum for 
a specification where Zf = Zb = X1, and where φ and aw are estimated, but 
where ab is set to a series of fixed values and not estimated. The results clearly 
indicate, conditional on the linear specification, that the correct value of ab is 
far from zero. The same plot under the Goodman approach would be flat 
over the entire real number line. 

one with a maximal level of aggregation bias. In order to understand 
the results from the reestimated model, Figure 9.5 redisplays the same 
tomography lines and true )3f, /3f points as graph (C) of Figure 9.1. Of 
course, in order to evaluate the results of this estimation, we also need 
to display the newly estimated contour lines. The problem is that, 
because 93* and 93™ now vary over all the precincts, each observation 
is associated with a different set of estimated contours (with different 
means and, by assumption, the same variances and covariance). In 
order to avoid a graphical mess of 75 sets of contours, each contour 
ellipse is replaced with an 80% confidence interval for each precinct.7 

The pattern of darkened tomography lines, indicating confidence 
intervals, corresponds very well to the pattern of true points. Indeed, 
nearly 80% of the points are covered by these 80% confidence inter­
vals. The results are not perfect, as there seems to be some asymmetry 

7 These 80% confidence intervals were computed with the methods described in Sec­
tion 8.2. That is, first draw 100 simulations of β\ and β" for each precinct, sort them, 
and record the values at the 10th and 90th percentiles. Because /?f and /3" are nega­
tively related by Equation 6.27, the darkened area of each tomography line is the line 
segment with coordinates starting at the lower confidence limit on β\ and upper limit 
on /3" and ending with the upper limit on β) and lower limit for β?. 
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Figure 9.5 Controlling for Aggregation Bias. This tomography plot includes 
the same aggregate data (represented as lines) and true individual values 
of β\, |8f (represented as circles) as the problematic data set introduced in 
graph (C) of Figure 9.1. The dark portion of each line represents the 80% 
confidence interval from the model estimated with only the aggregate data 
and with covariates defined as Zf = Zj" = X,. The success of this reestimation 
is indicated by the fact that nearly 80% of the true points fall within these 
confidence intervals. 

in the errors, but this is obviously far better than the estimation from 
Figure 9.1, graph (C), which does not take into account the possibility 
of aggregation bias, and hence misses most of the true points. 

9.2.3 Tradeoffs and Priors for the Extended Model 

Although this model is estimable with X, in both Z\ and Zf, re­
searchers should study the diagnostic evidence for aggregation bias, 
evaluate their own qualitative knowledge of the situation, and gen­
erally use caution before adopting any particular form of extended 
model. Most important is that the fully unrestricted version should 
not be used automatically whenever a researcher worries about the 
remote possibility of aggregation bias. As Figure 9.5 demonstrates, 
this extended model works well when the data are generated from 
this specification. However, there are risks to all specifications. 

To demonstrate the costs and benefits here more precisely, Figure 
9.6 provides some Monte Carlo evidence. The overall point of the 
analysis represented in the figure is to evaluate the consequences of 
misspecification—including a variable in Z1 when it does not belong 
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α 

Figure 9.6 Extended Model Tradeoffs. This figure plots the mean absolute 
error of the district-level quantities of interest (averaged over 90 Monte Carlo 
simulations for each point) by the degree of aggregation bias (a = ab = aw set 
at points on the horizontal axis) for models with normal prior distributions 
on a with mean zero and standard deviation τ. Estimation with low levels of 
aggregation bias favors models with small values of τ; the existence of high 
levels of aggregation bias implies that the fully unrestricted model is best. 
The upper limit on risk, due to the effect of the bounds, has most of its effect 
at a > 0.75. 

or excluding it when it does belong. In practice, of course, researchers 
need not make a dichotomous choice between including and exclud­
ing variables, since a prior on ab and aw, with a mean of zero and an 
appropriately chosen variance, represents a compromise at any cho­
sen point between the two extremes. Thus, the figure also evaluates 
some of these possible compromise model specifications. 

Each point in Figure 9.6 represents the mean absolute error of the 
district-level quantities of interest averaged over 90 Monte Carlo sim­
ulations. Each simulation is composed of ρ — 100 observations drawn 
from the model with 93b = W = 0.5, ab = aw = 0.2 and ρ = 0.3, with 
Z\ = Zf = X1-, and with a = ab = aw set to 0, 0.25, 0.75, 1, or 1.25. 
For each simulated data set, I estimated six models. All six models 
included X, in both Zb and Zf, and added a normal prior distribu­
tion on a with mean zero and standard deviation τ, with τ taking 
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on values 0, 0.1, 0.2, 0.5, 1, and oo. Note that τ = 0 is equivalent to 
excluding X1 from Z„ whereas τ = σο is equivalent to the fully un­
restricted extended model, including X, in Z ; without an informative 
prior. The other values of τ are a few of the possible compromises 
one could make between these two extremes. The points representing 
the mean absolute error for labeled values of a, where the estimation 
was conducted, are connected for visual clarity; thus, each line in the 
graph connects the mean absolute error levels at different values of a 
for a single statistical model (specified by τ). These parameter values, 
which produce wide bounds and minimal truncation, were chosen to 
make the differences among the models relatively large. Many other 
combinations of parameter values show the same patterns but within 
smaller ranges and levels of mean absolute error. 

Figure 9.6 demonstrates the important tradeoffs in deciding what to 
include in Z1-, and how these tradeoffs depend on the levels of aggre­
gation bias in the data (a). For example, at the right side of the figure, 
where a is large, the models with the lowest mean absolute error are 
those with the largest values of τ and thus the more unrestricted ver­
sions of the extended model. This extends the result from Figure 9.5: 
if the data have extremely high levels aggregation bias, then the un­
restricted extended model is most useful. Suppose, however, the data 
contain little or no aggregation bias. The left side of the figure indi­
cates that at this extreme, we would be best off running the models 
that most restrict a to be zero.8 

The tradeoff arises because α is unobserved. Thus, the specific pro­
cedure chosen must depend on the researcher's prior beliefs about a. 
The goal is to choose a model (value of τ) that minimized the expected 
mean absolute error (or other loss function, such as mean square er­
ror). One way to do this, if the researcher can quantify his or her 
prior beliefs over a, is to compute, for each model, the sum of the 
prior probability of each a times the mean absolute error in this fig­
ure. This is the average mean absolute error weighted by the prior 
probability of a. Of course, a more optimal model could be chosen 
by adjusting τ more finely, or by allowing the mean of the prior to 
differ from zero. If a researcher cannot approximately quantify his or 
her priors (an unusual situation if all available information is being 

8 The figure reports the mean absolute error, which is a combination of bias and 
variance. Bias is small or nonexistent when a is small, regardless of which model is 
chosen, although variance in these situations is high when τ is large. Bias only becomes 
substantial, compared to variance, when α is very large and τ is small. 
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brought to bear on the problem), then it will be worthwhile to esti­
mate the model for several values of τ and see the degree to which the 
ultimate quantities of interest differ. (Researchers could even extend 
the procedure farther and average over uncertainty in τ as well.) 

For the particular parameter values chosen to compute this figure, 
and perhaps for others as well, the results seem to indicate that X1 

could be included routinely in both Z\ and ZJ", so long as a suffi­
ciently small value for τ is chosen. For example, when aggregation 
bias is small, τ — 0 is better than τ = 0.1 by a very small amount; 
yet, when aggregation bias is large, τ = 0.1 has a substantially lower 
mean absolute error than τ = 0. Thus, if choosing between these two 
models, we might almost always prefer τ = 0.1 (unless one had very 
strong priors that a = 0 and a loss function that was exquisitely sen­
sitive to small errors). The question, which must depend on the prior 
on a, is whether to use an even larger value of τ, risking even higher 
mean absolute errors if aggregation bias is small in order to achieve a 
possible substantial reduction in error if aggregation bias in the data 
is large. 

Finally, Figure 9.6 also demonstrates the beneficial effects of the 
bounds on the estimation problem. This can be seen by observing 
how the mean absolute error gets larger with the level of aggregation 
bias until a is between 0.5 and 0.75, at which point it levels off. This 
leveling off is the effect of the bounds, which provide a deterministic 
guarantee on the maximum risk a researcher will have to endure, no 
matter how massive aggregation bias is. The parameter values for 
this Monte Carlo experiment were chosen so that the bounds were 
not especially informative, and so for many problems, the maximum 
risk will be reached at much smaller values of a. 

Perhaps the most important reason for the increased inefficiency 
with the unrestricted version of the extended model is the nonrobust-
ness or inefficiency due to the additional linear function now being 
estimated (rather than restricted to zero). As demonstrated in Section 
3.2, including X, linearly as a covariate turns the accounting identity 
into a quadratic, and quadratics are notoriously sensitive to outliers in 
certain situations. In particular, researchers should be especially care­
ful of this specification when values of X, do not cover most of the 
unit interval. For example, if X, never gets above 0.2, then estimating 
W will require extrapolating very far from the data (to X, = 1). With 
a relatively small number of badly placed outliers, a quadratic spec­
ification can send this expected value far off the mark. Fortunately, 
these possibilities can be evaluated with a scatter plot of X, by T1, 
supplemented with the expected value line, E(T ( |X (), and confidence 
intervals around it. (Section 8.5 explains how to compute these quan-
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tities; see Figure 10.3, page 206, for an example.) By studying the fit 
of the model to the data through diagnostics such as this, researchers 
should be able to avoid most of the possible pitfalls of alternative 
specifications. 

Many other alternatives, in addition to a prior on a, might also be 
considered. For example, if sufficient data are available, researchers 
could divide X, into several intervals and use indicator variables to 
code these in place of X, among the covariates. This alternative spec­
ification has the advantage of avoiding linearity assumptions, and 
the consequent quadratic specification. Researchers will need to judge 
whether this advantage is outweighed by the disadvantage of a cruder 
measurement of X, as a control. Finally, some version of X{ is not al­
ways needed in both sets of covariates. For example, in modern U.S. 
county data, blacks are usually a small fraction of the population. As a 
result, β™ can be estimated very precisely, but inferences about β\ are 
more uncertain. In an example like this, researchers might consider 
putting X, into Zf and omitting it from Zh. 

9.2.4 Ex Post Diagnostics 

In this section, several closely related tools for evaluating and reme­
dying aggregation bias are introduced. These tools enable researchers 
to evaluate results after an estimation is complete. 

To implement the method, first run the model offered here without 
taking any special action to deal with aggregation bias. Then compute 
point estimates for each precinct value of β\ and β^ (the means of 
their posterior distributions, calculated as described in Section 8.2). 
Although the model used made the assumption of no aggregation 
bias, incorporating the bounds as part of the computation means that 
these precinct-level estimates can nevertheless be correlated with X, 
after conditioning on T1-. 

Thus, the relationship between X1 and these estimated precinct pa­
rameters contains information about what ab and aw would be if we 
were to let Zb = Zf = X1. The only issue is how to make use of this 
information to provide a diagnostic estimate of these parameters. The 
easiest and first diagnostic method is to plot the estimates of β\ by X, 
and βf by X,. Any indication that the precinct-level parameters are 
predictable by X, would be indicative of aggregation bias. 

To get a somewhat more precise understanding of the information 
in the data, we can try to produce direct ex post estimates of ab and 
aw. If Sr and %$w were on the truncated instead of untruncated scale, 
we could simply regress the estimated values of β\ on X, to estimate 
ab, and similarly for aw. This does provide a quick method of checking 
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whether any aggregation bias exists, and it may often be worth doing, 
but the scale is wrong. 

Thus, a more precise, if slightly more computationally intensive, 
method of ex post estimation would be to maximize the implied like­
lihood function. That is, define a model such that the estimates of β\ 
and /3{" are truncated bivariate normal dependent variables with each 
mean being a linear function of X„ and with constant variances and 
correlation. (Since the narrower bounds on the precinct-level param­
eters have already been taken into account in the original model, the 
truncation for this model is on the unit square.) The likelihood func­
tion is then maximized and the coefficient on X1 in the two means 
serve as diagnostic estimates of ab and aw. If these estimates are sub­
stantially different from zero, the main model can be rerun while re­
stricting ab and aw to these estimates, and using its standard errors 
in the second simulation stage. 

This procedure can be improved in several ways. However, because 
it is most useful as a diagnostic tool, most of the improvements seem 
to be unnecessary. Nevertheless, I briefly list two of the possibilities 
here, since they are likely to be useful in particular circumstances. 
First, the uncertainty in each estimate of β\ and β™ can be incorpo­
rated in the diagnostic estimate by repeating the procedure for 4 or 
5 of the individual simulations of β\ and βγ, instead of the mean of 
all 100, and averaging the results according to the logic of "multi­
ple imputation" for survey nonresponse (see Rubin, 1987, who also 
shows why 4 or 5 simulations is almost fully efficient). Second, the 
whole procedure could be iterated. That is, after estimating ah and 
aw from the model output, and restricting them to their estimates 
in rerunning the main model, the diagnostic procedure could be run 
again. This would produce another estimate with which to restrict ab 

and aw in the main model. The iterations would then proceed until 
convergence. 

Finally, with this diagnostic tool, as with the procedures introduced 
in Sections 9.2.1 and 9.2.2, functional forms other than linearity should 
be considered, the most obvious possibility being indicator variables 
coding intervals of X,. 

9.3 AVOIDING DISTRIBUTIONAL PROBLEMS 

In the basic model, β\ and β™ follow a truncated bivariate normal 
distribution. The model is fairly robust to many deviations from this 
distributional assumption because only the univariate distributions 
cut out of the truncated bivariate normal by the tomography lines 
are used for computing the quantities of interest, and the tomogra-
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phy lines are known with certainty. Thus, although the full truncated 
bivariate normality assumption is made, only a set of ρ truncated con­
ditional univariate normals are used, which is a considerably less de­
manding assumption once we condition on X, since all uncertainty 
about each quantity of interest is restricted to a single known uni­
variate distribution. The fact that the only distributional information 
needed is that over the known univariate tomography lines means 
that different bivariate distributions can lead to the same estimates. 
Often, this is an advantage because the same underlying truncated 
bivariate normal can accurately represent many different true bivari­
ate distributions of β\ and /3f. Of course, in some cases, if the ultimate 
conditional distributions are not reasonably close approximations to 
the truth, incorrect inferences may result. 

Section 9.3.1 discusses the robustness of the basic model, as well 
as several parametric generalizations. Section 9.3.2 begins at the 
other end of the continuum to consider what information can be 
learned about the underlying distribution without any assumptions 
and builds from there; this leads to useful diagnostics as well as a 
fully nonparametric approach, effectively dropping the assumption 
of truncated bivariate normality. 

9.3.2 Parametric Approaches 

In this section, I outline parametric approaches to four types of devi­
ations from the truncated bivariate normality assumption. 

One type of deviation from truncated bivariate normality is outliers, 
where a subset of the observations do not follow the same distribution 
as the rest. Figure 7.1 (page 126) gives a clear example of a tomogra­
phy plot with several distinct outliers that are easily detectable with 
aggregate data. If evidence of outliers are found, either from examin­
ing a tomography plot, or the corresponding scatter plot of X, by T; 

with an expected value line and confidence intervals, or by studying 
the resulting quantities of interest, the best procedure is to look much 
closer at the observations in question and to see if they have some 
feature in common that could be controlled with meaningful covari-
ates, as per the extended model described in Section 9.2.1 as correc­
tions for aggregation bias. That is, letting the means of the truncated 
bivariate normal distribution vary over the observations is equiva­
lent to assigning a different truncated bivariate normal distribution 
to each precinct, and with the resulting joint distribution having as 
many modes as observations. Indeed, the confidence intervals given 
in tomography plots like that in Figure 9.5 (page 179) are nonellip-
tical (non-normal) because of the covariates. This same non-normal 
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distribution result could have been computed by using some new bi-
variate distribution to fit this unusual shape, even without covariates 
to cope with aggregation bias. This emphasizes that using covariates 
to cope with aggregation bias is one way of changing the distribu­
tional assumptions. Although the reverse procedure of changing dis­
tributional assumptions to solve aggregation bias problems is more 
difficult computationally, it is logically equivalent and may occasion­
ally prove useful. 

Fortunately, the fact that the precincts are real places means that 
there are many possibilities for locating covariates to deal with out­
liers. Drawing a map with the outlier precincts identified is often 
very helpful, but if the data are contemporary it might also pay to 
go to the precinct and look around. This is not common practice 
among quantitative analysts, but it is by far the best way to gain 
additional empirical information about the subject at hand. For ex­
ample, one might learn that all of the outlier precincts are located 
in one part of the state with an especially strong local party orga­
nization, have an unusually high average income, are composed of 
a large fraction of transient residents, or are from a county govern­
ment known for poor record keeping. If no relevant covariates are 
discovered, as a last resort the outliers might be dropped or brought 
under the model by including a dummy variable or set of dummy 
variables. If no substantive reason can be found for a set of outliers, 
and if the effect of leaving them in is to expand the area covered by 
the truncated bivariate normal contours, thus generating more con­
servative inferences, a researcher might opt not to modify the original 
model. 

A second deviation from truncated normality consist of the cases 
where the data cannot plausibly be modeled as coming from a single 
distribution, even after making allowances for outliers. Put differently, 
when the number of outliers becomes a sufficiently large fraction of 
the sample, it may be worthwhile to model this other group of obser­
vations in an analogous fashion to the original group. For example, 
although data are not usually so unambiguous, Figure 9.7 gives a clear 
example of a tomography plot in which multiple modes seem almost 
certain. 

Although considering these possibilities for alternative distributions 
on the basis of a detailed contextual knowledge of a problem prior to 
any data analysis is generally best, a tomography plot like that in 
Figure 9.7 (or Figure 9.3) would strongly suggest that the assumption 
of a single mode is incorrect. In this situation, it would be best to find 
the source of the problem and correct or model it, as described below, 
prior to using the basic statistical method. 
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.25 .75 

β? 

Figure 9.7 A Tomography Plot with Evidence of Multiple Modes. The data 
for this plot were generated from independent truncated bivariate normal 
distributions with the same variances and correlation but different means. 
The two areas of this plot at the lower left and upper right, where many lines 
cross (and thus "emissions" seem to be coming from), are where the evidence 
seems to indicate that multiple modes are located. 

In many real situations, multiple modes will not do much damage 
to inferences from the ecological inference model, so long as aggrega­
tion bias is not also present. For example, applying the basic model 
to the data from Figure 9.7 produces 80% confidence intervals that 
cover 91% of the true points for β\ and 88% for /3f. Although these 
intervals are wider than they should be, they are still reasonably ac­
curate. This is especially good news given how seriously the model's 
truncated bivariate normality assumption is violated in this example. 
Indeed, in some cases, fixing a problem with multiple modes will rid 
the data of bias but in many data sets the bias from multiple modes 
will be small even if ignored. Thus, much of the reason to pay atten­
tion to multiple modes is not to reduce bias but as an opportunity to 
generate more precise inferences. For example, instead of fitting one 
very wide set of contours to the entire tomography plot in Figure 9.7, 
we could fit contours with much smaller variances to each mode. The 
result would be inferences with much narrower confidence intervals 
and correspondingly higher levels of certainty. 

A straightforward parametric solution to the problem of multiple 
modes is to find covariates Z1 and use the model described in Sec­
tion 9.2.1. This will allow for separate contours to fit each mode. A 
more detailed study of the differences among the precincts that ap-
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pear to be in each mode would probably reveal what covariate would 
need to be included. If, on the other hand, evidence of multiple modes 
appear but no plausible covariate can be identified (that is, without 
merely coding on the basis of the results), then the truncated bivari-
ate normal assumption could be substituted with a truncated mix­
ture of bivariate normal distributions. I have not pursued this possi­
bility because I have not found data with multiple modes like this, 
and because the nonparametric version of the model in Section 9.3.2 
can easily handle multiple modes. But a truncated mixture of bivari­
ate normals (probably using Gibbs sampling to aid in computation) 
would seem to be a good approach, both for this problem and as 
the basis for a potential formal test of multi-modality, since the sin­
gle truncated bivariate normal distribution assumption would be a 
limiting special case. 

More generally, one could replace the truncated bivariate normal 
with some version of a bivariate beta distribution, or one of a variety 
of other possibilities, but the differences from the more mathemati­
cally tractable truncated normal do not seem great enough to make a 
sufficiently large difference. Another possibility is to reparameterize 
β\ and βγ so they are unbounded (such as with a logit transformation) 
and use an untruncated bivariate normal distribution, or generaliza­
tions thereof. The problem with this approach is that the quantities of 
interest often cluster near and exactly on the boundaries of the unit 
square, meaning that a truncated distribution will fit patterns in real 
data much better. Moreover, in my experience, because the reparam-
eterizations stretch small and substantively trivial regions of the unit 
square over most of the real number line for estimation, this proce­
dure is numerically instable in many practical instances. Additionally, 
of course, the absence of truncation would result in a model that is 
not identified when the covariates include X r 

A third possible violation from truncated bivariate normality is for 
the β\ and β™ values to follow a related distribution, such as one 
with wide tails. For example, Table 9.2 reports Monte Carlo evidence 
on the consequences of distributional misspecification using a t dis­
tribution with 3 degrees of freedom, as is commonly used to evaluate 
the robustness of normal distribution-based models. 

Each pair of rows in Table 9.2 compares estimation errors when 
using the model with data drawn from it (a truncated normal dis­
tribution, TN) to data drawn from a truncated t distribution with 
three degrees of freedom (tt). In all cases, the estimation errors are 
near zero and the errors in confidence interval coverage are small 
and without systematic pattern. In addition, the standard deviation 
across estimates of the aggregate quantities of interest are about the 
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Aggregate Level Precinct Level 

Dist. 

TN 
tt 

TN 

tt 

TN 

tt 

TN 
tt 

V 

100 

100 

100 

100 

25 
25 

25 
25 

Truncation 

Low 
Low 

High 

High 

Low 
Low 

High 

High 

Error 

.001 

.002 

.001 

.001 

.003 

.001 

.001 

.000 

(S.D.) 

(.020) 

(.020) 

(.011) 

(.019) 

(.038) 

(.038) 

(.024) 

(.036) 

Avg.S.E. 

.020 

.021 

.012 

.018 

.038 

.038 

.021 

.029 

Error 

.02 

.01 

.00 
-.02 

.02 

-.01 

-.06 

-.06 

(S.D.) 

(.07) 

(.06) 

(.05) 

(.04) 

(.10) 
(.11) 

(•12) 
(•10) 

Table 9.2 Consequences of Distributional Misspecification: Monte Carlo 
Evidence. Each row summarizes 250 simulations drawn from a distribu­
tion that is truncated normal (TN) or truncated t with 3 degrees of free­
dom (tt). For parameter values that imply different levels of truncation, 
and different numbers of observations, the aggregate-level columns re­
port the average absolute difference between the truth and estimates 
from the model. The precinct-level columns give the deviation from 80% 
in coverage of the 80% confidence intervals (in both cases with standard 
deviations across simulations in parentheses). 

same size as the true standard deviation across the Monte Carlo ex­
periments. The analyses in this table make comparisons between TN 
and tt for low and high levels of truncation (using the same parame­
ter values as in Figure 9.6), and also for 100 and then 25 observations 
(p). The smaller number of observations is used because distributional 
assumptions in some models require larger samples to take affect. For­
tunately, although ecological data sets typically have far more than 100 
observations, even as few as 25 does not appear to cause much prob­
lem. The one possible exception is the underestimation of uncertainty 
levels for ρ = 25 and high truncation, although the narrow bounds 
in the high truncation case is when the confidence intervals matter 
least. 

Possible distributional violations can also be revealed by comparing 
the data to other observable implications of the model (and of course 
the more the better). Probably the best approach is to evaluate the 
conditional distributions of T1-JX1 implied by the model, which can be 
easily compared with the data on a graph of X1 horizontally and T1 

vertically, as was done in Figure 6.1 (page 100) with hypothetical data. 
In this figure, the estimated conditional distributions are summarized 
on the graph with a solid straight line representing the conditional 
expectation function, E(T1IX1) from Equation 6.8 (page 97), and two 
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dashed curved lines, on either side of the expected value, for 80% con­
fidence intervals computed from the conditional variance, V(T1-IX1-) in 
Equation 6.9 (page 98). (Computing the confidence intervals is de­
scribed in Section 8.5.) For each fixed value of X1, the vertical scatter 
of real data points on this graph should be centered at the expected 
value line, and roughly 80% of the points should fall between the 
two dashed lines. If this pattern is true for some values of X1 but not 
others in a systematic pattern, the model's distributional assumption 
is probably violated. For an example of a real data set that violates 
the truncated bivariate normal distributional assumption, and can be 
clearly detected in this type of graph from aggregate data, see the left 
graph in Figure 13.5 (page 242). 

Finally, an empirical problem that occurs on occasion, and often im­
plies a distributional violation, is values of ρ very close to one. This 
corresponds to an X1 by T, scatter plot with confidence intervals or 
standard deviations around the expected value line that have no dip 
in the middle (see, for example, Figure 6.1 graph (B), page 100).9 The 
problem is that it implies that the correlation between β\ and β™ is 
very high, which seems implausible for most substantive examples. 
To put it another way, because all nontrivial examples predicting one 
observed social science variable from another do not yield perfect cor­
relations, we should probably not think it reasonable for unobserved 
(but observable) variables to behave much differently. For the cases 
where β\ and βγ are observed, extreme correlations do not appear. In 
addition to being unrealistic, a large value of ρ is sometimes indicative 
of unusually narrow uncertainty estimates of the precinct-level quan­
tities of interest. When ρ is near 1 or —1, the maximum likelihood 
ellipses are extremely thin, meaning that the posterior distribution of 
each precinct parameter cut out of the distribution by each tomogra­
phy line will have an unusually small variance. In these situations, the 
confidence intervals may be too small. Of course, this is not certain, 
since ρ could in fact be high and the confidence intervals appropri­
ately small; indeed, we could generate data from such a model. The 
point, therefore, is a substantive one: that large absolute values of ρ 
are empirically suspect and should be evaluated carefully. 

In some cases, unrealistic values of ρ are remedied by including 
covariates. In some other cases, one may need to modify the model 
by allowing &b, aw, or ρ to vary over precincts as a function of mea­
sured covariates, just as I have already done for 33fc and S8W. Another 

9 A large bulge in middle of a scatter plot of X, by Γ, would be even more indicative 
of distributional difficulties, since this outcome is very unlikely to occur under the 
assumption of a single truncated bivariate normal distribution. 
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possibility which is also an option for multiple modes where the vari­
ances or correlation seem to differ between the modes, is to let all el­
ements of ψ vary. This can be done quite easily by dividing the sam­
ple of precincts into mutually exclusive groups and running separate 
analyses. 

9.3.2 A Nonparametric Approach 

In this section, I introduce a fully nonparametric version of the model, 
one that does not require the assumption of truncated bivariate nor­
mality. This alternative ecological inference model provides nonpara­
metric inferences about all quantities of interest as in the parametric 
model. It also provides a diagnostic for truncated bivariate normal­
ity, which can be useful in deciding whether to make use of the ba­
sic parametric version of the model. Technical details appear in Ap­
pendix E. 

Begin by considering what information exists in the data about the 
bivariate distribution without making any assumptions. The known 
information is represented by a tomography plot and its set of neg­
atively sloping (and some flat) lines. Without additional information 
(that is, assumptions), all we know about the bivariate distribution 
of /3f and /3f is that it must have some positive density over at least 
one point on each and every tomography line. One way to portray 
this minimal knowledge is by characterizing the range of bivariate 
distributions that cannot be rejected by the data. To do this, imagine 
drawing any curve that connects the bottom left corner of a tomog­
raphy plot Of = 0 and β? = 0) to the top right corner (β\ = 1 and 
β™ = 1). For example, a straight 45° diagonal line is one such curve, 
which corresponds to Freedman et al.'s (1991) neighborhood model 
assumption that β\ = βγ (see Equation 3.6, page 43). Because no to­
mography line can be positively sloping, any of these possible curves 
will cross every line at least once, and thus any distribution that in­
cludes positive density over such a curve cannot be rejected by the 
data. Of course many other distributions can be effectively ruled out 
by the specific pattern of tomography lines. 

To get farther than this, some assumptions are required. The trun­
cated bivariate normal distribution assumption is an example of a 
global assumption that characterizes the likely position of all the β\, /3f 
points in a tomography plot simultaneously. This assumption is a for­
malization of the idea that, at least after taking into account X,, all the 
precincts in the data set share something in common. Since most areal 
units were created for administrative convenience and aggregate in-
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dividuals with roughly similar patterns, ecological observations from 
the same data sets usually do have a lot in common. Even though 
Goodman's assumption that β\ and β™ are constant over i is usually 
false, the assumption that they vary but have a single mode usually 
fits aggregate data. Parametric generalizations of this global assump­
tion appear in Section 9.3.1. Continuing along that logical path, by 
expanding the number of components of mixtures of truncated bivari-
ate normal distributions, can lead to arbitrarily flexible distributions. 
Parametric models like these are generally to be preferred, the only 
problem being that the models which result can become increasingly 
difficult computationally (cf. Escobar and West, 1995). 

An alternative approach to making a global assumption about how 
strength will be borrowed is to make a set of local assumptions for dif­
ferent parts of the tomography plot. I do this in this section nonpara-
metrically via "kernel density estimation." Kernel density estimation 
is generally not admissible from a Bayesian standpoint (West, 1991: 
424-425), but it is relatively intuitive and easy and quick to compute. 
I use it here primarily to provide a different look at the data in the 
form of a useful visual diagnostic. The fully nonparametric procedure, 
also described here, provides a useful "local smoothing" complement 
to the "global" assumptions of the parametric model; it can be used 
on its own, but in most cases I prefer it as a diagnostic for suggesting 
covariates and other parametric generalizations. 

The basic idea behind this approach is to replace the truncated bi-
variate normality distributional assumption with an assumption of 
local smoothing. In other words, the distribution of β\ and 0f is as­
sumed not to have any discrete jumps in it within the unit square. 
Since β\ and β7? are both continuous variables, this is not a demand­
ing requirement, but it is an assumption. As 1 demonstrate below, the 
amount of local smoothing assumed is equivalent to the amount of 
strength to be borrowed from other precincts in estimating the quan­
tities of interest in each one. The goal here, as in the parametric pro­
cedure, is to come up with a posterior distribution for the precinct 
parameters, or in other words to find a distribution over each tomog­
raphy line. In words, kernel density estimation gives higher proba­
bility to those points on each tomography line that pass closest to 
portions of the other lines. 

The procedure begins with a tomography plot and replaces each 
line with a bivariate distribution, known in this context as a "kernel." 
The nonparametric kernel density estimate of the full bivariate distri­
bution of β\ and β™ then comes from adding together all the kernels, 
and dividing each by a scale factor to make the total volume integrate 
to one. 



9.3. Avoiding Distributional Problems 193 

The specific kernel chosen is a density, and it should be uniform 
in the direction of the line so that the prior distribution within the 
bounds on both β\ and Pf is "uninformative" (i.e., flat). Then there 
should be some spread in the direction perpendicular to the line in 
order to represent borrowed strength.10 To construct this bivariate ker­
nel we can use any scaled univariate distribution oriented, for every 
point on the line, perpendicular to the line. A univariate normal is an 
easy and obvious choice, but my experiments indicate that the par­
ticular choice of univariate distribution in constructing this bivariate 
kernel does not have much effect on the ultimate estimates (a com­
mon result in the literature; see Silverman, 1986). The standard de­
viation of the kernel is the smoothing parameter and is chosen prior 
to the procedure by the analyst in interaction with the data. For ex­
ample, the standard deviation might be set at 0.08 to start and then 
adjusted up or down if more or less smoothing seems desirable. (Au­
tomatic methods for choosing kernel standard deviations do exist, but 
there is little advantage and much cost to not studying the sensitivity 
of the final estimates to the smoothing decision.) Finally, each kernel 
is truncated within the unit square and scaled so that its area sums 
to one. (On the behavior of kernel estimators near boundaries, see 
Muller, 1991). 

Figure 9.8 gives an example of the procedure based on two hypo­
thetical precincts (with data T1 = 0.5, T2 = 0.6, X1 = 0.3 and X2 = 0.8). 
Real applications will almost always involve more data, but this ex­
ample helps show more clearly how the method works. Data from 
the two precincts are represented on the left graph in tomography 
format as dashed lines. The resulting nonparametric density estimate 
is given as a contour plot on the left, and surface plot on the right. 
Because there are only two lines, the individual kernel around each 
is easily identified. In addition, the area where the lines cross, and 
the kernels interfere, is a region of higher density. Thus, this nonpara­
metric estimate indicates that the true β\, j8f point is more likely to 
lie near where the two lines cross. Just as with the parametric model, 
the posterior distribution of each quantity of interest is the univari­
ate distribution that the tomography line cuts out of the contours, 

10 An alternative approach might be to use a circular kernel centered at each point 
where every pair of tomography lines cross, if they do. For example, the truncated bi­
variate normal distribution, with zero correlation and equal standard deviations, could 
serve as a kernel. The mode of this distribution would be placed at each tomography 
line crossing, whether each is inside or outside the unit square. This method might 
reduce bias but would also be less computationally feasible for large data sets as it re­
quires p(p —1)/2 kernel evaluations for each βΊ, β? point in the nonparametric density. 
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Figure 9.8 Building a Nonparametric Density Estimate. This example demon­
strates how the kernel density estimation works. The contour plot (on the left) 
and the surface plot (on the right) are different representations of the same 
estimated density. The data for this example appear in the contour plot as the 
two (dashed) tomography lines. 

which in this case is unimodal with a mode occurring where the lines 
cross. 

Figure 9.8 also makes clear how strength is borrowed from other 
precincts to estimate the probable position of the quantities of interest 
in estimating each one. When the standard deviation of the kernel 
is set near zero, little strength is borrowed. This can be seen since 
most of the original uniform distribution over each tomography line is 
unchanged by the distributions over other precincts. In fact, for very 
small kernel standard deviations, lines that do not cross contribute 
essentially no strength to the estimation of each other's parameters. 
For larger standard deviations, more strength is borrowed and thus 
more of the distribution over the line is changed from its original 
uniform shape. 

An example of nonparametric density estimation with a more re­
alistic number of precincts is given in Figure 9.9. This is the density 
estimate, in contour and surface plot representations, of the same dif­
ficult multi-mode data created for the tomography plot from Figure 
9.7 (page 187). As can be seen, the nonparametric estimate easily picks 
up the modes in the top right and bottom left corners. (The contour 
labels refer to the fraction of distance from the mode of the estimated 
distribution.) This could not have been the case with the parametric 
version of the model unless specific steps had been taken, such as 
those suggested in Section 9.3.1. 
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A* 
Figure 9.9 Nonparametric Density Estimate for a Difficult Case. This figure 
gives contour and surface representations of a nonparametric density estimate 
for the multi-mode data represented in the tomography plot in Figure 9.7 
(page 187). As the labeled contours and the surface plot indicate, the area in 
the middle of the graph is a valley, and those at the ends are hills. 

The same procedure can be used with real data sets as a test for 
multimodality or other distributional problems (see, for example, Fig­
ure 12.2, page 229). In addition, to define the nonparametric estimates 
of the quantities of interest, we only need to draw simulations of β\ 
and β^. This is done by using the univariate distribution defined by 
the portion of the bivariate nonparametric density that falls over each 
line. 

Every statistical technique requires assumptions, even one that falls 
into categories with names like "nonparametric" or "distribution-
free." In the present case, the advantage of the nonparametric model 
is that it can pick up multiple modes and other non-normal features. 
These problems occur most frequently if the precincts in the data 
set do not have much in common, or different groups of observa­
tions do not have roughly the same things in common. But there 
are also advantages of choosing the parametric model, such as more 
powerful estimators and (often but not always) narrower confidence 
intervals. If the precincts have a lot in common, so that the β\ and 
β™ coordinates cluster around a single mode, then the parametric 
model will be superior. The parametric model can also be modified 
more easily. For example, although covariates could in theory be 
included in the nonparametric version of the model, the ultimate esti­
mates of the quantities of interest would depend much more heavily 
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on the smoothing assumptions, and other prior distributions would 
probably be needed too.11 

In summary, nonparametric density estimation will be especially 
useful in applications where the distributional assumption of the para­
metric model is suspect. For example, if it is not reasonable to assume 
that the precincts in the data set have enough in common to be repre­
sented by a single unimodal distribution, displaying the contours or 
surface plot representation can be very informative. These graphs can 
be studied qualitatively and compared to the contours from the para­
metric model. The parametric and nonparametric versions can even be 
compared formally and a test statistic computed, although studying 
the graphics will often be more informative than any single statistic. 
If the nonparametric contours clearly have a single mode, so that the 
data can be fit by a truncated bivariate normal distribution, then the 
parametric version can be more confidently used to compute estimates 
of the quantities of interest. If, on the other hand, multiple modes or 
outliers appear likely, then some of suggestions in Section 9.3.1 might 
be used to expand the parametric model. If these suggestions appear 
unworkable, or the researcher has insufficient information about the 
data at hand, then the full nonparametric estimates of the quantities 
of interest can be used. 

11 Some topics for future research include bias reduction that might occur if the prob­
lem were rescaled so that symmetric densities could be used. In addition, because the 
tomography lines cannot be positively sloping, detecting a positive correlation between 
βΊ and /Sf is difficult with this nonparametric method. 



PART IV 

Verification 

In this part, I compare thousands of ecological inferences from the 
model with individual level truths that are observed in the real data 
sets analyzed here. Chapter 10 analyzes a fairly typical ecological data 
set, a study of Southern voter registration by race. This analysis val­
idates the model by comparing its estimates to the individual level 
truth, and helps work through all the intermediate steps of comput­
ing estimates in order to explain the workings of the method in de­
tail. Chapter 11 demonstrates, through a study of poverty status by 
sex, that the model generates accurate inferences even in the presence 
of aggregation bias and a highly restricted variance across aggregate 
units. Chapter 12 makes inferences about black registration in a Ken­
tucky data set with very little information about blacks and with even 
more serious versions of aggregation bias and restricted variance. Fi­
nally, Chapter 13 verifies the model in some classic contexts, includ­
ing studies of voter transitions and Robinson's example of literacy by 
race. 





CHAPTER 10 

A Typical Application Described in Detail: 
Voter Registration by Race 

IN THIS CHAPTER, the method developed in Part III is used to analyze 
one fairly typical ecological data set in detail. This example portrays 
the model from several perspectives, highlights the information it can 
extract from the data, and evaluates its ability to make valid ecological 
inferences. This chapter alone provides more than ten times as many 
comparisons between the individual-level truth and inferences from 
aggregate data as in the entire history of research on the ecological 
inference problem, albeit all from one data set. Subsequent chapters 
provide many additional comparisons. 

This chapter also displays a large variety of intermediate results 
computed along the way to making inferences about the quantities 
of interest. Many of these intermediate results need not normally be 
examined during ordinary empirical applications of the method, but 
they are useful here in order to understand the model and the various 
numerical calculations required. Subsequent chapters in this part will 
continue with the task of checking the validity of the inferences but 
will suspend the detailed presentation of intermediate results except 
where relevant to the analysis at hand. Finally, all chapters in this 
part emphasize the value of the basic model by not making use of 
the model extensions and procedures introduced in Chapter 9. In any 
real application where the substantive answer matters, a prudent data 
analyst should always consider these as well (see Chapter 16). 

10.1 T H E DATA 

The data analyzed in this chapter include voter registration and racial 
background of people from 275 counties in four Southern U.S. States: 
Florida, Louisiana, North Carolina, and South Carolina. The data 
from each county in these states include the total voting age pop­
ulation (N1) and the proportions of this population who are black 
(Χ;), white (1 - X1), and registered (T1-) in 1968. Applying the eco­
logical inference model to these data yields estimates of the fraction 
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of blacks registered, and the fraction of whites registered, in each 
county.1 

This collection of data is especially valuable because it also includes 
the true fraction of blacks {β\) and of whites (/3 )̂ registered. That 
is, these Southern states record the race of each registrant and make 
the data available to the public. Thus, these data can be used to verify 
the inferences based on the model. 

In a few counties, public records indicate that the number of people 
registered of a certain race is larger than the census count of voting-
age people of that race. This problem may be due in part to a census 
undercount, but it probably occurs more often because some counties 
purge their registration rolls with insufficient frequency: when voters 
die or move out of town, they remain on the rolls for a time. In these 
cases, I changed the reported registration figure to equal the number 
of voting-age people of that race. The implied 100% registration figure 
is almost certainly an overestimate, but because of the relatively few 
such cases with this problem this procedure does not materially affect 
these ecological inferences. 

Figure 10.1 plots the proportion of each county's voting-age popu­
lation who are African American (horizontally) by the fraction of the 
voting-age population who are registered (vertically). The 275 South­
ern counties that appear in the graph are labeled with the first letter 
of the state from which they come. 

This scattercross graph also includes the EI pattern so we can assess 
the information about each county-level quantity of interest available 
from the deterministic bounds (see Section 5.3). Since the triangle on 
the right is nearly empty, and fairly distant from most of the data 
points, we can see that the data contain considerable deterministic in­
formation about the fraction of whites who are registered (β™). This 
is reasonably good news, since, as is common in many applications, 
these aggregate data are very informative about this quantity of inter­
est. However, since many of the points lie in and near the triangle on 
the left, much less deterministic information exists in the data about 
the fraction of blacks who are registered (/3f). 

10.2 LIKELIHOOD ESTIMATION 

Maximizing the log of the likelihood function in Equation 7.1 (page 
134) with respect to the parameters, conditional on these data (also 

1 The data for this example come from the Civil Rights Commission reports, collected 
by Philip Wood, and first analyzed by James Alt (1993). 
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Figure 10.1 A Scattercross Graph for Southern Counties, 1968. Proportion reg­
istered by proportion black. Counties are plotted with a symbol representing 
the first letter of the state name (florida, Louisiana, north Carolina, and South 
Carolina), with lower case used to improve visual clarity. 

using the prior distribution described in Section 7.4) took 11 itera­
tions for a total of 1 minute and 18 seconds. Most of this time was 
consumed with calculating the truncation portion of the likelihood at 
each iteration, without which the procedure takes only about 5 sec­
onds (see Appendix F for details). This maximization yields point es­
timates and a variance matrix for φ. One summary of these results 
appears in Table 10.1. The first column of numbers are elements of φ, 
which are the values of φ that maximize the likelihood function. 

Since estimates of φ are reparameterized, they are not in the most 
easy-to-understand format. Thus, first reparameterize its elements into 
the parameters of the truncated bivariate normal distribution, on the 
untruncated scale. To do this, invert Equations 7.4 (page 136) and 
substitute in the values from Table 10.1: 
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Parameters 

Φι 
Φι 
Φί 
φ4 

φ5 

Estimates 

1.28 
1.94 

-1.11 
-1.32 

1.61 

Standard 
Error 

.34 

.36 

.16 

.20 

.36 

Table 10.1 Maximum Likelihood Estimates. 

/1.28 (0.25 + e - 1 1 1 2 ) + 0 . 5 \ 

1.94 ίθ.25 + β - 1 3 2 Ί + 0.5 
„-1.11 

V 

β-1.32 

¢-20 61)+1 / 

/ .96 \ 
1.12 

.33 

.27 

V -92/ 

(10.1) 

For comparison, these numbers are reproduced in Table 10.2, along 
with recomputed standard errors. Standard errors of the reparameter-
ized coefficients were computed via simulation.2 

In order to understand the maximum likelihood estimates and their 
fit to the data, Figure 10.2 gives a tomography plot with lines repre­
senting the data and 50% and 95% contours drawn from the parame­
ters ψ from Table 10.2. This figure has a variety of features worthy of 
note. First, the highest density of lines occurs in the upper right corner 
of the graph, with a decline in line density at coordinates farther from 
that point. Thus, it is appropriate that the maximum likelihood pror 
cedure found the mode near that corner. In fact, it located the mode 
on the untruncated scale just outside the square at 0.96,1.12 (whether 
the mode is outside the square depends on how fast the density of 
lines falls off at different distances from the mode). The lines cutting 
off the upper right corner are the most informative about β\ and β™ 
as their bounds for these counties have very narrow widths (which 
can be seen by projecting the lines onto each axis). 

The figure also has roughly three distinct patterns of tomography 
lines. As noted, those that cut off the top right corner of the graph 

2 The standard errors cannot be computed by inserting them into Equation 10.1 di­
rectly as with the coefficients. They can be computed analytically via Taylor series 
approximation, or more easily via simulation. The latter required taking 10,000 random 
draws from their posterior distribution using a normal distribution with mean φ and 
variance V(φ) as the first approximation and importance sampling to improve the sim­
ulation. Calculating φ for each simulation requires applying Equation 10.1, and com­
puting the standard deviations over the 10,000 simulations gives the standard errors. 
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Parameters Standard 
(elements of ψ) Estimates Error 

.96 .15 
1.12 .18 

.33 .05 

.27 .06 

.92 .07 

Table 10.2 Reparameterized Maximum Likeli­
hood Estimates, on the scale of the untrun-
cated bivariate normal distribution. 

have tight bounds and high values on both β\ and /3f. Second, the 
figure includes a large number of nearly flat lines, which come from 
predominately white counties (because the slope of these lines is 
—X,/(l — X1) ^ 0). These lines are extremely informative about /3^, 
because projecting them onto the left vertical axis implies a very 
narrow possible range. However these flat lines also provide no nar­
rowing of the [0,1] bounds for β\. A third pattern is of diagonal lines 
that go from top left to bottom right (resembling a driving rain). 
Most of these lines, which come from counties that are nearly half 
African American, imply parameter bounds that are not especially 
informative about either quantity of interest, although those farther 
from the 0,1-1,0 diagonal do provide more information about each. 
Both the flat and diagonal lines are somewhat more dense closer to 
the upper right corner; in fact, no line crosses the 45° diagonal at less 
than about β\ — fif = 0.3. Since the level of registration (T1) in any 
county can be read off where its tomography line crosses this diago­
nal, registration rates are higher than 0.3 in all counties. Note also the 
absence of very steep lines that would be indicative of very narrow 
bounds on β\. Substantively, a maximum of only 17 of 275 counties 
could have fewer than 25% white registration (although it could be 
as few as zero), which can be seen by counting the number of lines 
that descend below β™ — 0.25. The upper bound on the number of 
counties with fewer than 25% registered blacks is much higher. 

Finally, transform these parameters a second time to the ultimate 
truncated scale: 

/ # \ 
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Figure 10.2 Tomography Plot of Southern Race Data with 50% and 95% Max­
imum Likelihood Contours Ellipses. Each line maps all possible values of β\ 
and β™ for one precinct. The contours identify the portions of the lines with 
the highest probability of containing the true coordinate. 

As described in Section 6.2.2, this final transformation from the un-
truncated to the truncated scale requires drawing a large number of 
values from the truncated bivariate normal distribution, using the un-
truncated normal parameters, and then taking the means, variances, 
and correlation to produce the numbers above. 

For example, the parameter 93b = .62 is an intermediate estimate 
of the fraction of blacks who are registered, but it is a simple (un­
weighted) average over all counties in the sample. This makes it a 
lot less interesting because some counties are many times larger than 
others. For example, Dade County, Florida, includes the city of Mi­
ami and, in 1968, 613,000 voting-age residents. At the other end of 
the population continuum is Glades County, Florida; on the western 
shore of Lake Okeechobee, its 1,800 voting-age residents were mostly 
members of the Seminole Indian reservation. Thus, this parameter 
is not of much direct interest. It is also a partial statistical estimate, 
as it includes only some information from the known deterministic 
bounds on each of the county-level parameters. Yet it indicates that 
the "average county" has about two-thirds of its African Americans of 
voting age on the registration rolls. The corresponding intermediate, 
preliminary parameter for whites is S8W = .83, which indicates that the 
average county has 83 percent of its white voting-age population reg­
istered. The large racial difference in registration for the 1968 South is 
consistent with much knowledge of the region, but the estimate will 
be improved on in several ways. 
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The point estimates also indicate that the variance across counties 
in the fraction of blacks who are registered (0¾ = .19) is much larger 
than for the fraction of whites who are registered (aw = .14). In part 
this reflects greater uncertainty in black than in white registration. 
This pattern is easy to see in Figure 10.2, since the many relatively 
flat lines are clustered in the top half of the figure, hence narrowing 
the bounds and variance in possible values of βγ, but very few lines 
narrow the bounds on β\; those that do narrow these bounds tend to 
cluster less than for β^. 

Figure 10.3 portrays these results by plotting the black fraction of 
the voting-age population by the fraction of the voting-age population 
registered. Instead of labeling each county with the state from which 
it comes, a circle represents each county with the circle's area pro­
portional to its voting-age population. This helps emphasize the vast 
differences in county sizes. Also on this graph are lines to represent 
the likelihood estimates. For example, the dark, solid line on the 
graph represents the basic accounting identity. This line intersects the 
left vertical axis at 23*" = .83 which, according to the horizontal axis, 
corresponds to counties with all whites (X, = 0). It intersects the right 
vertical axis at 93b = .62, corresponding to where the horizontal axis 
indicates homogeneously black counties (X, — 1). The curved dashed 
lines are plots of 80% confidence intervals around the regression line, 
computed using the procedure described at Equation 8.2 (page 157). 
The larger uncertainty in black registration is easy to see from the ab­
sence of points on the right side of the graph and wider dashed lines, 
which also corresponds to the larger standard errors on 93b and ab 

than on 23"' and aw. The model clearly fits these data.3 

Finally, we can evaluate these parameter estimates based on the 
likelihood model by comparing them to the moments computed di­
rectly from the true parameter values (calculated by taking the means, 
standard deviations, and correlation of the true fractions of blacks and 
whites registered). Because each tomography line is known with cer­
tainty, the likelihood contours only need be approximately placed to 
pick out the correct area where the true β\, 0f point probably lies; as 
a result, accurate estimates of these intermediate parameters (that is, 
those which determine the placement of the contours) is helpful, but 
not always essential for accurate inferences about the quantities of in­
terest. Table 10.3 shows that the parameters track reasonably well. S3ro, 

3 The slight vertical asymmetry in this graph, with more points falling below the 
lower dashed line than above the upper dashed line, is due to the truncation from 
above at one. Because the expected value line is high especially for large values of X1, 
much of the conditional distribution of Γ, \X, is clustered not far below T1 = I, and has 
a skewed shape and longer tail for smaller values of T1. 
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Figure 10.3 Scatter Plot with Maximum Likelihood Results Superimposed. 
The size of each circle is proportional to county population. The solid line 
is the expected value of T, given X1, and dashed lines are 80% confidence 
intervals around the expected value. 

ab, and aw are essentially right on the mark. The point estimates for 
93b and ρ are somewhat further off, although all the parameters are 
within a standard error or two of the true value. The estimate of p, as 
usual, is more uncertain (as indicated by its large standard error), but 
it too is within two standard errors of the true value. Even though the 
ultimate estimates of the quantities of interest do not depend heavily 
on p, our uncertainty in its estimate will be well reflected in the final 
results. 

10.3 COMPUTING QUANTITIES OF INTEREST 

The most convenient way to compute the quantities of interest is to 
draw K samples for each county from its posterior distribution, as 
described in Section 8.2. Then this store of simulations can be used in 
a variety of ways for whatever purposes are desired. 

First draw 100 samples of β\ and of βγ for each of the 275 counties 
from their posterior distribution. This involved drawing simulations 
via importance sampling of ψ, inserting them into the precinct-level 
posterior distribution, and drawing β\ and computing βγ. These sim­
ulations took 4 minutes and 45 seconds (for a total run time, includ­
ing likelihood maximization, of 6 minutes and 3 seconds). Most of this 
time was taken by importance sampling (the normal approximation 
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Truth 

.56 

.85 

.21 

.15 

.52 

Estimate 

.62 

.83 

.19 

.14 

.77 

Standard 
Error 

.04 

.01 

.02 

.01 

.16 

Table 10.3 Verifying Estimates of ψ. This table shows the 
correspondence between the true values of these interme­
diate parameters and estimates from aggregate data. Good 
estimates are helpful, but not always essential in producing 
accurate estimates of the quantities of interest. 

reduces the total run time to well under 2 minutes). The simula­
tion procedure gave no indication of any specification difficulties (see 
Appendix F for these computational details). AU other computations 
from these data were completed from these 27,500 numbers for β\ and 
the same number for β™. 

10.3.1 Aggregate 

I first explore the simulations by comparing them with the true lev­
els of black and white registration they were intended to estimate. To 
study the aggregate-level results, compute a simulated aggregate pa­
rameter by taking the weighted average of the first simulation from 
each of the 275 counties. This procedure is repeated for each of the 
100 county-level simulations, yielding a set of 100 simulations of the 
aggregate-level parameters (see Section 8.3). 

Figure 10.4 summarizes these aggregate parameter simulations 
with density estimates of the simulations of Bb and Bw. These den­
sity estimates are summaries of the posterior distributions of these 
parameters. Density estimates are smooth versions of histograms (not 
smoothed histograms; see Silverman, 1986), and can be interpreted 
as histograms. It is perhaps easiest to think of each of these as rep­
resenting a pile of simulations. The more the pile is centered within 
a range on the horizontal axis, the more confidence we have that 
that range includes the value of the aggregate parameter. For exam­
ple, the density estimate for blacks, at the left, has a larger variance 
than the one for whites, on the right. This indicates that the model 
contains more information about the value of Bw than Bb. The model 
encourages us to think of the (usually unobserved) true values as a 
random draw from this distribution. Indeed, the idea of a posterior 
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Figure 10.4 Posterior Distribution of the Aggregate Quantities of Interest. The 
true values (the small vertical bars) are estimated accurately by these distri­
butions. 

distribution is intended to be a model of the process by which the 
true values are generated. Thus, the probability that the fraction of 
whites registered is less than 0.5 is zero. More generally, the probabil­
ity of the true value falling in a range of values is given by the area 
under the curve falling over that range. 

The true fractions of blacks and whites registered are indicated in 
each panel of Figure 10.4 as small vertical bars. Each density estimate 
has a large fraction of its area near the true value, thus confirming the 
validity of the model's estimates. Note how the final result accurately 
and closely estimates the true value, even though the intermediate 
parameters in Table 10.3 did not fit their true values as closely. This 
improvement is due to including the more appropriate weighted av­
erages of the precinct parameters and the very informative precinct-
level bounds. 

The true value need not be exactly at the center of the distribution 
to be considered confirming information about the model. Indeed, the 
model implies that the true value is only somewhere in the distribu­
tion estimated. Sometimes the true value should appear in ranges 
with smaller areas above them. In fact, a model for which the true 
value always falls at the center of the posterior distribution would be 
flawed, since its uncertainty estimates are wrong. For example, about 
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5% of the time, the true estimate should fall in the leftmost extreme 
5% of the area of the distribution, etc. Fortunately, the distribution 
of each quantity of interest is very narrow, and the true value falls 
only a small fraction of a standard deviation from the mean of its re­
spective distribution (which can serve as a point estimate). In each of 
these graphs, we only observe one test of the model and so, by itself, 
it cannot be used to verify all aspects of the posterior distribution. 

Of course, because of the distributions' relative location along the 
horizontal axes, the results also indicate that white voter registration 
is considerably higher than black registration in these southern states 
in the late 1960s. 

20.3.2 County Level 

The model provides considerably more information about racial regis­
tration than merely the posterior distributions of the aggregate quan­
tities of interest. They also provide separate posterior distributions of 
jSf and /3f for each of the 275 counties. However, instead of printing 
550 density estimates analogous to Figure 10.4, consider the following 
four summaries of these results. 

One method of presentation is to use a point estimate for each of 
the 550 county-level parameters by separately computing the mean of 
its 100 simulations (as per Equation 8.1, page 148). The result of this 
computation is a point estimate of β\ and /3j" for each county. The 
first panel in Figure 10.5 plots the estimated fraction of blacks regis­
tered by the true fraction of blacks registered for each county that they 
were meant to estimate. The size of each circle is proportional to the 
number of voting-age blacks in the county, so that large circles repre­
sent counties with more blacks. The same information is provided for 
white registrants in the second panel. 

If each of the 275 county estimates were equal to the true values, 
with no uncertainty, the center of all circles in Figure 10.5 would fall 
exactly on the 45° line. In fact, the estimated values track the true 
values fairly closely, and are spread roughly randomly around the 45° 
line. By the standards evident in the social science literature, if either 
scatter plot in Figure 10.5 were merely a dependent variable plotted 
by the fitted values of the same dependent variable, the fit would be 
considered very good. But, unlike fitting y to y (where y is calculated 
based on y), the "true proportion registered" in this figure was not 
used during the estimation process. 

In fact, in the few cases in the social sciences for which out-of-
sample predictions are made, scholars use past realizations of the 
process to forecast future values. For example, in forecasting presi-
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Figure 10.5 Comparing Estimates to the Truth at the County Level. Each cir­
cle represents one county's black (for the left graph) or white (for the right 
graph) voting-age population. That the center of most circles fall near the 
solid diagonal line indicates that the estimated values are very close to the 
true values. The 80% confidence intervals, represented by the dashed lines, 
accurately predict the differing levels of fit for blacks and whites. The area of 
each circle is proportional to the number of blacks or whites. 

dential approval, past values of approval are a major predictive fac­
tor. This is extremely useful, but it also makes empirical evaluations 
of those models more hazardous: researchers have to worry about be­
ing fooled into seeing a series that closely fits the predicted values as 
one that would forecast well. Indeed, in practice, it is often the case 
that models which fit observed realizations of the process within a 
sample "too well" also forecast poorly (because the model maps id­
iosyncrasies unique to one year rather than any underlying structure 
that persists). Furthermore, very few social science forecasting stud­
ies exist for which numerous out-of-sample comparisons can be made 
between forecasts and the true values. More commonly, forecasts are 
made for a single observation every few years (such as an election) or 
months (such as presidential popularity). This situation is generally 
inadequate for model evaluation, except in the long run. The result 
is often that forecasting models proliferate more quickly than data to 
evaluate them. Fortunately, these problems do not occur here, since 
the ecological analyses include no information about the internal cell 
values; "out-of-sample" comparisons of the estimated to true fractions 
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registered will never become "in-sample" values; and 550 new com­
parisons are available here. 

In Figure 10.5, estimates for white registrants are closer to the true 
values than for black registrants, as is to be expected. Indeed, this pat­
tern was predicted as an integral part of the estimation procedure. For 
example, as a rough estimate of the uncertainty associated with each 
precinct parameter, the figure also includes the average 80% confi­
dence interval as dashed lines.4 Because of the different statistical and 
deterministic information from each county, individual confidence in­
tervals vary considerably across the counties in these data (and thus 
in these points in the graph), so these averages are quite rough. Nev­
ertheless, one can see that the model predicts that the black estimates 
will be more variable than the white estimates, as indeed they are. 
That the confidence intervals appear roughly right is an important 
feature of the model, since, when the true values are not available for 
comparison, researchers using the method will not be mislead by data 
that are less informative about ecological inferences. Finally, the two 
graphs in this figure also do not appear to reveal any notable patterns 
not picked up by the model. 

A second way of understanding the model is through Figure 10.6. 
This is a close-up look at all 27,500 simulations drawn for the frac­
tion of whites registered, β™. This figure plots simulations of /3f by 
the true fraction registered. It is the same as Figure 10.5 except that 
each circle is replaced by a smear of all 100 simulations that were pre­
viously averaged to produce each of the 275 circles. The figure helps 
emphasize the many simulations drawn. It also gives a sense of the 
uncertainty about each estimate, since each of the 275 horizontal sets 
of 100 dots on the graph represents a posterior distribution of /3f for 
one county. AU the distributions at least touch the 45° line, which 
indicate that the true value is always within the range of simulations. 

The graph also creates one unfortunate optical illusion: it overem­
phasizes posterior distributions with larger variances. For example, at 
roughly the 0.6,0.6 point, two sets of 100 simulations on the graph 
happen to have a tiny range of variation. Cases such as these are 
"good" in that they make relatively certain ecological inferences, but 
they are unfortunately very difficult to see in the graph. In contrast, 
the posteriors with larger variances and thus more uncertain infer­
ences, such as the one closest to the bottom of the graph, take up 

4 The 80% confidence interval was computed for each county by sorting the 100 
simulations in numerical order and taking the 10th and 90th values (see Section 8.2). 
The average confidence interval was computed by taking the average of the individual 
intervals over the 275 counties. 
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Figure 10.6 27,500 Simulations of /3f. This figure plots 100 simulations rep­
resenting the posterior distribution for each of 275 counties. The horizontal 
variation in simulations for each true β™ represents the model's uncertainty 
estimate about this parameter. That all the distributions appear to cross the 
45° line indicates the success of the model's ecological inferences. 

a disproportionate share of the figure. (Because of its larger average 
variances, this illusion is exacerbated in the analogous plot for β\, 
which I do not present.) 

Third, the uncertainty estimates can be evaluated more completely 
in the following way. For each county, compute the percentile of the 
posterior distribution at which the true value is found. If the uncer­
tainty estimates are correct, these percentiles should be spread roughly 
evenly over the [0,1] interval. That is, 95% of the true values should 
fall within the 95% confidence intervals; 25% should fall higher than 
the 25th percentile of the distribution; etc. If too many values are fo­
cused around the 50th percentile, indicating that the true value is 
very close to the estimated value, then the method would be produc­
ing reliable results but reporting that they were not to be trusted. If, 
in contrast, values were too far from the 50% mark, then inferences 
made would be overconfident. (An asymmetric pattern would reflect 
a systematic bias.) 

This is also not a perfect means of assessing uncertainty estimates, 
given the wide variation in types of distributions for the county-level 
results. For example, homogeneous precincts, which are perfectly pre­
dicted, are not even considered in this scheme, and posterior distribu-
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Figure 10.7 Verifying Uncertainty Estimates. The validity of the uncertainty 
estimates is indicated by the roughly even spread of people in these precincts 
across the vertical dimension of each graph. The size of each circle is propor­
tional to the black or white voting-age population, respectively. 

tions with very small variances that include the true value might be 
close to it substantively (on the scale of β\ and β™) but far from it on 
this percentile scale. Asymmetric distributions will also be problem­
atic, as they would require disproportionately more simulations to get 
accurate assessments of their uncertainty. 

With these qualifications in mind, Figure 10.7 plots the percentile 
of each distribution at which the true value falls (vertically) by the 
mean of each distribution (horizontally). Each graph is divided into 
four areas in order to judge the evenness of the spread of points more 
easily. As can be seen, the points are not spread exactly evenly over 
the vertical [0,1] percentile range, but given the statistical variation 
in estimating these percentiles, the result is quite good, with similar 
numbers of points (and even more similar numbers of people) in each 
of the four panels of the figures. The uncertainty estimates are thus 
reasonably accurate.5 

A related evaluation of the uncertainty estimates from the model is 
the coverage of the confidence intervals. For example, half of the true 
values ought to fall within the corresponding estimated 50% confi-

5 The cluster of points at the bottom of the graph on the left and the top of the 
graph on the right is largely an artifact of the counties recoded as 100% registered and 
discussed in Section 10.1. 
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Figure 10.8 275 Lines Fit to 275 Points. The black dots form a scatterplot of X, 
by T1 (just as in Figure 10.1 but without the state designated, and Figure 10.3 
without the size of county indicated). Each line crosses the left vertical axis at 
the estimated (mean posterior) value of β™ and the right vertical axis at the 
estimated β\ for each county i. It is possible to estimate Ip parameters from 
only γ observations by "borrowing strength" statistically from all precincts to 
help estimate the parameters in each one. 

dence interval. In fact, 51% do for the fraction of blacks registered and 
47% for the fraction of whites. In addition, 78% of the true fraction of 
blacks registered, and 77% for whites, fall within the 80% confidence 
interval. These values are very close to the theoretically correct val­
ues, which is especially impressive since the data were not simulated 
from the model but instead are from a real application. 

Finally, this section provides a different way of conceptualizing the 
results. This is done by presenting an X, by T1 plot, but instead of 
fitting one line to all these points as in Goodman's regression, or one 
expected value line as in Figure 10.3, Figure 10.8 gives one line fit to 
each data point. The purpose of this graph is to help understand the 
method, not as a way to pick out individual county results. Each line 
intersects the left vertical axis (X1 = 0) at /3f and the right vertical axis 
(X, = 1) at β\. The overall pattern of lines is diagonally downward 
from left to right, indicating that in most counties white registration is 
higher than black registration (β™ > β\). Also apparent is the smaller 
variance among whites (at the left intercept) than among blacks (at 
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the right intercept). The positive correlation between β\ and ftf can 
be seen by the relatively few lines that cross: high values of β\ usually 
imply high values of β?. The line for any county in this figure can also 
be used to generate the fraction of the total voting-age population 
who are registered: begin with the black fraction of the voting-age 
population in the county (X,), go up to the line for that county and 
over at a right angle to the vertical axis (T1). 

Figure 10.8 also emphasizes a fact about this model that may take 
some getting use to. Instead of Goodman's model, which fits a single 
line to all the observations, this model fits 275 lines to 275 points. The 
reason that fitting as many lines as points is possible here, and the 
reason it is desirable, is that the lines are not being estimated inde­
pendently. Although the model gives estimates of 275 lines, and 550 
separate quantities of interest, the equivalent of only five (partly) in­
dependent parameters (the elements of φ) need be estimated from the 
275 observations. The model is able to accomplish this by borrowing 
strength from the data in all the counties to estimate the parameters 
of interest in each one. 

Analogously, in an ordinary regression model, the best forecast of 
the dependent variable for given values of the explanatory variables 
is the fitted value. The best forecast is not the value of the dependent 
variable in the row of the data matrix that happens to have the de­
sired values of the explanatory variables. The latter method is inferior 
because it does not borrow strength from the entire set of observa­
tions, whereas the fitted value does borrow strength. A very similar 
result occurs here, except that without borrowing strength each line 
could not even be uniquely drawn since it would be based on only a 
single data point. 

20.3.3 Other Quantities of Interest 

Finally, numerous other quantities of interest may be calculated from 
these simulations. For example, of the four states in the data set, a 
researcher might for part of a project only be interested in North Car­
olina. In this situation, just the North Carolina county simulations 
could be pulled out, and some quantity of interest computed. 

To complicate the example further, imagine if the researcher were 
only interested in racially polarized registration in North Carolina, 
the degree to which white registration levels was higher than for 
blacks. To study this question, take the difference between the black 
and white simulations in each North Carolina county: 
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Then take the weighted average of /3, over counties for each simula­
tion. The result is a set of 100 simulations of racially polarized voting 
in the state. From these simulations, a researcher could compute a 
mean for a point estimate or plot a histogram or density estimate to 
summarize the full posterior distribution. 

Using similar procedures, researchers could compute estimates of 
the average differences in black registration between Florida and 
South Carolina; the ratio of white registration rates in Dade County 
to Glades County, Florida; or any of an infinite variety of other 
quantities. 



CHAPTER 11 

Robustness to Aggregation Bias: 
Poverty Status by Sex 

THIS CHAPTER analyzes a data set with very high levels of aggre­
gation bias. Existing methods applied to these data give extremely 
misleading results for the statewide aggregates, and no other infor­
mation. In contrast, the method offered in this book gives accurate 
inferences at the level of the statewide aggregate and for the more 
than 3,000 precinct-sized geographic units. Moreover, the model used 
in this chapter includes no special features to deal explicitly with ag­
gregation bias (such as those in Chapter 9). The empirical example is 
a very difficult one: estimating the fraction of males and females in 
poverty in South Carolina in 1990. This is an especially difficult appli­
cation because of high levels of aggregation bias in the data and also 
because the fraction of the population who are male varies only very 
slightly over the geographic units. 

11.1 DATA AND NOTATION 

The data for this analysis come from the 1990 U.S. Census in South 
Carolina. The census designation of "block groups" serve as the geo­
graphic units which, for South Carolina, are slightly larger than elec­
toral precincts. The 3,187 block groups in this state have an average 
of 1,057 voters each (with a standard deviation of 747). 

The cross-tabulation in each block group, at the individual level, is 
the 2 x 2 table of poverty status by sex. The goal is to estimate the cells 
from the marginals. The first marginal is the outcome variable (T,), in 
this case the fraction of individuals in each block group falling below 
the official federal government poverty level. The government defines 
the poverty status of individuals according to whether their family's 
monetary income is above the official poverty level for families. The 
family poverty level is adjusted for family size and persons under 18 
years old. The average poverty level for a family of four at the time of 
the census was $12,674. The government does not correct for regional 
differences in cost of living, nonmonetary income, money earned from 
the sale of property, in-kind government benefits, or payment of taxes 
(U.S. Bureau of the Census, 1989). 
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According to this definition, about 0.15 (that is 15%) of the state's 
population was living in poverty (T,), with a standard deviation across 
block groups of 0.14. The fraction male (X,) varies considerably less 
across the state. About 0.48 of South Carolinians are male with a stan­
dard deviation over block groups of only 0.05. 

These data are especially useful for evaluating ecological inferences 
because the Census Bureau provides not only the marginals X, and 
T, and the population total N1 in each block group, but also the cells 
of the cross-tabulation of poverty status by sex. Thus, X1, T1, and N1 

are used to estimate the fraction of males in poverty (jS*) and the frac­
tion of females in poverty (/3f). (If you like mnemonics, think of the 
superscript b as standing for "boys and men" and the superscript w 
as referring to "women and girls.") I then compare these estimates to 
the true levels of poverty for each sex in order to verify the model. 
(The true levels of poverty were not consulted until after running the 
analysis.) 

11.2 VERIFYING THE EXISTENCE OF AGGREGATION BIAS 

Chapter 3 proved that all versions of aggregation bias reduce to a sin­
gle problem. One of the equivalent ways to express aggregation bias is 
via the indeterminacy problem. And one way to portray the indeter­
minacy problem is to observe what happens to inferences if the true 
values of β\ and β™ are correlated with X1-. Substantial evidence exists 
to show that this kind of relationship destroys the properties of esti­
mates from Goodman's model. Fortunately, this same problem does 
not always affect inferences from the model introduced in this book. 
That is, because the model fixes all the statistical problems discussed 
in Chapter 4, biased estimates of ψ do not necessarily generate biased 
estimates of the quantities of interest. (Recall the terminology intro­
duced in Section 3.5: "aggregation bias" exists when Goodman-type 
models produce biased inferences because of non-zero discrepancies. 
Under the model introduced here, "aggregation bias" in the data does 
not necessarily generate biased estimates of the quantities of interest.) 

More specifically, the indeterminacy problem was introduced in Sec­
tion 3.2. Beginning with the basic accounting identity (Equation 3.1, 
page 38), that section analyzed what would happen to existing meth­
ods if the aggregation process generating the data induced a correla­
tion between β\ and X, or between β™ and X,. The way the correlation 
was induced was by letting β] and βγ vary as separate linear func­
tions of X, (Equation 3.3, page 42). The reason the model was seen to 
be indeterminate in that section is because substituting these two lin­
ear functions into the accounting identity produced an equation with 
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Dependent 
Variable 

tf 

βΤ 

Constant 
χ, 

Constant 

X, 

Coefficient 

.35 
-.44 

.56 
-.78 

Standard 
Error 

.02 

.05 

.03 

.05 

Table 11.1 Evidence of Aggregation Bias in South Carolina. 
Regressions of β\ and /3J" (fractions of males and females in 
poverty, which are known in these data) on a constant term 
and X1. The large coefficient (and small standard error) on 
X, reveals high levels of aggregation bias in these data. 

T, as a quadratic function of X1, but with one too many parameters 
than can be estimated under the Goodman framework (see Equation 
3.5, page 42). 

Thus, in any real empirical example, we would not normally be 
able to estimate all the necessary parameters using only versions of 
Goodman's approach. However, because β\ and )3f are both known 
in the South Carolina data, we have the opportunity to peek behind 
the curtain and see what kind of data we are analyzing. Although this 
information is not used in the estimation procedure, it is worthwhile 
to look at here in order to gauge how difficult the example is. 

Thus, first run the regressions of β\ on X, and /3J" on X„ as implied 
by Equation 3.3 (page 42), for the present data set. The results appear 
in Table 11.1. If there were no aggregation bias, the coefficient on X1 in 
each regression would be zero, or at least not statistically distinguish­
able from zero. In fact, the table indicates that both β\ and β™ are 
very strongly related to X1, which is precisely the condition identified 
in Chapter 3 for generating aggregation bias. 

Substantively, the results in Table 11.1 indicate that the fraction of 
males in poverty is higher in areas with disproportately large num­
bers of females. The fraction of females in poverty is even higher in 
these areas. More specifically, block groups with 10% more females 
than average have about 4.4% more males in poverty and about 7.8% 
more females in poverty than the average area. These relationships 
are undoubtedly real, as the standard errors on both of these coef­
ficients are very small. (Note that these are descriptive relationships 
and not causal effects.) 

Thus, these data constitute a prototypical example of high levels of 
aggregation bias. Because of this bias, and also because of the very 
narrow variance over which X1 is observed, the example constitutes 
an especially difficult ecological inference and thus a useful test case. 
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Fraction Standard 
in Poverty Estimate Error 

Males -.20 .03 
Females .50 .02 

Table 11.2 Goodman Model Estimates: Poverty by Sex. 
According to this model, South Carolina has zero males 
living in poverty (in fact 20% fewer males in poverty 
than there are males), whereas fully half of all females 
have family incomes below the poverty level. 

Applying Goodman's model, as in Table 11.2, demonstrates the 
severity of aggregation bias in these data. This table shows some par­
ticularly "creative" estimates. In particular, Goodman's model esti­
mates the fraction of males in poverty at negative 20%. The model 
also indicates that half of all females have incomes that fall below the 
poverty level. South Carolina may be a relatively poor state, but this 
estimate is surely wrong. Indeed, the method of bounds proves that 
it is impossible: by applying Equation 5.1 (page 79), the upper bound 
on the fraction of females in poverty is only 0.29. 

Point estimates that are off the mark are not a problem as long as 
the uncertainty estimates are sufficiently wide. However, as is com­
mon in applications of Goodman's model, the uncertainty estimates 
indicate wild overconfidence. The true values of the statewide frac­
tion of males and females in poverty are Bb = 0.129 and Bw = 0.177, 
respectively. The estimate for males is more than 6 standard devia­
tions from the smallest value that is even possible, and 11 standard 
deviations from the true value. Goodman's estimate of the fraction 
of females in poverty is more than 16 standard deviations from the 
truth. According to this regression, the odds of observing the result 
in table 11.2 for females, if Goodman's model is an appropriate model 
of the world (i.e., if there is no aggregation bias), is 5.68 χ 10~59, or 
in other words approximately the same odds of tossing one molecule 
into the Mediterranean sea and, with a single random draw, select­
ing out the same molecule. It seems safe to conclude that these data 
contain aggregation bias. 

11.3 FITTING THE DATA 

Figure 11.1 gives a tomography plot for the South Carolina poverty by 
sex data. It also plots contour lines estimated with the ecological in­
ference model. Note that the straight lines all have a slope of roughly 
- 1 since, by Equation 6.27 (page 113) and because X, » 0.5, the slope 
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Figure 11.1 South Carolina Tomography Plot, with 50% and 95% Maximum 
Posterior Contour Ellipses. 

of most of these lines is computed as 

X, ^ 0-5 
1 - X1 ~ 1 - 0 . 5 

The restricted variance for which X1 is observed thus translates into 
a small range of slopes in this figure. This will cause difficulties be­
cause, from a tomography perspective, the data provide little more 
than one "camera angle" with which to locate the truncated bivariate 
normal distribution. It seems clear that the mode of the distribution 
is near the origin (0,0), since the largest collection of lines congre­
gate near there and, because the farther within the unit square we are 
from that point, the less dense the lines are. In addition, the lines near 
the origin have somewhat tighter bounds for both parameters, so the 
mode of the distribution can be readily located. 

The tomography problem is ascertaining where on these lines the 
contours should be drawn. Having a mode in the corner helps in iden­
tifying the contours since, despite the camera angle coming from the 
top left corner (or, equivalently, the bottom right), the entire distribu­
tion cannot slide anywhere along the lines with the same posterior 
probability. For example, imagine taking the contours pictured and, 
without changing their shape, sliding them along the lines one-half 
inch toward the top left of the figure. This configuration would have 
a lower likelihood because the high density of lines near the origin 
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Figure 11.2 Posterior Distributions of the State-Wide Fraction in Poverty by 
Sex in South Carolina. The graph for Males is on the left and that for females 
is on the right. The true fractions in poverty, indicated by short vertical lines, 
are accurately estimated by the posterior distributions. 

would be excluded from the contours, or at least not properly cen­
tered. Alternatively, if the contours are left centered near the origin, 
then the only question is whether the distribution, which now implies 
a high correlation, falling as it does near the 45° line on figure 11.1, 
could be tilted upward or downward, pivoting on the origin. This is 
the source of the remaining uncertainty in locating the contour lines, 
and the result is higher estimation variances for φ, despite having 
over 3,000 observations. Nevertheless, as is apparent, the truncated 
bivariate normal distribution does appear to fit reasonably well.1 

11.4 EMPIRICAL RESULTS 

This section evaluates how the model performs with these data in 
three ways: by comparing state-wide and block group-level estimates 
to the true values, and by assessing the accuracy of the uncertainty 
statements implied by the model. 

1 Indeed, the maximum posterior point estimates of φ = {.13, .16, .10, .15, .62} corre­
spond reasonably well to the true values, φ = {.14, .19, .13, .15, .87}. 
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O .25 .5 .75 1 O .25 .5 .75 1 

Estimated β, Estimated β* 

Figure 11.3 Fractions in Poverty for 3,187 South Carolina Block Groups. That 
the estimated values are very close to the true values (as evidenced by almost 
all the circles falling on or near the 45° line) is strong confirmation of the 
model. Note also the narrow predictive confidence intervals, indicated by the 
dashed lines. 

First is a comparison of the true and estimated state-wide results. 
This provides the most straightforward comparison with Goodman's 
model. Figure 11.2 portrays the posterior distribution of the state-wide 
fraction of males in poverty and females in poverty. These distribu­
tions are fairly narrow because of the large number of block groups. 
The true fractions in poverty are portrayed in the graph with short 
vertical lines. Obviously, the posterior distribution in each case is very 
narrowly focused around the true values. This is in remarkable con­
trast to the results from Goodman's model (in Table 11.2). 

For the second evaluation of the model, we compute estimates of 
the fractions of males and females in poverty at the block group level, 
and compare these to the true levels. No useful information is avail­
able from the Goodman model about block group-level quantities of 
interest except for its (inaccurate) state-wide aggregate assumed con­
stant over the observations. 

Figure 11.3 plots the estimated fractions of males and females in 
poverty by the true poverty levels in each block group. The size of 
each block group's circle in the graph is proportional to the number of 
males or females, respectively. Remember that the true values used in 
this figure were not part of the estimation procedure, and the figure is 
not a dependent variable being plotted against its fitted values. Each 
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Estimated β; 

25 .5 .75 

Estimated β" 

Figure 11.4 Percentiles at Which True Values Fall. The validity of the uncer­
tainty estimates is indicated by the roughly even spread of people in these 
precincts across the vertical dimension of each graph. 

panel in Figure 11.3 includes 3,187 separate out-of-sample evaluations 
of the model. 

If the estimates were all exactly equal to the true values being es­
timated, all points would fall on the 45° line. In fact, the points all 
fall very close to the diagonal, indicating remarkably good ecological 
inferences. For the most part, the deviations from the diagonal line 
are random. If there is any hint of another pattern it is that the frac­
tion of males in poverty may be slightly underestimated for very high 
estimated fractions in poverty; the opposite pattern may exist for fe­
males. But these are minor patterns relative to the strikingly good fit 
between the estimated and true values. 

Finally, I use the numerous individual block-group analyses to eval­
uate the uncertainty estimates from the model. This is done in a man­
ner parallel to Figure 10.7. Thus, Figure 11.4 plots the actual percentile 
of the simulations for each block group at which the true value falls 
by the estimated mean fraction in poverty for each sex. 

The way to understand the figure is to see if roughly the same 
fraction of circles falls in each of the four areas of the figure. Overall, 
the pattern supports the reliability of the confidence intervals. There 
is some tendency for points on the graph for males to be clustered 
near the bottom and females to cluster near the top. This is another 
manifestation of the same pattern that was also seen in Figure 11.3, 
but it again does not appear to be a serious problem. For example, the 
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50% confidence intervals cover 62% of the true values in block groups 
for both males and females. Similarly, the true fraction in poverty falls 
within the 80% confidence interval for 85% of the observations for 
males and 84% for females. These figures indicate that the confidence 
intervals are slightly too conservative, but they indicate that even in 
this data set, chosen for its difficulty in making ecological inferences, 
the inferences are accurate. 
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Estimation without Information: 
Black Registration in Kentucky 

THE DATA on poverty status by sex analyzed in Chapter 11 were cho­
sen to illustrate the robustness of the model to the problems of ag­
gregation bias and a restricted range of X1. This chapter includes an 
analysis of voter registration by race in Kentucky, a data set with 
even more serious versions of both problems, and one additional. Be­
cause so few blacks live in Kentucky, the range of X1 is restricted near 
one extreme, making inferences about blacks very hazardous. Indeed, 
this problem is exacerbated because most blacks are concentrated in 
a small number of very large counties with even larger numbers of 
whites. Extrapolating well beyond the range of available data is re­
quired in situations such as this with an essential lack of useful infor­
mation at the aggregate level. These data are useful for demonstrating 
how the model performs in situations where ecological inferences are 
nearly impossible. 

12.1 THE DATA 

Kentucky is a Southern state with only about 8% African Americans 
of voting age. Moreover, this black population is concentrated in a rel­
atively small fraction of the 118 counties. For example, only 9 counties 
have over 10% African American populations. The average county is 
only 3.7% black, even though 6.7% of the population in the state is 
black. In addition, about 75% of Kentucky's voting-age population 
was registered in 1988, the year from which these data were collected. 

The goal of this analysis is substantively similar to that in Chapter 
10. Given the proportion of each county that is black (X,), the fraction 
registered (T,), and the total population (N1-) the goal is to estimate 
the proportion of blacks who are registered (/3*) and the proportion of 
whites who are registered (j8f). Kentucky reports registration by race, 
so after running the analysis we can evaluate the model by comparing 
the estimates to the true values. 

Because so few blacks are submerged in a sea of white votes—both 
in the state as a whole and in a few huge counties—it should be 
difficult for any method of ecological inference to learn much about 
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Figure 12.1 A Scattercross Graph of Fraction Black by Fraction Registered. 
Goodman's regression appears as a dashed line; if extended, it would intersect 
the right vertical axis at —.38, which is the Goodman estimate of the fraction 
of blacks registered. 

black registration from only aggregate data. In contrast, learning about 
white registration in Kentucky should be trivially easy: even ignoring 
the black population should not throw off an estimate of the propor­
tion of whites who are registered by very much. 

12.2 DATA PROBLEMS 

Figure 12.1 presents a scattercross graph of X, by T1- for the Kentucky 
data. Since the points fall in or near the left triangle, the width of 
the bounds for almost all the counties is [0,1] for β\, and extremely 
narrow for f$?. (See Figure 5.4, page 88.) Indeed, the average county-
level width of the j8* bounds is 0.998, whereas for /3f it is only 0.071. 

Learning the rate at which African Americans register in Kentucky 
from these aggregate data requires extrapolating from the observed 
data at the left end of this figure to the far right extreme. Since this is 
a long distance to traverse, indeed nearly the longest one would have 
to extrapolate for any ecological inference problem, and because X, 
does not vary much even where it is observed, this should generate 
a very uncertain inference. 
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Dependent Standard 
Variable Coefficient Error 

β\ Constant .77 .03 
X1 -1.47 .52 

β? Constant .85 .01 
X, -1.18 .21 

Table 12.1 Evidence of Aggregation Bias in Kentucky. 
Regressions of β\ and β™ (proportions of blacks and 
whites who are registered, which are known in these 
data) on a constant term and X1. 

Also appearing on Figure 12.1, as a dashed line, is Goodman's re­
gression. The line intersects the right vertical axis (beneath the figure) 
at —0.38, which is its obviously ridiculous estimate for the fraction 
of blacks who are registered. The Goodman estimate for the fraction 
of whites who are registered, 0.85, appears on the graph where the 
dashed line intersects the left vertical axis. This estimate, although 
numerically closer to the corresponding true fraction of whites regis­
tered, 0.76, is still outside the possible bounds [0.71,0.80]. (The stan­
dard errors for Goodman's model are better in this example than in 
Chapter 11, but they are still unreasonable.) 

One of the reasons why Goodman's estimate goes so far off in this 
example is a high degree of aggregation bias, as reflected in the strong 
relationship between X1 and both β\ and β™. Table 12.1 presents the 
evidence. A powerful relationship between each parameter and X, is 
evident in this regression (even stronger than in the poverty status by 
sex example in Table 11.1, for example). 

12.3 FITTING THE DATA 

The left graph in Figure 12.2 presents a tomography graph for the 
Kentucky data. Note first that almost all of the lines in the graph 
are nearly flat, which reflects the large collection of almost homoge­
neously white counties in this state. As is obvious, the nearly single 
"camera angle" that this restricted range of X1 produces, devastates 
our ability to locate where on the lines the β\, βγ points are likely to 
fall. If we had another set of counties (or precincts) with camera an­
gles coming nearly straight down (or up), we would be more easily 
able to triangulate to an answer. 

Locating the mode from the lines, especially in the horizontal direc­
tion, of the truncated bivariate normal distribution is difficult. There 
exists no obvious mode, and no gradation in the density of lines. The 
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Figure 12.2 Tomography Plot with Parametric Contours and a Nonparametric 
Surface Plot. The absence of more than approximately one camera angle in 
the tomography plot (which corresponds to a restricted range of X1) generates 
contours with a very large variance in β\ and a narrow variance in /3". This 
pattern is confirmed by the nonparametric surface plot on the right. 

βΥ coordinate of the mode is well determined in these data, but the 
β\ coordinate is not at all well identified. Thus, inferences about any 
distribution fit to these data should be highly uncertain. Indeed, if 
the estimated contours implied much certainty in the β] dimension, 
we should be suspicious that the model is not being fit properly or 
that it is being heavily influenced by a few outliers, in which case 
steps should be taken that result in wider contours. Furthermore, be­
cause all inferences are conditional on X,, the limited camera angle 
only introduces uncertainty; it does not indicate a lack of fit. The non­
parametric surface plot on the right in this figure also indicates the 
absence of a clear mode in the horizontal direction. 

The left graph in Figure 12.2 also plots the contour lines represent­
ing the posterior mode of the parameters of the truncated bivariate 
normal distribution. These contours seem to fit the data in that they 
focus the area of the joint distribution over the observed lines. They 
also clearly indicate the lack of information about β\ and nearly de­
terministic information about β™ through a much larger variance hor­
izontally than vertically. However, when there is no clear mode in the 
lines, as in this case, and the distribution is fitting merely by not pro­
viding much information, we need to verify that this uncertainty is 
adequately represented in all inferences based on these data. Indeed, 
there is additional uncertainty owing to the fact that the contours 
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Untruncated Truncated 

Lower Upper Lower Upper 

$* 

S8W 

&b 

&w 

P 

-.25 

.75 

.34 

.11 

.34 

.77 

.87 

.82 

.18 

.87 

93» 

SQW 

Vb 

0~w 

P 

.32 

.74 

.23 

.10 

.15 

.55 

.82 

.28 

.14 

.70 

Table 12.2 80% Confidence Intervals for ψ and φ. 
Contours in Figure 12.2 are drawn based on the cen­
ter of the intervals for the untruncated parameters. 

represent merely the posterior mode of the parameters of the joint 
distribution, and, given the problems with this data set, the posterior 
distribution is widely dispersed around this mode. Adding to this un­
certainty is the fact that the Kentucky population has been divided in 
this data set into only 118 geographic units (fewer than half the num­
ber used in Chapter 10 and just 4% of the number in the South Car­
olina data set in Chapter 11). Fortunately, the method incorporates the 
uncertainty and information both in the posterior distribution of the 
parameters and in the truncated bivariate normal, conditional on the 
parameters from this posterior. Understanding these two sources of 
uncertainty is important in seeing exactly what is being fit to the data 
and in interpreting the tomography plot with very uncertain contour 
lines fit to it. 

One way to represent the uncertainty in the contour lines would 
be to draw (say) 100 simulations from the posterior distribution for ψ 
and to present 100 tomography graphs so it is possible to see how the 
contour lines vary across the graphs. This is a very good procedure, 
but not a particularly exciting method of presentation. As an alterna­
tive, Table 12.2 gives the 80% posterior confidence interval for each 
of the five parameters. These confidence intervals were computed by 
drawing 100 values of the vector φ from its posterior distribution (as 
is required while estimating the model), reparameterizing each into 
the untruncated scale, and then the truncated scale, sorting the val­
ues, and, for each element, taking the 10 th and 90 t h values. For ease of 
interpretation, these intervals are presented for both the untruncated 
scale, with which the parameters of the contours are drawn, and the 
truncated scale, which is of more substantive interest. 

Table 12.2 gives a sense of the degree of uncertainty for each of the 
parameters governing where the contour lines are (the untruncated 
scale), and how this translates into the somewhat more substantively 
meaningful values (on the truncated scale). The posterior uncertainty 
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Figure 12.3 Posterior Distributions of the State-wide Fraction of Blacks and 
Whites Registered. The true fraction registered is represented by short vertical 
lines. 

is very large for 93b and p, as little information exists in the data 
with which to estimate these parameters. ab also has a fairly wide 
interval on the untruncated scale, but in this case, this translates into 
a reasonably narrow range on the ultimate truncated scale. 

The results in Table 12.2 can be used to interpret the contours in Fig­
ure 12.2. The wide confidence intervals for 93b means that the contour 
lines can be slid horizontally a fair distance with equal likelihood. This 
means that the ultimate distribution being fit to the data is nearly flat 
in the horizontal direction. Similarly, the data support a large range of 
values for the estimated correlation between β\ and βγ, so the varia­
tion in the shape of the distribution also tends to make the ultimate 
distribution being sampled fairly flat. A lot of information does ex­
ist about W, so the mean of contours on the vertical axis will remain 
near 0.8. 

It is easy to see from this exercise that the likelihood function is very 
uncertain in some of the parameters. There is little evidence that the 
distribution does not fit, because all inferences are conditional on X,. 
However, the absence of much more than one camera angle prevents 
extracting more certain information from the data. Fortunately, infer­
ences based on these data and these intermediate results, do appear to 
reflect an appropriately high degree of uncertainty in the data. Since 
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Figure 12.4 Fractions Registered at the County Level. Circles are proportional 
to the (widely varying) number of blacks or whites in each county. Note how 
much better the predictions for whites fit than for blacks, and how this was 
anticipated by the relative widths of the two average confidence intervals 
(indicated by dashed lines). 

the ultimate inferences about the quantities of interest in this problem 
depend on the entire posterior distribution of ψ, they should include 
accurate levels of uncertainty. Nevertheless, in a real application, this 
type of data set should always elicit great care in drawing ecological 
inferences. 

12.4 EMPIRICAL RESULTS 

The posterior distributions of the state-wide fraction of blacks and 
whites registered appear in Figure 12.3. The posterior for whites has 
a very small variance concentrated around the true value. In con­
trast, the inference about the state-wide fraction of blacks registered 
is highly uncertain. The true value falls to the side of the posterior 
distribution for blacks, but it is satisfactory in the sense that the true 
value could easily have been generated by this distribution. 

How much information does the model give at the more difficult 
county level? Figure 12.4 provides a first view of the evidence by plot­
ting the posterior mean of the estimated fraction registered by the true 
fraction registered. The size of the circles is proportional to the number 
of voting-age blacks, or whites, living in each county. The fit between 
the estimated and true fractions in the figure for whites is extremely 
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Figure 12.5 80% Posterior Confidence Intervals by True Values. The diago­
nal line, indicating where the true value lies, is crossed by 73% of the lines 
(weighted by population) in the figure for blacks (on the left) and 74% for 
whites (on the right). 

tight. For blacks, the distribution is much more uncertain. Most of the 
circles fall above the 45° line, reflecting again the same pattern as in 
Figure 12.3, but there does remain a strong correlation between the es­
timated and true fractions registered. But, more importantly, the test 
of a model is not its point estimates considered in isolation, especially 
when the analysis indicates high levels of uncertainty. In the present 
data, for example, the average 80% confidence intervals (printed as 
dashed lines in the figure) indicate that inferences based on the model 
are quite accurate. That is, a researcher would not be mislead by over­
confident inferences even in this difficult data set. 

To give a better sense of the model's uncertainty estimates, Figure 
12.5 presents the 80% confidence interval for the black and white pos­
terior of every county. Each horizontal line in this plot represents one 
posterior confidence interval for a single county. The vertical position 
of the line is determined by the true value of the parameter being es­
timated. When a confidence interval crosses the 45° line, it means that 
the true value falls within this interval. Obviously, the black posteriors 
are far more uncertain, as evidenced by the longer lines. More impor­
tantly, most of the true values (represented by the diagonal line) fall 
well within the intervals. More formally, 73% of the people in these 
observations fall within these 80% confidence intervals for f3? and 74% 

1 
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fall within the same intervals for 0f, both which are reasonably close 
to the theoretically correct 80% mark. 

A method that would give the exact individual-level answer from 
aggregate data every time regardless of the problems in the data 
would be preferable, but that seems impossible in these data, at least 
without considering the generalized version of the model. This data 
set has massive levels of aggregation bias, extreme restrictions in the 
variation of X1-, most blacks submerged in large counties with even 
more whites, a relatively small number of geographic units, and a 
problem that requires nearly the largest possible extrapolation, from 
observed data at one extreme of X1 to the required inferences at the 
other extreme, than can exist for an ecological inference problem. Ex­
isting methods give impossible results in these data. Yet, in spite of 
all this, the method is able to generate trustworthy inferences about 
the quantities of interest. 



CHAPTER 13 

Classic Ecological Inferences 

THIS CHAPTER evaluates the model as applied to classic problems in 
the field of ecological inference. Section 13.1 analyzes a voter transi­
tion study, and Section 13.2 analyzes literacy by race as in Robinson's 
(1950) original study. 

13.1 VOTER TRANSITIONS 

Verifying ecological inferences about voter transitions at the sub-
national level is not usually possible. Surveys are available at the 
national level, but almost never for every individual areal unit of 
analysis, such as precincts or districts. We know from national sur­
veys that voters are creatures of habit and tend to stick loyally to 
their political party in successive elections rather than defecting to 
the opposition. However, even the most cursory study of changes 
in election results reveals enormous regional variations. As such, we 
have every reason to suspect that these national averages do not 
apply consistently across the entire political system. 

Although the secret ballot means that individual votes are unavail­
able, attendance at the polls is sometimes known and can thus be 
used to verify ecological inference methods. This is an especially im­
portant issue in American politics, where scholars have long sought 
to explain the pattern in and consequences of the massive differences 
in voter turnout from presidential election years to off-year congres­
sional contests, including possibly the predictable loss of seats in the 
House of Representatives by members of the president's party. 

23.2.2 Data 

Fulton County in Georgia provides a uniquely valuable data set to 
study voter transitions. This county includes the city of Atlanta and, 
in 1994, 295,120 registered people in 289 precincts. The county keeps a 
remarkable data set with every currently registered voter, along with 
information about whether they voted in each of the last 20 elections. 
(The data set also includes every registered person's race, sex, age, 
which party's primary they voted in, along with their name, full ad­
dress, and social security number.) 
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Figure 13.1 Fulton County Voter Transitions. This scattercross graph plots 
voter turnout among those registered in 1992 (X,) by turnout in 1994 (T1) for 
289 precincts, with circle size proportional to the number of registered vot­
ers. The dashed line represents Goodman's regression; if extended, it would 
cross the left vertical axis at —0.2, which gives an impossible estimate for the 
fraction of 1992 nonvoters who show up at the polls in 1994. 

This section includes a study of voter turnout transitions from 
presidential year 1992 to congressional year 1994 in Fulton county's 
precincts. The aggregate data include the fraction voting in 1992 (X,), 
the fraction voting in 1994 (T1), and the number of people in each 
precinct (N1-). With these aggregate data, it is possible to estimate the 
proportion of voters in 1992 who vote in 1994 (β\) and the proportion 
of nonvoters in 1992 who vote in 1994 (β?). Of course, the advantage 
of these data is that they include the true fractions of voter-voters 
and nonvoter-voters to validate to these estimates.1 

The basic data are presented in a scattercross graph in Figure 13.1. 
This figure plots X, by Tir with each circle representing one precinct 
with size proportional to the precinct's population. As expected, voter 
turnout in 1994 is closely related to turnout in 1992: precincts with 
high turnout in one election year are the same precincts with high 
turnout in the next election. In addition, all but one of the precincts 
have lower turnout in the congressional election year than in the pre-

1 The fraction of 1992 voters who do not vote in 1994 is 1 — β\, and the fraction of 
1992 nonvoters who stay away from the polls in 1994 is 1 — /3f. 
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ceding presidential election. Because a large fraction of points fall in 
the right triangle, the β\ quantities of interest, the fraction of 1992 vot­
ers who vote again, will have relatively narrow bounds, whereas most 
values of β™ will have very wide bounds. 

Goodman's regression line is superimposed on this graph as a 
dashed line fit to the circles. Although this regression fits the data 
very well, it does not produce accurate estimates of the quantities 
of interest. Indeed, neither estimate is even logically possible. The 
Goodman estimate of Bb, the county-wide fraction of voters who vote 
again, can be read off the figure where the dashed line intersects the 
right vertical axes. This figure, 0.67, is larger than the upper bound 
on the aggregate parameter of 0.59. The Goodman estimate of Bw, 
-0.2, is where the dashed line would intersect the left vertical axis if 
extended. These results suggest impossible conclusions. 

To provide a sense of the nature of aggregation bias in these data— 
both the true levels and those that can be ascertained from the ag­
gregate data—Figure 13.2 plots X1 by the true β\ and, separately, by 
the true β™. The dots are the true coordinates and the dashed line is 
a regression fit to these coordinates. Any nonzero slope denotes ag­
gregation bias. The slope of the dashed lines, and hence the degree of 
aggregation bias in these data, is steeper for β\ but unambiguously 
strong for both quantities of interest. 

Figure 13.2 also plots X, by the bounds on the parameters, calcu­
lated from the aggregate data. For each precinct, a vertical line rep­
resents these bounds in the format of all the possible values of β\, for 
the left graph, and β^ for the right graph, based on X, and T; (and 
Equations 5.1, page 79). That is, even if we did not know the true val­
ues of β] and /3f for these data, we would still be able to plot these 
vertical lines to get a sense of the degree of aggregation bias. This is 
another way of expressing the fact that by including the precinct-level 
bounds, the model is able to control for some of the information about 
these relationships. 

Even by ignoring the points (and the dashed line fit to them), the 
vertical lines make relatively clear that X1 and both parameters are 
positively related: aggregation bias is confirmed on the basis of aggregate 
data alone. In particular, a straight flat line cannot be drawn through 
all the parameter bounds in the left graph. But the position of the true 
points within the bounds should be a warning about using only the 
bounds, or the naive first instinct many have of using the middle of 
the bounds as an estimate: The true points in both figures fall near the 
extreme ends of their respective bounds. This is not something that 
we would have any idea about from looking at individual precincts 
in isolation. Only by borrowing strength via the statistical model will 
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Figure 13.2 Aggregation Bias in Fulton County Data. The strong relation­
ship between β\ (the fraction of voters who vote in the next election) and X1 

(turnout in 1992) and between /3" (the fraction of nonvoters who vote again) 
and X1, as indicated by the points, demonstrates the severe aggregation bias 
in these data. The bounds on the parameters (indicated by the vertical lines) 
demonstrate that some of the relationship between the /3,'s and X, can be as­
certained from the aggregate data alone. However, because the true points 
fall near one extreme, the figure demonstrates that the bounds should not be 
used in isolation to make inferences. 

it be possible to locate the position of the true points appropriately 
within the bounds. 

13.2.2 Estimates 

Figure 13.3 gives a tomography plot with maximum posterior con­
tours computed from these aggregate data. The limited range into 
which most values of X1 fall in these data (as seen in Figure 13.1) 
translates into a small range of "camera angles" for this plot. The 
lines are not all parallel, but instead appear to be "emanating" in a 
fan shape from the same general vicinity beneath the unit square. This 
area was identified by the estimation procedure as the mode of the 
truncated bivariate normal distribution. The fit therefore appears to 
be excellent, with most of the coordinates of β\, β™ indicating that 
about half of 1992 voters but only a tiny fraction of nonvoters turned 
out again in 1994. This overall pattern is consistent with our knowl­
edge of national level trends, and it therefore gives us confidence in 
moving on to interpret the precinct-level results. 
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Figure 13.3 Fulton County Tomography Plot with Maximum Posterior Con­
tours. The tomography lines all appear to be "emanating" from near a point 
beneath the plot, where the likelihood procedure found the mode of the trun­
cated bivariate normal. 

Data sets like these with such a narrow range of X1 values should 
always be treated with caution, since it is possible that the true points 
could lie near the other end of each of the tomography lines, and thus 
render inferences invalid. 

The best approach to any statistical problem is always to get bet­
ter data, as complicated statistical models are almost always domi­
nated by data solutions. (For example, if we knew the individual-level 
data with certainty, ecological inference would not be a problem.) 
In the present situation, if no survey data were available, it would 
be best to collect ecological data from additional precincts, presum­
ably from neighboring counties, so that we could expand the range in 
which X, is observed. Precincts with less than half of the registered 
population turning out to vote for president in 1992 would be es­
pecially helpful, so we should probably first collect data from poor 
or uneducated counties near Fulton. These additional data would 
appear in the tomography plot as relatively flat lines (like the one, 
isolated, and probably outlier precinct observed). If these flat lines 
were mostly near the bottom of the graph, we would gain consider­
able confidence in the location of the mode of the truncated bivariate 
normal. 
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Collecting new data is almost always an option, especially if you 
care about the substantive conclusions of the research, but suppose 
this were a historical study and there were no other data. It thus 
pays to consider what we would need to assume about the world 
in order for the tomography plot in Figure 13.3 to mislead us. For 
example, if the true coordinates were near the top of the lines, there 
would no longer be a single mode, because the tomography lines 
fan out in somewhat different directions. This also means that the 
parameters' placements would be very strongly correlated with X1, 
since steeper lines would have larger values of β\. The latter is not 
only plausible; it is true, as Figure 13.2 demonstrates (of course, we 
would not normally be so certain about this correlation with access 
to only aggregate data). It would be considerably less plausible to 
claim that the true distribution would map the odd shape indicated 
by the intersection of the lines with the upper and left edges of the 
tomography plot. Instead, decades of survey research should give us 
moderately strong priors that the mode would be roughly where it is.2 

In addition, if the data have this type of bias, we would still get fairly 
good estimates of many values of βχ because of their relatively narrow 
bounds (which can be seen in the tomography plot by projecting the 
lines downward onto the horizontal axis). Although most values of 
β™ would be more uncertain, those for which we do have narrow 
bounds all indicate small values, consistent with the mode identified. 
Thus, from the aggregate data, and additional substantive knowledge, 
it seems quite reasonable to conclude that the fit of this first stage of 
the model is quite good. 

The true county-wide aggregates are Bb = 0.56 and Bw = 0.063. The 
estimates from the model closely parallel these true values at Bb = 0.57 
and Bw = 0.044, each with standard errors of about 0.01. 

The more detailed comparisons between the estimated and true 
precinct-level values of β\ and β™ appear in Figure 13.4. The fit is ob­
viously extremely tight for both sets of quantities of interest. The av­
erage 80% confidence intervals in each graph, represented as dashed 
lines, are also narrow, which indicates that we would have some sense 
of how good the fit would be from aggregate data alone. The actual 
confidence intervals for each are slightly larger than they need to be, 
as the 80% confidence intervals cover 93% of the true points for β\ 
and 90% of the true points for /3f. 

2 These priors should probably be included in the estimation by changing the distri­
butions specified in Section 7.4, as described in Section 14.2. I have not taken this step 
here. 
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Figure 13.4 Comparing Voter Transition Rate Estimates with the Truth in Ful­
ton County. This figure shows the fraction of 1992 voters who vote again in 
1994 (for the graph on the left) and the fraction of 1992 nonvoters who vote 
in 1994 (for the right graph). Each precinct is represented by a circle with size 
proportional to population. Dashed lines represent 80% confidence intervals. 

13.2 BLACK LITERACY IN 1910 

William Robinson (1950) first introduced the idea of using census data 
to verify models of ecological inference, and he did so with a study 
of black literacy. Robinson's empirical demonstration was based on 9 
observations of literacy rates from U.S. regions, and the 49 cases rep­
resenting states. Because these data are aggregated to an unnecessarily 
high degree and since very little information remains at the aggregate 
level, he also made clear that any serious analysis of the substan­
tive questions he raised would require more detailed data, such as at 
the county or precinct level (Robinson, 1950: 353). Thus, to study this 
question, I coded county-level data from the paper records of the 1910 
census. This included the proportion of each county's residents over 
10 years of age who are black (Xi), the proportion of those who can 
read (Ti ), and the population over 10 (N/). These aggregate data are 
then used to estimate the proportions of blacks (1m and whites ({3~) 
who are literate.3 

3 My brief analysis of some of Robinson's smaller original data sets clearly indicates 
the lack of available information with which to make ecological inferences. Because 
all the methodological issues relevant to this analysis have already arisen in previous 
chapters (primarily Chapter 12), I focus on the county-level results for the remainder 
of this section. 
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Figure 13.5 Alternative Fits to Literacy by Race Data. The graph on the left 
includes expected values and 80% confidence intervals that do not fit the 2,933 
counties. The graph on the right clearly does fit its data due to the exclusion 
of counties with less than 5% black population. 

The X1 by T1 graph on the left of Figure 13.5 provides the maxi­
mum likelihood fit to the 2,933 counties in this data set. The (solid) 
expected value line is surrounded by (dashed) 80% confidence inter­
vals. The model clearly does not fit these data, as the errors around 
the expected value portray unambiguous nonrandom patterns for dif­
ferent values of X1-. That is, just as in least squares regression, only the 
vertical deviations from the expected value line for given values of X, 
are relevant for assessing fit. The nonrandom patterns can be seen es­
pecially in the massively differing conditional distributions of points: 
for small values of X,, many of the points are above the expected 
value line, whereas for large values of X, almost all the points are 
below the line. 

The graph as a whole conveys two general patterns, and almost cer­
tainly two different data generation processes. Over most of the graph 
is a downwardly sloping linear trend of points. The other pattern is 
at the left of the graph, for counties whose populations are less than 
about 5% black, where the points are spread vertically from below 
half to 100% literate. The model produces an uncomfortable average 
of these two patterns of data points. Overall, the expected value line is 
increasing, even though in most of the graph the conditional averages 
of the points are clearly dropping. In addition, the confidence inter­
vals at the left vertical axis open up to fit the wide spread of T1, even 
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Figure 13.6 Black Literacy Tomography Plot and True Points. The left graph is 
the tomography plot with maximum likelihood contours for the 1910 literacy 
by race data set. The right graph gives the true β\, β™ points, and reproduces 
the same contours (fit using only aggregate data). Note how most of the 
distribution of true points is captured by the contour lines. 

though for all other values of X, a much narrower confidence inter­
val is clearly called for. Substantively, the problem appears to be that 
different processes generate literacy rates in overwhelmingly white 
counties than in other areas of the country. 

There are several ways of remedying this lack of fit. One possibility 
is to include a covariate for Zf that is 0 if X, < 0.05 and 1 otherwise. 
Although this would take care of the problem with differing means, 
aw also appears to differ dramatically between the two parts of the 
graph. Thus, instead of expanding the model to also let aw vary as 
a function of covariates, I opt for the conservative approach of drop­
ping those observations with fewer than 5% blacks. This eliminates 
about two-thirds of the counties, but only about 10% of blacks nation­
wide. In addition, white literacy in these counties can be estimated 
very easily, if desired, given the tight bounds on β™ for the excluded 
observations. 

Because the model is conditional on X1-, deleting observations as 
a function of X, does not introduce selection bias, but it does dra­
matically improve the fit of the model to the data. The graph on the 
right of Figure 13.5 demonstrates this by displaying the expected val­
ues and confidence intervals fit to this sample of counties. For any 
value of X1, the distribution of points around the expected value line 
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Figure 13.7 Comparing Estimates to the County-Level Truth in Literacy by 
Race Data. This figure shows the good fit between the county estimates and 
true values of the proportion of blacks (on the left) and whites (on the right) 
who are literate. Circles within each figure are proportional to county pop­
ulation, with the exception of a lower bound for the circle size so that all 
counties are visible. 

is approximately the same, and the pattern is picked up well by the 
mode1.4 

The graph on the left of Figure 13.6 portrays the tomography plot 
for the selected sample of counties. This portrayal of the data also 
appears to indicate a reasonably good fit. The mode of the truncated 
bivariate normal is located where the tomography lines are crossing 
(and thus appear to be "emanating" from). The other way to think 
about tomography graphs is first to consider the slopes of the lines 
(since the model is conditional on Xi) and then to see where lines with 
specific slopes cross the 45° line. For example, the lines with relatively 
flat slopes (counties with small fractions of blacks) are all near the top 
of the graph, indicating high values of f3r, most crossing where the 
contours were estimated. The steeper lines are also consistent with a 

4 The full data set in Figure 13.5 is not fit well by the model, but the ultimate esti­
mates from this poor fit are still close to the true values. In some ways, the results are 
even better than for the selected sample. (Goodman's estimates are about 10 percentage 
points off for the aggregate fraction of blacks who are literate in the full sample and 
6 percentage points off in the selected sample.) Because a researcher would not have 
access to this information in the usual case in which only aggregate data were known, 
the selected sample is used for the remainder of this section. 
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good fit, as they too are much more likely to pass through where the 
contours were estimated. 

One way to evaluate these results is by comparing this tomography 
plot with the bivariate scatter plot of the true values of β\ by β?. 
Figure 13.6 also gives this scatter plot, at the right, along with the 
contour lines estimated using only the aggregate data. (Each line in 
the tomography plot is associated with one true point in the scatter 
plot.) The contours are intended to capture most of the true points in 
the scatter plot, and a comparison of the two graphs indicates that the 
method does a reasonably good job. There is some evidence that the 
contours are too wide on the left and perhaps slightly too small on 
the right, but overall the actual fit is quite good. 

Finally, the results can be evaluated with the same procedure as 
for all the other examples by plotting the county-level estimates by 
their true values. Figure 13.7 gives these results. The fit between the 
estimated and true values are not as tight as in some examples, and 
there is some tendency to overestimate the true values of j3j". There 
is also a group of counties with the highest true values of β\ that 
are underestimated by this procedure. Nevertheless, the overall fit 
between the estimates and the truth is quite good. 





P A R T V 

Generalizations and 
Concluding Suggestions 

Chapter 14 generalizes the model to nonecological aggregation prob­
lems, such as when the object of inference is a rate or causal effect 
rather than the cell of a cross-tabulation, as is common in economics, 
or when aggregate and survey data are used together to make in­
ferences, a common concern in statistics. This chapter also provides 
a solution to the geographer's "modifiable aggregate unit problem." 
Chapter 15 discusses generalizations of the basic model to large ta­
bles with many categories and multidimensional designs. 

Chapter 16 concludes with a checklist of items to consider when 
applying the methods described in this book to real data sets. 





CHAPTER 14 

Non-Ecological Aggregation Problems 

IN THIS CHAPTER, I analyze problems of aggregation and information 
loss that are not properly classified as ecological inferences. The eco­
logical inference problem arises when a researcher tries to infer from 
the marginals of a set of cross-tabulations from aggregate units such 
as precincts to the cell entries for each. Thus, the individual-level vari­
ables making up the cross-tabulations are first, organized into a set of 
fixed aggregate units, second, unobserved, and third, discrete. The 
three primary sections in this chapter discuss deviations from each of 
the three parts of this traditional definition of ecological inference. 

Section 14.1 studies the geographer's "modifiable areal unit prob­
lem," which is the problem that occurs if inferences change when the 
aggregate units, such as precinct boundary lines, change. Section 14.2 
contributes to the related problem analyzed in statistics of how to 
improve ecological inferences if limited survey data are used to com­
pliment available aggregate information. And Section 14.3 discusses 
the corresponding aggregation problem more commonly analyzed in 
econometrics by generalizing the basic model in order to allow in­
ferences about relationships among individual-level variables that are 
continuous, such as rates and causal effects. 

14.1 THE GEOGRAPHER'S MODIFIABLE AREAL UNIT PROBLEM 

The "modifiable areal unit problem" (or MAUP) has been considered 
a serious problem in geography and related fields for about four and 
a half decades, since Yule and Kendall (1950) described it in their 
popular text. Openshaw (1984: 4) gives a modern definition of the 
MAUP as follows: 

Whereas census data are collected for essentially non-modifiable entities 
(people, households) they are reported for arbitrary and modifiable areal 
units (enumeration districts, wards, local authorities). The principal criteria 
used in the definition of these units are the operational requirements of the 
census, local political considerations, and government administration. As 
a result none of these census areas have any intrinsic geographical mean­
ing. Yet it is possible, indeed very likely, that the results of any subsequent 
analyses depend on these definitions. If the areal units or zones are arbi­
trary and modifiable, then the value of any work based upon them must be 
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in some doubt and may not possess any validity independent of the units 
which are being studied. 

24.2.2 The Problem with the Problem 

Despite the clarity with which the MAUP seems to be stated, most state­
ments have propagated a fundamental confusion between the defini­
tion of theoretical quantities of interest and the estimates that result 
in practice. Geographers and statisticians have studied the MAUP by 
computing a statistic on areal data aggregated to different levels, or 
in different ways, and watching the results vary wildly in sign and 
magnitude (e.g., see Openshaw, 1979, 1984; Steinnes, 1980; Fothering-
ham and Wong, 1991). This basic research design has been applied 
to many different areal distributions, some with real data and some 
artificially generated, and for a variety of statistics such as correla­
tions or regression coefficients. The conclusions of these studies are 
almost always extreme pessimism that lead the authors to question 
the veracity of all empirical analyses based on aggregated geographic 
data. From this perspective, it certainly does seem that there is a se­
rious problem. After all, there is nothing special about most precinct 
boundary lines. In many cases they are set up for administrative con­
venience, which does not give researchers any reason to choose the 
value of the correlation that results from the aggregation we observe 
rather than that from any of the possible reaggregations. Moreover, 
the very concept of areal units with "intrinsic geographical meaning," 
occasionally proposed in geography, is not at all obvious or necessar­
ily useful (cf. Hatt, 1946; Isard, 1956; Duncan et al., 1961:98ff). Indeed, 
the more meaningful boundary lines that represent the outcomes of 
formal redistricting struggles can induce far worse biases (see also 
Section 6.2.5). 

The search for a solution to the MAUP problem has always been 
empirical: scholars have tried to identify a data set, or type of sub­
stantive problem, for which modifiable areal units do not dramatically 
affect calculated statistics. The hope has been that, through a detailed 
understanding of local context and the nature of zoning schemes, re­
searchers might be able to identify types of geographical distributions 
or configurations of areal units for which we need not worry about 
the problem. Findings such as these would enable methodologists to 
provide some guidance to applied researchers, or at least some indi­
cations as to when the MAUP is a serious problem. The empirical goal 
has been to find a problem for which reaggregations do not wreak 
havoc on standard descriptive statistics. 
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The problem with this approach in the literature is that the modifiable 
areal unit problem is not an empirical problem; it is a theoretical problem. 
Moreover, as a theoretical problem, it is usually not difficult to solve. 
Unfortunately, the statistics used to study these issues have not been 
aggregation-invariant (or "scale-invariant"). If a researcher wishes to 
have statistics that are invariant to the areal units chosen, then there 
is no reason to choose correlation coefficients, which depend heavily 
on the definition of available areal units (Tobler, 1990; King, 1996). 
Solving the MAUP only requires identifying or developing statistics 
that are invariant to the level of aggregation. 

To take an extremely simple example, suppose we wished to know 
the number of people in a district, but data were available only at 
the level of precincts within the district. To compute this quantity of 
interest, we could use the following procedure: first, count the num­
ber of people in each of the precincts and, second, add the numbers. 
This statistic is aggregation invariant: even if the precinct boundary 
lines were changed, or the number of precincts were increased or de­
creased, the total number of people counted would not change. The 
units are modifiable, but this aggregation-invariant statistic does not 
budge even when they are modified. 

Before discussing this problem in the context of ecological infer­
ence, consider two other statistics that are more politically meaning­
ful than the simple example of district population, but still relatively 
straightforward: The (unweighted) Democratic proportion of the vote 
averaged over districts in U.S. House elections, 

1 p 

and the nation-wide vote for the Democrats for the House, which is 
a weighted average: 

y p , NV-

N 

Thus, we obtain Ύ by computing the Democratic proportion of the 
two-party vote in each House district and averaging them. To com­
pute V, we either take the weighted average or merely add up the 
number of people who vote for the Democratic candidate in all the 
states and divide by the number of votes cast in all House elections 
that year. Note that Ύ φ V. 

If we imagine for a moment that people do not change their votes 
as a function of where the district lines are drawn (a false assumption, 
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incidentally; see Gelman and King, 1994a, b), then V is invariant to 
aggregation but Ύ is not. This means that V is not subject to the mod­
ifiable areal unit problem, but Ύ is. Does this mean that we should 
always use Vl Certainly not. V ignores the effects of the district lines 
in which elections really take place. If we wish to know the effects 
of these districts, then we should not be looking for statistics that are 
invariant to precisely the phenomenon we wish to study. (Similarly, 
having a bathroom scale that is invariant to weight is useful for some 
purposes, but accuracy is not one of them.) In fact, the difference be­
tween Ψ and V is one measure of the consequences of districting (or 
redistricting) on the allocation of legislative seats to political parties. 

Thus, the modifiable areal unit problem is not an empirical problem. 
Rather, it is a theoretical requirement of statistics that is appropriate 
in some, but not all, circumstances. Deriving statistics invariant to 
aggregation for the relationships between variables, corresponding to 
correlation or regression coefficients, may be more difficult, but it is a 
theoretical difficulty. 

14.2.2 Ecological Inference as a Solution 
to the Modifiable Areal Unit Problem 

At the extreme, if ecological inferences are wholly successful, then the 
ecological inference problem is resolved and all individual-level data 
are known with certainty. In this situation, estimates can be invari­
ant to aggregation if desired, just as available survey data aggregated 
by the analyst can be invariant to aggregation or not invariant, de­
pending on the theoretical quantity of interest. For example, if β\ and 
j8J" were known, then the district-wide quantities of interest Bh and Bw 

would be invariant to the precinct boundaries. In contrast, 93b and 531", 
the unweighted averages estimated by techniques such as Goodman's 
regression, depend heavily on the definitions of the areal units. 

In the more usual case, when estimates of Bb and Bw are unknown, 
inferences will depend on the precinct boundary lines, but only in in­
dividual samples, not in expectation or in asymptotic comparisons. 
Thus, for all practical purposes, good estimates of the quantities of 
interest—anchored as they are to the nonmodifiable individual-level 
units—will not be affected by the modifiable areal unit problem. As 
such, a solution to the ecological inference problem, in combination 
with an aggregation-invariant theoretical quantity of interest, is a so­
lution to the MAUP. 

To explain these points more specifically, I now demonstrate that 
the model proposed here is almost, although not completely, invari­
ant to the modification of the areal units analyzed, so long as this 
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modification does not induce new aggregation biases. (If modify­
ing the areal units does induce aggregation bias, in the same way 
that the original precinct boundaries could induce bias, then either 
the procedure will be robust to this violation or the technique may 
need to be modified as per the extensions in Chapter 9.) The basic 
story is that, according to the model, four of the five features that 
lead to estimates of the precinct-level parameters are aggregation-
invariant. Only the correlation between β{ and /3f changes as units are 
modified. 

The way to study the effect of the MAUP on the proposed model is to 
focus on the conditional distribution, P(TJX1). An important idea be­
hind conditional distributions is exchangeability, which means in this 
case that any two random variables T1 and T1-, have the same distri­
bution (given the parameters) if X, = X,-< and thus the indices i and i' 
can be exchanged without any loss of information. That is, for a given 
set of parameters, all probabilistic differences between two distribu­
tions can be traced to X1. Because the basic distributions are all built 
from the normal in this model, two conditional probability distribu­
tions are identical if their conditional expected values and conditional 
variances are each identical. In the model proposed here, modifying 
areal units (without inducing aggregation bias) causes no changes in 
the conditional expected value, and a small change in the conditional 
variance. 

To explain this result intuitively, consider a hypothetical exam­
ple with three precincts. In order to avoid complications caused by 
the Manhattan Effect (see page 32), suppose that Precincts 1 and 
2 each has the same number of voting-age people and Precinct 3 
has twice that number: N1 — N2 = N3/2. Suppose further that 
Precinct 1 is all white (X1 = 0), Precinct 2 is all black (X2 = 1), and 
the racial composition of Precinct 3 is evenly divided (X3 = 0.5). 
Thus, for there to be no MAUP, the distribution of T11X, in Precinct 3 
must have the identical distribution to the aggregation of the first 
two. 

Now consider what happens if we aggregate Precincts 1 and 2, and 
compare this aggregate to Precinct 3, first for the conditional means, 
and then for the conditional variances. Under the model, the two ex­
pected values are as follows: 

E(T3IX3 = 0.5) = 

X1 + X2 \ 33fc + W (Ά±Ιι\ϊι±± = ΰή 
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Because these conditional expected values are identical, the modifiable 
areal unit problem causes no difficulties with this main feature of the 
model. 

Following a parallel procedure, the conditional variances for Pre­
cinct 3 and the aggregation of Precincts 1 and 2 are: 

V(T3IX3 = 0.5) = °±±A + P^L {U.l) 

v . - . + r2 

( 7 ^ 
^ ± ^ = 0.5) = d±^ ( 1 4 . 2 ) 

Thus, these two conditional variances differ, despite the fact that the 
racial populations (X,) are identical. This is evidence that the defi­
nitions of the quantities of interest are not entirely invariant to the 
aggregation of the areal units. 

Consider now the causes and consequences of this non-aggregation-
invariant feature of the model from three perspectives. First, because 
Equation 14.2 and the first term in Equation 14.1 are identical, the dif­
ference between the two expressions is ρσι,σζυ/2. Because this differ­
ence is composed of three parameters, each less than one (0 < ab < 1, 
0 < aw < 1, and —1 < ρ < 1), half of their product will be reasonably 
small in most situations. This implies that inferences from the model 
will not be very sensitive to areal units that are modified. 

Second, the model offered here is precisely invariant to aggregation 
if ρ = 0. Although we cannot expect this to occur regularly, we do 
know that inferences about the quantities of interest do not depend 
heavily on the value of ρ (see Section 6.2.3), and that spatial auto­
correlation does not have much negative effect on inferences from 
the model (see Section 9.1.3). This insensitivity of model estimates 
to correlations both within and between observations, and the near 
aggregation-invariance of the conditional variance functions, give suf­
ficient reason to conclude that the model is, in practice, nearly invari­
ant to aggregation. 

Finally, the model could be altered so that it is fully invariant to 
aggregation even without restricting ρ = 0. The basic problem indi­
cated by this dependence is that the model allows the correlation of 
β\ and βγ within each precinct to be ρ but restricts correlations across 
precincts to be zero. This discrepancy would be perfectly appropriate 
if the areal units were coherent and relatively isolated local communi­
ties, so that whites and blacks in one neighborhood knew each other 
but not those in other neighborhoods. Indeed, we should expect the 
intraprecinct correlation to exceed in absolute value the cross-precinct 
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correlation in most applications. However, since most areal units used 
in practice are constructed from arbitrarily imposed boundary lines, 
we would not always expect correlations among neighboring precincts 
to be exactly zero. 

A model that was wholly invariant to aggregation would thus need 
to allow the cross-observation dependence of β\ and β™ to differ from 
zero. Such a revised model would build on insights from the spa­
tial autocorrelation literature (Anselin, 1988). However, a key practical 
problem would need to be resolved first. In the spatial autocorrelation 
literature, spatial information is usually summarized in a ρ χ ρ "spa­
tial contiguity" matrix, which quantifies the relationships among the 
areal units, usually up to a scalar parameter. The problem is that this 
representation is neither unique nor usually close to complete. For ex­
ample, the spatial contiguity matrix could include 0/1 indicators for 
whether precincts are contiguous, for measures of the distance be­
tween precincts, the degree of contact between people in each pair of 
precincts—such as transportation systems, commuting practices, tele­
phone traffic, etc.—or the extent to which precinct pairs have any of a 
large set of external variables in common. The difficulty is that no one 
representation is likely to be adequate for this problem, and no scheme 
is likely to apply equally well to the entire set of precincts. The result 
is that although one can easily construct a method of extracting infor­
mation about ρ from the cross-observation dependence, the estimates 
may be heavily dependent upon the particular specification chosen. 
Since the ecological inference problem is due to a lack of informa­
tion, finding ways of extracting even more information from existing 
aggregate data in this way may well be worth additional research. 
However, because the benefits are not likely to be very substantial, I 
do not pursue these possibilities here (see also Section 9.1.3). 

14.2 T H E STATISTICAL PROBLEM OF COMBINING 

SURVEY AND AGGREGATE DATA 

Coincident with the widespread recognition of the ecological infer­
ence problem in the 1950s, research based on public opinion polls 
was vastly expanded. The (appropriate) suspicions about aggregate 
data held by most researchers were especially prevalent among sur­
vey researchers since Robinson (1950). Indeed, many of the best sur­
vey researchers entered their field because of the roadblock in the 
form of the ecological inference problem. 

Likewise, the intrepid researchers who persisted in using ecological 
data have been similarly suspicious of the value of survey research. 
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They have often legitimate concerns about whether respondents hon­
estly report their opinions on controversial matters, such as racial pol­
itics or sexual behavior, or the outcomes of complicated decision pro­
cesses where sincere answers are elicited but strategic responses are 
more likely. Economists have long preferred measures of "revealed 
preferences," based as they are on aggregate observed behavior in real 
economic transactions, rather than answers to the questions posed by 
academics in artificial situations. Survey researchers have made enor­
mous progress over the years, but they must be always wary of the 
numerous pitfalls of their art, including the inadvertent consequences 
of interviewer effects, question wordings, question order, interperson-
ally incomparable responses, Hawthorne effects, and, in recent years, 
massive increases in survey nonresponse (e.g., Schuman and Presser, 
1981). 

Much of this mutual suspicion between ecological and survey re­
searchers is appropriate, but it is also unproductive (Doogan and 
Rokkan, 1969: vii-viii; Scarbrough, 1991). For it is possible to combine 
both sources, when available, to improve our inferences. Moreover, in­
ferences are almost always improved by using data from both survey 
and ecological data together (see Deming and Stephan, 1940; Good, 
1963; Johnston and Hay, 1982; Little and Wu, 1991; Ansolabehere and 
Rivers, 1992). 

If a census of all the normally unobserved individual-level data is 
observed for an application, then the cells of the cross-tabulations can 
be filled in with certainty, and ecological inference is unnecessary. Al­
ternatively, if we had a large probability sample of individuals in each 
precinct, we could estimate the quantities of interest directly with the 
proportions in each precinct. These survey estimates would resolve 
the ecological inference problem if sufficient observations were avail­
able in each precinct, answers to the survey questions were sufficiently 
reliable, and survey nonresponse did not cause other problems. 

Unfortunately, in most applications for which some survey data ex­
ist, neither a census nor a large sample is available for every aggregate 
unit. Instead, surveys are almost always designed to make inferences 
about national, state, or more rarely district-level quantities of inter­
est. Thus, continuing with our running example, a survey might be 
able to provide good estimates of the district-wide aggregate quanti­
ties of interest, but only in extraordinary circumstances will it provide 
enough information at the precinct level. 

The model of ecological inference proposed here is designed to pro­
vide information about the precinct-level quantities of interest; aggre­
gate quantities, if desired, may be computed from them. Fortunately, 
we can reverse the process to a degree if information about the ag-
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gregate quantities is available. Thus, if survey data are available in 
sufficient numbers to get a reasonable handle on the aggregate quan­
tity of interest, this information can be directly incorporated in the 
model. The procedure is to modify the prior distributions in Section 
7.4 to reflect this knowledge. Even a few dozen observations district-
wide can provide useful informative priors on 33* and 931". Such priors 
will often be enough to avoid some of the worst problems of aggre­
gation bias or incorrect distributional assumptions, such as those cre­
ated from artificial data in Chapter 9 (see Figures 9.1 and 9.2, pages 
160 and 163). Informative priors such as these have the effect of in­
creasing the probability that the truncated bivariate normal contours 
are properly centered over most of the true β\, β™ points, even if the 
precinct quantities of interest are correlated with X1. If, in addition, 
several observations are available in each precinct, and it is known in 
which precincts they are located, then priors on ab, &w, and ρ can also 
be provided. 

The formal method of formulating priors on the five parameters 
of the truncated bivariate normal distribution is to choose a distri­
bution to represent Ρ(φ). For example, estimates from a survey of 
the mean and variance-covariance matrix of φ could be used as the 
hyper-parameters in a multivariate normal distribution. 

The one complication here is the parameterization. The temptation 
is to skip directly to estimates of the aggregate quantities of interest, Bb 

and Bw, but these are inappropriate for direct use for several reasons. 
First, these are weighted averages, which may be the district-level 
quantities of interest, but for the priors we need the unweighted av­
erages. Second, we require these estimates on the untruncated instead 
of truncated scale, and finally, we ultimately need the distribution of 
φ, which is on the scale of estimation, instead of φ or ψ. 

These complications may be resolved in several ways. The easiest is 
to ignore the first two difficulties (effectively ignoring the differences 
between 93, 93, and B), compute a prior estimate of Bb and Bw, and 
translate to φ. Computing the point estimates of Bb and Bw would only 
involve tabulating the proportion of blacks who vote and whites who 
vote; computing φ requires feeding them into the reparameterizations 
in Equations 7.4 (page 136). If the precinct-level quantities of interest 
are not highly correlated with the precinct populations, and if the true 
mode of the truncated bivariate normal is within the unit square, this 
is a very reasonable procedure. Even if the true mode is outside the 
unit square, this simple procedure will often be helpful. 

If more detailed geographic information is included in the data 
set, this simple procedure can be improved upon. The best proce­
dure in this instance is to compute direct estimates of β\ and /3f 
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based on however many survey observations are available in each 
precinct. Then apply the model in Section 9.2.4 without covariates, 
and with one additional change. That is, let the survey estimates of 
these precinct quantities be the outcome variables in a direct esti­
mation of the parameters of the truncated bivariate normal. The one 
change required is that we need to model the additional variabil­
ity due to the very small number of observations that will usually 
be available in most precincts for the typical survey. To do this, we 
merely add a binomial component to the model in Section 9.2.4, mak­
ing sure to add this source of variability in such a way that if we had a 
large number of observations in a precinct the total variability would 
not vanish (see also note 2, page 94). 

If a significant number of observations exist in each precinct, we 
can improve on even this procedure. That is, priors at the level of the 
precincts can be included. Because this would take us even farther 
from ecological inference, I do not pursue this possibility here. 

14.3 T H E ECONOMETRIC PROBLEM OF AGGREGATING 

CONTINUOUS VARIABLES 

The ecological inference problem involves individual-level variables 
that are all discrete, but an important and closely related aggregation 
problem begins with unobserved individual-level variables that are 
continuous (or discrete interval-level). In economics, this problem is 
known to be quite severe, as scholars have shown that biases that re­
sult from aggregating continuous variables are of the same order of 
magnitude as biases caused by the most well-known empirical prob­
lems in this discipline, such as the Lucas (1976) Critique (Geweke, 
1985). In this section, the same model and identical estimation proce­
dures as discussed in the rest of this book are used to make inferences 
about relationships among several types of mixed (that is, continuous 
and discrete) and purely continuous individual-level variables, given 
information from their aggregates. At its most general, the models 
discussed in this section translate the ecological inference problem 
into the harder econometric problem of "aggregation over individu­
als" (Theil, 1954; Stoker, 1993, and the citations therein). 

Begin by summarizing the relationship between the unobserved 
individual-level dichotomous variables (T,; and X,.) and observed 
aggregate-level proportions (T1 and X1-): 

Τ,. = % \ Χι = Σήβΐ ( 1 4 .3) 
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Also relevant is the relationship between the same unobserved 
individual-level variables and the unobserved precinct-level quanti­
ties of interest: 

. _ & ¥ , .Σ&τ„(ΐ-χ,;) 
βι~ Σ^\/ β'~ Σ^(ΐ-Χ, ;)

 ( } 

In the basic ecological inference model, Τ ί ; and X1. are dichotomous 
variables, and T„ Χ,·, β), and j8f are fractions of individuals in precinct 
i falling in specific categories. The remainder of this section includes 
generalizations of this setup by gradually allowing the individual-
level variables to be continuous and then unbounded in four steps. 

First, suppose T i ; is a continuous variable that ranges between zero 
and one. For example, it could represent the fraction of time em­
ployed, proportion of income that is disposable, the proportion cor­
rect on a test, or the fraction of elections in which a person voted. The 
variable J1J could also represent a continuous variable with a differ­
ent range, or a discrete interval-level variable, so long as it is scaled 
to the [0,1] interval. Applying Equation 14.3 to this new definition of 
JtJ means that the aggregate variable T1 is now an average, such as 
an average proportion. 

By applying Equations 14.4 to the new continuous variable T„-, the 
precinct-level quantities of interest turn into conditional averages. For 
example, suppose J1} is the proportion correct on a standardized test 
for an elementary school student, X,-;- is a dichotomous variable rep­
resenting boys and girls, and the aggregate units are defined by the 
class so that T1 is the average standardized test score of children in 
class z, and X1 is the fraction of boys in the class. Suppose the school 
provides statistics on T1 and X1 but, due to confidentiality laws, not 
on J1J- or XI;. Given this setup, the quantities of interest are β\, the 
average standardized test score for boys (i.e., given X i ; = 1), and /3f, 
the average standardized test score for girls (for Xi} — 0). 

Even with this modification, the accounting identity T1 = j3fX, + 
/Sf(I — X1-) still holds. Thus, if we are still willing to assume that β\ 
and β™ are truncated bivariate normal, mean independent of X, (or 
the bounds or truncation is sufficient to correct for this aggregation 
bias), and spatially independent, then the basic model still applies. All 
the estimation procedures, methods of calculating quantities of inter­
est, diagnostic routines, benefits of the observation-level bounds, and 
graphical aids still apply exactly as before. The only real difference is 
that the resulting estimates of the quantities of interest are now average 
proportions, for boys and girls separately. 
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Second, we can now modify this alternative model so that X1 is 
also a continuous variable ranging between zero and one, or scaled to 
the [0,1] interval. In this situation, both X, and Γ, are averages (such 
as average proportions), and the parameters β\ and j8f are weighted 
averages. Thus, β\ is the district-wide average of T,; weighted by X i ;, 
and jSf is the average of T, ; weighted by 1 — X,;. The accounting 
identity, the model, and all the statistical procedures defined in this 
book still apply as indicated. 

These first two generalizations of the basic model do not require any 
changes in statistical procedures: even the same computer code, de­
scribed in the preface, that is applied to solve the ecological inference 
model can be used to make inferences about relationships among con­
tinuous individual-level variables. Generalizations beyond this point 
require modifications of the model. Thus, a third generalization of the 
model could include situations where T1^, and therefore β\ and j3f, 
are permitted to be continuous variables bounded only from below. 
For example, we might wish to make inferences about categories of 
the demand or supply of some good, each of which can take on only 
non-negative values. The model in this book could be generalized to 
this situation by letting β\ and /3f be truncated bivariate normal, but 
with only lower truncation bounds. If this assumption were plausible 
for an application, the remainder of the model, the estimation pro­
cedure, the diagnostics, and the graphics would remain essentially 
unchanged. 

Because of the presence of the lower bound, this third nonecologi-
cal generalization of the model in this section would in some cases be 
as robust as the basic model offered here. However, when β\ and β™ 
are both large, the model would not differ much from ordinary (un-
truncated) random effects models. In this case, most of the robustness 
of the model to aggregation bias would be lost. 

A final modification of the model in this direction would let the 
individual-level relationship be stochastic, so that the quantities of in­
terest would need to be estimated even if the individual-level data 
were available. The result of this is equivalent to adding an error 
term onto the accounting identity at the aggregate level, making it es­
sentially a linear regression with no truncation bounds. The existence 
of the error term means that one precinct-level parameter cannot be 
identified, unless strong additional assumptions are made (see Grif­
fiths, Drynan, and Prakash, 1979; Hildrith and Houck, 1968). Thus, for 
example, the quantity (>Sf — β™) can be estimated but its individual 
components usually cannot. 

This last version of the model is equivalent to the econometric prob­
lem of aggregation over individuals, which is easier to see via an 
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economic interpretation of our notation, using the running example 
given by Stoker (1993: 1832). That is, let i represent time periods, 
i = 1 , . . . , p, and j denote individual households, j = 1 , . . . , N1-. Let T1-. 
denote the demand for a commodity by household j at time i, and 
X1; be the total expenditure budget (or "income") for household j at 
time i. The aggregate version of these variables, which results from 
applying Equations 14.3, are average demand T1 and average income 
X1. Also known is the price of the commodity at time i. The fact that 
price varies over time is a substantively important issue, but one that 
is easier to deal with statistically than aggregation; for simplicity I 
largely ignore it here. 

The economic problem of aggregation of continuous individual-
level variables involves determining how aggregate demand T1 de­
pends on aggregate income X, (and price). This generally requires 
understanding how individual household demand depends upon in­
come (and price) from solely aggregate-level data. The problems in 
making these inferences involve all the difficulties inherent in mak­
ing ecological inferences, but without the benefits of the individual-
level bounds. Moreover, there are other problems in making infer­
ences about continuous, individual-level variables that make this an 
even more difficult problem. 

Perhaps most important is that more information is lost in aggre­
gating continuous than dichotomous individual-level variables. For 
the ecological inference problem, where X1; and T i ; are dichotomous 
variables, aggregation into X1 and T1, respectively, by Equation 14.3, 
produces aggregate variables with no loss of marginal information. In 
fact, in the ecological inference problem, the only information lost in 
aggregation is contained in the cells of the contingency tables (assum­
ing no information is available even at the individual level to avoid 
exchangeability assumptions). The reason is that the entire distribu­
tion of a dichotomous individual-level variable can be reproduced 
from only one number, the fraction of individuals in a category, which 
is precisely X, or T1. All other marginal moments can be calculated 
from these means. 

For continuous variables, Equation 14.3 also produces means, but 
these means are no longer sufficient to represent the entire distribu­
tion. Information not represented by the mean includes the variance, 
skewness, and all other moments of the distribution. And of course, 
aggregation of continuous variables also obliterates much informa­
tion about the joint distribution, which is the analogous information 
to the cells of the cross-tabulation in the ecological inference problem. 
In fact, the missing joint information for continuous variables is much 
more detailed and also not uniquely summarized by a single param-
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eter. Thus, /3* and /3f, as defined in Equations 14.4 do not uniquely 
determine the joint distribution of X^ and T„· if these individual-level 
variables are continuous. 

14.4 CONCLUDING REMARKS ON RELATED AGGREGATION RESEARCH 

This chapter has provided connections between the ecological in­
ference model proposed here and the related aggregation problems 
raised in geography, statistics, and economics. The geographer's mod­
ifiable areal unit problem turned out to be a useful perspective on the 
model, and the model, in turn, provided a path around the MAUP for 
this particular class of problems. Insights from the research in statis­
tics that seeks to combine aggregate data and individual-level survey 
responses were useful in modifying the model to achieve this goal 
if some survey data are available. Finally, the chapter provided con­
nections to the more diverse and difficult aggregation problems in 
econometrics, and several procedures were noted for using the model 
when the individual-level variables are a combination of discrete and 
continuous, or solely continuous. 

Much further research could profitably be conducted in the connec­
tions between this model and the aggregation problems in each of 
these three fields. In addition, the model, or new variants of it, might 
be relevant to other related aggregation problems that have been stud­
ied somewhat less. For example, survey researchers are frequently 
in the position of having data collected from independent crosssec-
tions. They can observe whether the fraction of Democrats from the 
Southern U.S. supporting the Democratic presidential candidate has 
increased or decreased, but the lack of a panel study prevents them 
from knowing what happens to individuals in this region between the 
two periods. Has individual support eroded? Has, instead or in ad­
dition, a new politically distinct cohort moved into the South while 
others stopped participating? If data from a good panel study are un­
available, researchers cannot track individuals with certainty, and a 
type of ecological inference problem remains. 

Many other areas of statistics exist for which we do not have models 
to estimate the same parameters at different levels of analysis, even 
if we were willing to assume the absence of aggregation bias. These 
models need to be developed prior to, or at least concomitant with, 
solutions to these related aggregation issues (see Alt et al., 1996). 



CHAPTER 15 

Ecological Inference in Larger Tables 

I N THIS CHAPTER, I generalize the model to tables of any size and 
complexity. 

To get a sense of the diverse set of larger tables that might be of in­
terest in applied research, consider the extensive literature developed 
to analyze contingency tables when the interior cells are observed, as 
is common in survey research. Techniques such as log-linear mod­
els have been developed to extract information from these arbitrarily 
complex contingency tables (see Bishop, Fienberg, and Holland, 1975; 
Kritzer, 1978a, b). Tables with arbitrarily large numbers of outcome 
categories (2 χ C), are introduced in Section 8.4. This chapter consid­
ers fully general RxC tables. 

The most straightforward generalization of the race and voting run­
ning example would allow larger numbers of racial groups and can­
didates. Other examples include voter transition studies, which can 
include tables with many candidates (or parties) at time one horizon­
tally, and the same candidates at time two vertically. Occupational 
mobility tables are logically similar to voter transition studies, ex­
cept a list of occupations for parents and (grown) children are listed 
on each axis. Scholars are also interested in multidimensional tables, 
such as race by sex by turnout, or education by poverty status by 
voter choice. Ecological inferences in the context of multidimensional 
tables have not previously been studied, although when the complete 
cross-tabulation of all the explanatory variables is available, as is usu­
ally the case with census data, then multidimensional tables can be 
analyzed as a series of separate smaller tables. 

A key to understanding how to generalize the model to larger ta­
bles is to recognize that arbitrarily complicated tables can usually be 
rearranged as R χ C rectangles. Thus, the model in the following sec­
tions of this chapter will treat the general RxC case, since with it we 
will be able to make ecological inferences in its many special cases. 
Nonrectangular tables are also possible, such as sex by pregnancy by 
employment, where the impossible cells with "pregnant males" are re­
ferred to as "structural zeros." These can also be modeled with minor 
modifications of R χ C tables. 

Most of the generalizations below require more detailed notation 
but no new substantive assumptions. Except when new assumptions 
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are required, the intuitions provided in the more basic version of the 
model discussed in Part III are not duplicated. As a result, the pre­
sentation here is more terse. In addition, unlike the work in the rest 
of this book on 2 χ 2 and 2 χ C tables, I do not yet have an extensive 
range of experience with these larger tables. As a result, parts of this 
chapter are more conjectural. 

Multidimensional and larger two-dimensional tables provide diffi­
cult challenges. Although writing down generalized versions of the 
model presented in Part III is relatively straightforward, the proce­
dures are harder to evaluate. The primary problem is visualization, 
since many of the graphs presented in earlier chapters would need 
to be presented in three, four, or higher dimensions. The tomogra­
phy plot, for example, would turn into hyper-planes intersecting a 
hyper-cube, which would be difficult to summarize in a static, two-
dimensional, black-and-white format that is suitable for traditional 
publication formats. Thus, before presenting the most direct general­
izations of the model, Section 15.1 gives a more intuitive and practical, 
albeit less elegant, approach to making ecological inferences in larger 
tables. The remaining sections of this chapter develop the more gen­
eral approach. 

15.1 A N INTUITIVE APPROACH 

This section presents an easy, practical approach to making inferences 
from larger tables that parallels the first approach to 2 χ C tables in­
troduced in Section 8.4. The strategy is to decompose the larger table 
into a series of 2 χ 2 (or 2 χ C) tables that we already know how to 
analyze from previous chapters (cf. Thomsen, 1987). This procedure 
makes it possible to use the model, estimation procedures, and diag­
nostic graphics already developed. 

Table 15.1 expands our running example by adding an extra row 
for Hispanics (and where white is now defined as non-black, non-
Hispanic). The table has one additional precinct-level quantity of in­
terest, βΗ

{) the proportion of Hispanics who vote. In addition, what was 
X; now represents three categories, the proportions of the voting-age 
population who are black Xf, white Xf, and Hispanic (1 - X? - Xf). 
Although the procedure described below encompasses tables of any 
size, this simplest possible generalization of the basic 2 x 2 setup is 
easier to follow and contains all the logical features of the larger tables. 

As a result of the expansion to an extra row in this larger table, the 
accounting identity now has an extra term: 

T1 = β\χ\ + β?X? + /3,-(1 - Xf - Xf) (15.1) 
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Race of 
Voting-Age 
Person 

black 

white 

hispanic 

Voting Decision 

Vote No Vote 

tf 

fiT 

tf 

i-jsf 

ι-β? 

1 — /3f 1 - Xf - Xf 

1-T1 

Table 15.1 Example of a Larger Table. The goal is to in­
fer the quantities of interest, the proportions of blacks (/3f), 
whites (/Sf), and Hispanics (/3f) who vote, from the aggre­
gate variables, the proportions of the voting-age population 
who are black (Xf), white (XJ"), and Hispanic (1 - Xf - Xf), 
and the fraction of people who vote (T1), along with the 
number of voting-age people in the precinct (N1). 

The most straightforward way to generalize this model is by letting 
the three quantities of interest, β\, β™, and β\, be modeled as if they 
follow a truncated frivariate normal distribution across districts, and 
are independent of Xf and Xf, and over precincts. This is the di­
rect extension to the model presented in Section 6.1. This approach is 
described in the remaining sections of this chapter. 

This section shows how to make inferences by reformulating Table 
15.1 as two 2 x 2 subtables. The analysis using these subtables requires 
three steps. First, form the 2 x 2 subtable that combines whites and 
Hispanics into one group, so that it is voter turnout by blacks versus 
nonblacks. This effectively collapses the last two rows of Table 15.1. 
The two precinct-level parameters for this subtable are then β\ and 

**-(Ϊ5?ΜΪ^>* (15.2) 

where the weights are the relative fractions of whites and Hispanics. 
By applying the methods of Part III, we could make all the usual 
inferences about these two parameters, only the first (β\) of which is 
a quantity of interest. 

Second, collapse the white and black categories (the first two rows) 
of Table 15.1 into one group, leaving a 2 χ 2 subtable of voter turnout 
by non-Hispanics versus Hispanics that overlaps the subtable from 
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stage one. The two parameters for each precinct in this subtable are 

fl? and β\ and 

PT = (^T1—V + ( ^ W (!5-3) 

Only β\ is a quantity of interest. The usual methods can be applied 
to this subtable to evaluate all inferences. 

Finally, combine the results of the two first stages of analysis to com­
pute all three quantities of interest. Stage one gives fine estimates of 
β\, including simulations, posterior distributions, etc. Stage two gives 
good estimates of β), which could also include any of the specific cal­
culations already demonstrated. The final quantity of interest, 0f, can 
be computed deterministically by solving the accounting identity in 
Equation 15.1 for βΨ: 

τ,- -β\χ\-β\{\ -xf -XH 
Pi χά (15-4) 

Because all of the computational techniques, diagnostic procedures, 
and graphical displays are available for verifying the inferences made 
from stages one and two, we can be reasonably confident of the appli­
cation of each stage of this approach. Of course, like any method, we 
should verify that the observable implications of this model are con­
sistent with the data. In the case of this procedure, we need to also 
check one feature not already analyzed in the separate stages. That is, 
because the procedure works in two separate stages, it can sometimes 
give internally inconsistent results, which would be evidence that the 
model may need to be extended, as per the next section. Fortunately, 
it is easy to verify the existence of this potential problem. The key 
is that the method allows for two (additional) methods of computing 
simulations for /3J" from the combined parameters. That is, we can 
solve either Equation 15.2 to yield 

β™\\- Xj) - / W 
Pt Xw 

or Equation 15.3 as follows: 

#»(xf + xH-#xf 
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If these two computations give results for a data set similar to that 
in Equation 15.4, then the internal consistency problem vanishes and, 
if each of the individual stages were applied correctly, the method 
should give reasonable results. (The specific numerical estimates used 
should probably be those computed from Equation 15.4.) However, 
if the different methods of computing β™ give substantively different 
answers, then it may be that another model should be applied. In 
some cases, one of these computations will be clearly correct and the 
other wrong, in which case this approach might be salvaged. 

Unlike the basic and extended models presented in this book for 
2 x 2 and 2 χ C tables, the internally inconsistent results this method 
can yield will disqualify it for some applications. However, because of 
the ease with which this procedure can be implemented and both its 
parts and the whole two-stage procedure evaluated, a reasonable ap­
proach is to use it first, and oi course to verify its internal consistency. 
The method will be accurate at times even if the different methods 
of computing β™ give different answers, but researchers should pro­
ceed much more cautiously in these circumstances, seeking out the 
reasons for the inconsistency and trying to resolve them before draw­
ing substantive conclusions. Finally, even if the internal inconsistency 
problem remains, and this model is rejected, researchers should prob­
ably use this approach anyway, in order to understand better the data 
and potential alternatives, prior to considering the more complicated 
model discussed in the rest of this chapter. 

15.2 NOTATION FOR A GENERAL APPROACH 

Let the notation N[c represent the raw counts for a cell in an arbitrar­
ily large table applied to precinct i. The superscripts refer to the row 
and column position in the table, where r = 1, . . . , R and c = 1, . . . , C. 
If you prefer to think of this in terms of our running example, the su­
perscripts can also stand for the race of the voting-age person (black, 
white, Hispanic, etc.) and the candidate (Democratic, Republican, Lib­
eral, Independent, etc.) who receives this person's vote. For many ap­
plications, the last unobserved column or set of columns (number C) 
of the table has a special "residual" status. For our running example, 
this column would refer to nonvoters. It could also indicate a residual 
category or categories for other types of choice situations. 

Table 15.2 summarizes this basic notation. The last column and row 
of this table are the observed marginals. The cell entries are unob­
served and are the object of the ecological inference problem. Each el­
ement in the last column is a sum of cell entries in its corresponding 
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N,11 N/2 ... N,1C N,1+ 

N,21 N,22 ... N,2C N,2+ 

N,R1 N,R2 ... N*c 

N^ N ^ 2 ~ N + c N, 

Table 15.2 Notation for a Large Table. When there 
is no ambiguity in subsequent discussion, I drop the 
"+" in the superscripts. 

row (so that for each column c, N,c = Xlf=i and elements of the 
last row are sums of their corresponding columns (N[ = ^D-

We summarize the margins of the table with three sets of variables. 
The rows are summarized by X[ (the fraction of the voting-age pop-
ulation who are members of race r) for each row r. The columns are 
summarized by D- (the fraction of the voting-age population casting 
ballots for candidate c) and T, (as before, the fraction of the voting-
age population turning out to vote). The formal definitions of these 
variables are as follows: 

Nr 
y r i y t 

Dc — — 

ty - Nf _ N? 
N, - N, 

where N,7 = ^^Ti1 N- = N, - Nf. Note the analogies between these 
definitions and the corresponding definitions in Chapter 2. 

Summarize the internal cell entries of the table with two types of 
parameters of interest: /3 • (the fraction of race r who vote) and A'c (the 
proportion of voters of race r who cast ballots for candidate c). These 
are defined as follows: 

Tc~} N?c NrT 

Pl n; ~ N[ 

\rc _ K 
'NT 
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where N[T = N,rC = ~ N[C and for r = 1 , . . . , R and c = 
1 , . . . , C. For convenience, I also define the intermediate parameter 
0-c = N"/N[ (which is of no direct substantive interest) so that 

\rc _ ^ 
' ' f t 

Note that A-c is calculated as a function of voters only and therefore 
excludes the residual category C. This category could include multiple 
columns via a straightforward extension of the expressions below. 

This notation implies accounting identities that are generalizations 
of the basic Goodman identities: 

r=l 

DF = X X X R (15 .5) 
r=1 

These expressions will serve as the basis for the model generalization. 

15 .3 GENERALIZED BOUNDS 

This section derives bounds on the parameters of the larger table. 
Algebraic bounds, such as these, have not appeared in the literature. 
The derivation proceeds in parallel to that in Chapter 5. Begin with the 
bounds on (i\, the unknown component of which is N[T, and define 
the set of all rows (or races) as R and the set of all rows except r as 
R \ r. First the maximum: 

max(N,rT) = min(N,T, N,r) 

Dividing through by the (known) marginal N[ gives an expression 
for the maximum of the parameter of interest: 

/NrT\ 
max(^) = m a x ^ J 

_ max(Nirr) 

w 

_ min(N,r, N,r) 
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and dividing numerator and denominator by N,, 

Then, because 

N,rr = N ;r -
k<=R\r 

= N? - NFT 

where N[T = J2KERV , we can calculate the minimum in similar 
fashion. First, compute 

m i n ( N [ T ) = N? - maX(N[ T ) 

= N,7 - min(N,T, N[) 

and then divide through by 

. m i n ( N ! T ) 
= N[ 

- N i ~ m i n ( N ^ K) 
- Jjr 

and dividing numerator and denominator by N{, 

_ Tj - min(r„ ZkeR\r x h 

= m a x ( ° ' xr ) 

where l - X r = E t 6 R V x f . 
Collecting these results and, by analogous derivations for 6" , the 

bounds for these parameters are: 

max(o, P f ~ ( x 1 r X , r ) ) ^ "J' < min(l , | ) (15.6) 
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Finally, to compute bounds on A,rc, first define C as the set of all 
columns (or candidates) excluding the residual category C and C \ c 
as the set of all columns except C and c. Then expand the definition 
in terms of the raw cell counts. 

\ rc _ N P 
A< 

_ N[c 

~ Nr + ZkeCcNi" 

_ N ; C 

~~ n[C + 

where = 
Then the maximum is 

_ max(N[c) 
m a X l ' max(N-) + min(N-") 

min(N,c, N,r) 
~ min(N,c, N,r) + N;C - min(N,c, N[) 

mm(Dct, Xrt) 
min(D<, Xj ) + D- — min[D<, (1 - X,r)] 

and the minimum is 

min(Ar^ = mm(N[c) + max(N[d) 

Nj - min(Nf, N[) 
~ N< - min(N,c, N[) + min(Nf, N,r) 

min[D-, (1 — X^)] — D^ 
- min(Df, X[) - D- + min[D^, (1 - X,')] 

15 .4 THE STATISTICAL MODEL 

For simplicity, the focus in this section is on 0\c. The notation can be 
easily extended to include if desired. 
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Begin with the basic accounting identity for the larger table: 

The most straightforward generalization of the model in Chapter 6 
then requires Θ™ to be generated by a truncated multivariate normal 
distribution. 

Denote the expected values of this distribution as 

Ε(6>Π = Tc 

and separate error terms as 

0Γ = K + €" (15-7) 

where the error terms ξ\° are distributed as the multivariate trun­
cated normal with mean E ( C ) = 0. In addition, the variances require 
slightly more notation because cross-equation covariances are possi­
ble: 

c(e,c,et

d) = r^ 

C ( C , C ) = V(C) = τ - = rr

2

c (15.8) 

Before the Dc

t are observed, the truncation limits on each are [0,1]; 
afterwards, they are given in Equation 15.6. 

The key complicating assumption of generalizing the model to more 
than three columns is this truncated multivariate normal distribution, 
and, at least in principle, roughly the same issues apply as in "seem­
ingly unrelated" regression models or other multi-equation systems. 
Separate equation-by-equation estimates are equivalent to assuming 
that the cross-equation covariances are zero. This restriction may be 
more robust than many forms of joint estimation, but it will also be 
less efficient and may be biased. Separate estimation will surely be 
easier computationally. A Bayesian prior on the large number of co-
variance terms would probably be especially helpful in estimation. 

The one difficult issue with this generalized model is computation. 
The implied likelihood function on T1 requires a variety of calculation-
intensive numerical calculations, primarily multivariate normal cu­
mulative distribution functions. There are several approaches to this 
problem. For one, recent advances in Bayesian simulation for multi­
nomial probit make about eight dimensions feasible through direct 
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computation (see Geweke, Keane, and Runkle, 1994; Breslaw, 1994). 
A second possibility, as an approximation, is to drop the truncation 
portion of the likelihood model. We would still be able to take advan­
tage of the information in the precinct bounds, but only at the second 
stage. This procedure would sacrifice the advantages the bounds give 
in improving the likelihood estimates in the first stage of the model. 
In addition, without truncation in the likelihood function, the model 
would be internally inconsistent. In my experience, dropping trunca­
tion does not always affect empirical estimates for the simpler 2 x 2 
and 2 x 3 tables in many empirical applications. Whether the effects are 
larger for this general case is a task I leave to future research. Finally, 
it may be most efficient to estimate the parameters of the truncated 
multivariate normal simultaneously with the precinct-level quantities 
of interest. An EM approach would likely make this approach feasible. 

Another possibility for larger tables is to generalize the model in 
other ways. For example, we could estimate a mean function on the 
truncated scale. This would require restricting the parameters to the 
unit interval, such as via a logit transformation, and dropping the 
truncation. Then the second stage could be implemented by randomly 
drawing the unrestricted parameters in the logistic function from a 
multivariate normal distribution subject to the accounting identity, 
and hence the implied parameter bounds. Ad hoc procedures would 
need to be followed in order to estimate the variance parameters, and 
the variance matrix of the parameters. This procedure would not be 
as statistically efficient, it is unlikely to fit the data as well, and nu­
merical instabilities seem likely at the extremes, but it would be far 
more computationally efficient. 

15.5 DISTRIBUTIONAL IMPLICATIONS 

The likelihood function depends on the joint distribution of Dc

t for all 
c. To form it, substitute Equations 15.7 into the accounting identities 
in Equations 15.5: 

Dc = XXx; 

= Σ(Ζ? + ξ?)Χ', 
r=\ 

= Σ%?χ:+€, (!5-9) 
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where = X!f=i is the composite error for the variable Dct. Only 
C — 1 of these equations need to be estimated; the final one is repetitive 
since £ c c = 1 D- - 1. 

Dropping the truncation term means that Dct is the equivalent 
of a normally distributed variable (for any c). In addition, the set of 
variables Dct for all c's is jointly normal with expected values 

r=l 

with variances, 

r = l s = l 

and cross-equation covariances 

r=1 s = l 

The intermediate parameters to be estimated are: 

>P = C&Ci' Trc' r, s — 1,..., R; c, d — 1,..., C) 

As before, these are of no particular interest in and of themselves, 
but they provide valuable information with which to compute the 
quantities of interest. 

Let D, represent a vector of the C — 1 values of {D-}. The likelihood 
function without the truncation portion is then 

L(^|Di) = nN(D i | M l . / 2 i ) (15.10) 
i=i 

with mean j n , , a ( C - l ) x l vector with representative element /A- and 
where 

r = l 
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and variance matrix 

' <>\ ' • ' \ 

*i = Wcd} = °"12 ^ \ 

where 

of = V(Df) = X ! X ! T r c X ' X ' 
r=1 s = l 

ĉrf = Df) = ^ ^ TrcX"X l 
r=1 s = l 

Our knowledge of </* is summarized with the multivariate normal 
posterior, 

(15.11) 

or with this distribution as an approximation to the correct posterior 
via importance sampling. 

Via a derivation parallel to Appendix C, the conditional posterior 
distribution of the precinct-level parameters is truncated normal: 

m c P i </o a T N [ 0 H E ( < m , H n m , </o] (15-12) 

with truncation bounds given in Equation 15.6. The expected value is 

E(6?\Dl \p) = ^ + 
"c 

and variance 
rc 2 

= ^ - - V "c 

where 

= er) 

S = 1 

S = 1 



276 Chapter Fifteen: Inferences in Larger Tables 

15.6 CALCULATING THE QUANTITIES OF INTEREST 

To draw simulations of the precinct parameter Θ", 

1. Maximize the log of the likelihood function (Equation 15.10), or a repa-
rameterized version, plus the log of the prior if used; 

2. Draw ψ from its multivariate normal posterior distribution (Equation 
15.11), or use importance sampling via importance ratios to draw from 
the correct posterior; 

3. Insert ψ into the conditional posterior distribution of the precinct pa­
rameter (Equation 15.12); and 

4. Draw θ\° from its posterior. 

As with the simpler case in Chapter 8, this posterior can be sum­
marized as a point estimate with the mean of the simulations, and 
a measure of uncertainty, such as confidence intervals based on per­
centiles of the simulations. Of course, the entire posterior distribution 
can easily be plotted as well. 

Simulations of the aggregate district-wide parameters can be com­
puted by taking the appropriate weighted averages of these precinct 
parameters, with weights based on fraction of the population in each 
racial group. 

15.7 CONCLUDING SUGGESTIONS 

Multicategory and multidimensional tables is a topic that deserves 
much future methodological research. Some of the interesting issues 
that need exploration include graphic visualization in hyperspace of 
data and diagnostics, efficient computation of multidimensional prob­
ability integrals, and appropriate prior distributions for the prolifer­
ating variances and covariances in large tables. For researchers who 
wish to make inferences in large tables now, without waiting for this 
future research, the approach in Sections 8.4 and 15.1 is a good place 
to start. With these approaches, all the methods introduced in this 
book are immediately applicable, and tests are given to verify whether 
this intuitive approach is consistent with the evidence in the data. 
Researchers studying large tables should also routinely compute the 
multivariate bounds given in Section 15.3. If these approaches prove 
to be insufficient for an application, then the more complete general­
ization of the model given in the rest of this chapter should be tried. 



CHAPTER 16 

A Concluding Checklist 

SECTION 1.1 gives a sense of the vast array of empirical projects that a 
valid method of ecological inference would make possible. This chap­
ter provides a checklist of items for researchers applying the method 
offered here to these and other problems. 

The following checklist highlights many of the steps that would be 
productive for researchers who use these methods to follow. It is pre­
sented in roughly the order that would be followed by a researcher 
with real data, conducting a substantively oriented project. However, 
like any such advice, it should not always be followed exactly. Indeed, 
scholars in almost any field who implement their research proposals 
precisely and accomplish exactly what they set out to the first time 
through probably do not learn very much. In almost all research, it 
is usually best to go back several times, try things different ways, 
explore new hypotheses, seek out unexpected questions to answer, 
collect diverse sets of data, and track down all available observable 
implications of each idea. This takes time and creativity, and no stan­
dardized list can encompass all these tasks (which is perhaps why it 
is called research, rather than merely search). 

The following checklist uses our running example of voter turnout 
by race. As throughout the book, this example is only meant to stand 
in for any of the numerous other applications possible. 

1. Begin by deciding what you would do with the ecological inferences 
once they were made. Imagine you knew the true values of the quanti­
ties of interest, and decide what you would do with them. (The actual 
inferences will be more uncertain than this, and should thus be accom­
panied by confidence intervals or posterior distributions.) Some possi­
bilities follow. 

a. Present a list of β* and /3j" for each precinct, or Bb and W for each 
district. This basic descriptive information can be enormously im­
portant for a variety of uses. Some examples of these uses follow: 

i. Current methods used to apply the Voting Rights Act are a 
fairly blunt instrument, even when they are taken at face 
value (that is, as if they were accurate), since they only 
provide a single measure for the entire district or other 
area under study. With precinct-level estimates, the Voting 
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Rights Act can be applied to only those geographic areas 
for which the remedy is appropriate. Policymakers will no 
longer wind up "fixing" districting schemes that aren't bro­
ken, or missing areas of application of the Act that would 
not be detected by less powerful methods.1 

ii. Precinct-level estimates provide essential information for re-
districters who need to understand how to recombine spe­
cific precincts into new districts, for the Voting Rights Act 
or other purposes, 

iii. Even if the purpose of the analysis is to produce a sin­
gle number for the entire state, or only one district, using 
observation-level estimates enables scholars to bring more 
information to bear on this estimate. They can borrow 
strength statistically from data in numerous similar (and 
presumably neighboring) geographic areas in order better 
to accomplish their original goal, 

iv. Apparently "uninteresting" precincts or districts can be 
enormously helpful, not only in improving estimation of 
the original quantity of interest, but also as additional ob­
servable implications of whatever theory one is studying. 
For example, suppose the goal of the analysis is to deter­
mine the extent to which voting in District 4 is racially 
polarized, and the estimate for that district indicates a high 
level. In this case, finding highly polarized voting in nu­
merous surrounding districts (with similar types of people 
and similar election contests) would lend plausibility to 
the conclusion one might draw from the single estimate 
in District 4. 

b. A second use of precinct-level estimates is for geographic mapping 
(see Figure 1.2, page 25). For example, precincts (or districts) could 
be colored or shaded according to the values of racially polarized 

1 Statisticians often debate about whether judges (or policy makers) will understand 
sophisticated statistical methods sufficiently to allow them as evidence in trials. In my 
limited experience, judges vary considerably in their knowledge of statistics (and even 
in their ability to stay awake during trials!), but they are usually interested in learning 
the right answer. I know of no judge who, when confronted with the inaccurate re­
sults produced by Goodman's regression in Table 1.3 (page 16) and the accurate results 
generated by the method offered here in Figure 1.1 (page 23), would choose the old, 
inaccurate method. Even judges who attempt to engineer a partisan outcome would 
choose the better method and search for some other way to decide the case as they 
deemed appropriate or desirable. Of course, whether judges judge correctly, whether 
the goal of the judicial system has anything to do with generating truth, or policymak­
ers make good policy, is not the concern here. 
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turnout, β, = β\-β™, or perhaps β\ and /3" on separate maps. Por­

traying this information or other quantities of interest on a map, 

using darker shades (or different colors) to represent larger values, 

is a powerful way to present information. Most people find geo­

graphic presentations easy to understand, perhaps because they 

seem to carry around in their head rough measures of the values 

of many variables with the attached geographic codes. (For exam­

ple, think of all the ways you know that the South differs from the 

North.) Because survey research usually does not include such ge­

ographic codes, there is much opportunity in the field of political 

geography which precinct-level estimates could further, 

c. Another very creative use of precinct-level estimates is as depen­

dent variables in subsequent analyses. For example, we might be 

interested in the extent to which black turnout {β\) is higher in inte­

grated than segregated neighborhoods. In this situation, we could 

produce estimates of β\ with the method offered here, and then 

try to explain them statistically, via a regression or similar proce­

dure (about which more later in the checklist), with a precinct-level 

measure of residential segregation obtained from U.S. Census data. 

This procedure has enormous potential for uncovering new infor­

mation. It is an interesting combination of ecological inference and 

appropriate aggregate data analysis: estimating β\ is a straightfor­

ward ecological inference, but the second-stage regression is only 

relevant at the aggregate level.2 

Second-stage analyses such as this should be carefully distin­

guished from a bad version of Goodman's ecological regression. 

If the explanatory variable at the second stage is really an aggre­

gated individual-level variable and the goal is to break down the 

contingency table even further, then one of the methods offered in 

Section 8.4 or Chapter 15 should be used instead of a second-stage 

analysis. This second-stage analysis should instead be reserved for 

variables that are characteristics of a community, such as measures 

of residential segregation, candidate characteristics, or political cul­

ture. Of course, the same quantitative variable could represent an 

individual characteristic or an attribute of the community, depend-

2 This two-stage procedure follows the logic of "hierarchical linear modeling," which 
is popular among education researchers (see Bryk and Raudenbush, 1992). These mod­
els include a component to explain individual-level variation (as for example within 
precincts or schools) and a second stage level to explain contextual differences among 
the different aggregate units. This second stage is closely related to the second-stage 
analysis suggested in the text, the additional difficulty in ecological inference being 
that the individual-level data (β) and β") need to be estimated before the second stage 
analysis can commence. 
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ing on the interests of the researcher. For example, if the goal 

were to estimate the degree of racially polarized voting among col­

lege graduates and those who did not have college degrees, then 

this sociological question is merely a case of an ecological infer­

ence from a larger table. Alternatively, if the goal were the policy 

issue of whether racially polarized voting was reduced in com­

munities that have large compositions of college-educated people 

(such as college towns), then this two-stage procedure would be 

appropriate.3 

2. After deciding what to do with the ecological inferences to be obtained, 

it is usually a good idea to see what data are available, and collect more 

if possible. Obviously, the equivalent of T1 and X, will be required, and 

they should be checked for errors and obvious outliers. But all other 

available information should be organized as well. Additional precincts 

from neighboring areas should be included as additional observations 

if possible and if they represent reasonably similar political areas. Col­

lect data on covariates Z1, for possible use with the extended model, if 

that proves necessary (Section 9.2.1). Other information, too, can be very 

valuable. For example, for turnout by race, some survey data are avail­

able to give a general sense of the levels of black and white turnout rates. 

These data may not be available for the local area of interest, and are 

almost certainly not known for any one district or almost any precinct, 

but even state-wide or nation-wide survey data can give one a good 

general sense of what to expect from a specific ecological inference. If 

the survey data are good enough to justify a formal approach, then the 

procedures for combining survey and aggregate data discussed in Sec­

tion 14.2 should be used. If they are only good enough to give one a 

general sense of the mode of the truncated bivariate normal, and a for­

mal Bayesian analysis does not seem desirable, the survey data can at 

least be used as an after-the-fact check on the results of the ecological 

inference. 

Other information can also be very useful to check the results of the 

ecological inference, and everything available and sufficiently easy to 

gather should be mined. Researchers can use results from prior research, 

such as a very limited survey in only one part of one precinct, or news-

3 This two-stage procedure should also be distinguished from the fix for aggrega­
tion bias or distributional problems that involves including external variables Z, in 
the model (as described in Sections 9.2.1 and 9.2.3). These two models should be built 
separately. A covariate should only be used as part of the extended model to avoid 
aggregation bias. Once the first stage produces valid estimates of β\ and β]", with or 
without the extended model, the second-stage analysis can proceed. But variables th.it 
are candidates for the second stage should only be included as covariates in the original 
model if they help avoid aggregation bias and do not create other problems. 
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paper accounts of differences among people in various neighborhoods. If 
it is possible to go to the area, spending even one day conducting inter­
views can be extremely valuable, even if it is not possible to administer a 
probability sample and formal questionnaire. Just walking around some 
of these neighborhoods, or standing by polling places, or reading the 
local press, or going to the supermarkets in the area can produce rich 
amounts of qualitative information. Data beat statistics every time. 

3. Beginning the data analysis with a scattercross plot (e.g., Figure 5.5, page 
89) is often helpful. This gives a sense of how much information exists 
in the deterministic bounds about each of the quantities of interest (by 
comparing it to Figures 5.2, 5.3, and especially 5.4). Recall that the data 
points that fall in or near the left triangle have narrow bounds for β? 
and wide bounds for β\, whereas points that fall in the right triangle 
have narrow bounds for β\ and wide bounds for /3f. Labeling the data 
points in this plot in some way is often helpful for identifying the cate­
gories of precincts and types of questions that will be produce the most 
certain answers. For example, Figure 10.1 (page 201) plots Southern U.S. 
counties with letters corresponding to each state name. 

4. This is a good time to begin making some inferences based on precincts 
that have narrow bounds. Almost all data sets contain at least a few 
such precincts, and many have a substantial number. Although the val­
ues of β\ and β™ for these precincts may not be fully representative of 
those with wider bounds, they are known with a very high level of cer­
tainty. These precincts can therefore serve as highly reliable observable 
implications of the theory to be evaluated. They should be exploited to 
their maximum potential, and this might as well be done prior to using 
the statistical model to extract inherently less certain information from 
the remaining precincts. 

For example, if your goal is to list values of the quantities of interest 
by precinct, you can start a list, since the answer is known for these 
precincts. If the goal is to draw maps, then some geographic areas can 
be filled in; in some cases, these partially completed maps may be very 
informative or may suggest further hypotheses to test. If the goal is to 
use the precinct-level quantities of interest as dependent variables, then 
these precincts provide an excellent first test of these relationships. For 
all these purposes and others, we should be aware that precincts with 
wide bounds may generate different substantive conclusions, but even 
in that unfortunate situation these observations will provide useful tests 
for some observations. 

5. If the purpose of your analysis is to explain variations in β\ and β™ over 
precincts, then an excellent procedure is to draw a plot with one of these 
parameters on the vertical axis and a selected explanatory variable on 
the horizontal axis. If the true values of the parameters were known, 
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they would be points on this scatterplot. Since they are not known, we 
can put in their place a vertical line, based on the bounds, that covers all 
possible values of the quantity of interest. Figure 13.2 (page 238) gives an 
example with X, as the explanatory variable and the true points drawn 
in (which, obviously will not be part of the one you would draw). In 
some cases, such as the left graph in this figure, these bounds are suffi­
ciently narrow to identify a relationship between the parameter and the 
explanatory variable, even without any statistical procedures to ascer­
tain where, within the bounds, the true parameters lie. 

6. One diagnostic for the presence of aggregation bias is to note where 
Goodman's regression line would be fit to the points of an X1 by T1 

graph. This can be easily done visually, or, if it is helpful, the line could 
even be added to the graph (such as in the scattercross graph in Fig­
ure 13.1 on page 236). If Goodman's regression line does not cross both 
the left and the right vertical axes within the [0,1] interval, there is a 
high probability of aggregation bias. If the line does cross both axes 
within this interval, we have less evidence of whether aggregation bias 
exists. Note that the steepness of the slope of this line (what might be 
interpreted as the strength of the relationship between the aggregate 
variables) is not relevant to the quality or certainty of the resulting eco­
logical inferences. 

7. A second useful summary of the data is a tomography plot with only 
the lines (such as Figure 5.1, page 81). This reexpresses the data in terms 
of what we know about β\ and /3", which are the two axes in this graph. 
Tomography plots portray all deterministic information available about 
these quantities of interest, with each precinct considered in isolation'. 
Each line traces out all possible values of the β\, β™ coordinates. 

The bounds on the quantities of interest can be seen in the graph 
by the positions of the lines. Relatively flat lines give narrow bounds 
on /3J" and wide bounds for β\. Similarly, steep lines indicate narrow 
bounds for β\ but wide bounds for β?. Lines that cut off the upper 
right or lower left corner of the figure have narrow bounds for both 
β\ and j8™. The only lines with [0,1] bounds for both parameters go 
from the upper left corner to the bottom right corner of the figure. All 
tomography lines must be negatively sloped, which indicates that when 
the true value of one parameter falls near the upper end of its bounds, 
the other must fall near the lower end of its bounds. This deterministic 
inverse relationship between β\ and /SJ" can be useful if some external 
information is available about one but not the other. 

At this point, you should try to identify where the mode of the trun­
cated bivariate normal distribution should be located. Try to see where 
the true β\, β™ points appear to be "emanating" from, and where the 
likelihood contours will be drawn. 
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8. As a check on your intuition about where the mode will be, it is use­
ful also to consider an X, by T, graph (such as a scattercross plot). 
Roughly speaking, the average of the points near the left (X1 « 0) and 
right (X, « 1) of the graph gives the vicinity of where the mode of the 
truncated bivariate normal will be for β™ and β\, respectively. (If no data 
points can be found near one end of the graph, you can extrapolate from 
a regression line fit to all the points.) This is only the rough vicinity be­
cause the mode needs to be identified on the untruncated scale (and so, 
for example, it could even be outside the unit interval), and of course be­
cause the likelihood model will use information from all the data points 
to locate the mode more efficiently. 

9. The tomography plot does not represent unanimous precincts (although 
they could be represented by putting a number at the 0,0 and 1,1 comers 
of the plot), and their presence should be checked. Unanimous precincts 
for which T1 = 0 would be represented as points at the extreme lower left 
corner of the graph (indicating that β\ = /3f = 0), and those for which 
T1 = 1 would be at the extreme upper right (so that β\ = β? = 1). These 
points are often the result of arbitrary data corrections, such as if official 
statistics indicate that turnout exceeds 100% and is arbitrarily truncated. 
The result is that the process generating these data may be different 
from the process generating the uncorrected data. Thus, it always pays to 
evaluate whether unanimous precincts are sufficiently far from the likely 
mode of the truncated bivariate normal distribution to be considered 
outliers, which would inappropriately and disproportionately influence 
the estimation procedure. If this seems likely, a good procedure would be 
to remove these points from the likelihood stage of the analysis, so that 
the contours would be based solely on the remaining points. If Tf = 1 
and T1 = 0 are reasonable values for these points, they could be added 
in for subsequent calculations. (Running the analysis both ways is the 
easiest way to judge the effects of these points.) Be aware, however, 
that because substantial statistical strength can be borrowed from these 
observations, leaving unanimous precincts in the analysis is best if it is 
likely that they were generated by approximately the same process as 
the rest of the data. 

10. The degree of aggregation bias (defined in Section 3.5) present in the 
data can be checked further than the initial cut suggested in step 6. 
This can be done by a careful consideration of the tomography plot, 
as the extreme case in Figure 9.3 (page 176) demonstrates. One of the 
best checks can be done by plotting X, horizontally, β\ and j8f vertically 
(in separate graphs), and plotting a vertical line that represents the de­
terministic bounds for each precinct (see Figure 13.2, page 238). When 
evaluating this graph, it is important to not be drawn into the mislead­
ing inference that the true parameter values are always at the middle of 
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each of the bounds. Nevertheless, the bounds in this type of display can 
be used to ascertain the relationship between X, and these parameters, 
which indicates the degree of aggregation bias. Other useful checks on 
aggregation bias are discussed at length in Section 9.2. 

11. If there is minimal aggregation bias in the data, then running the ba­
sic model is called for. Even if there is a large amount of aggregation 
bias in the data, the basic model can still be run if the bounds are suf­
ficiently narrow or the truncated bivariate normal looks as if it will be 
heavily truncated. Since determining the degree of truncation is easier 
after running the model, it is often easiest to run the basic model first 
as a diagnostic. 

12. After running the basic model, the position of the contours should be lo­
cated and drawn on a tomography plot (for example, see the left graph 
of Figure 13.6, page 243). These contours are an estimate of the posi­
tion of most of the true f3~ ,f3~ points. Since the likelihood maximization 
step is iterative and requires searching over a five-dimensional surface, 
the final estimates, like the result of any iterative procedure, should be 
checked carefully. Some of the important questions to ask yourself about 
this fit follow: 

a. Did the procedure identify a plausible mode, compared to your 
judgment of the set of tomography lines? Do the contours identify 
the vicinity from where the lines seem to be "emanating"? Do the 
lines seem to cross more at this mode? 

b. Is there evidence of an additional mode in the data not picked up 
by the contours? An example of this problem would arise if only 
one of the modes from Figure 9.7 (page 187) were captured by 
the contours. It would be less of a problem if this graph were fit 
by very wide contours that captured both modes, but the model 
should probably be modified to fit this feature of the data anyway. 
Thus, if there appears to be a second mode, try to identify what 
the precincts that belong to this mode have in common, such as 
a regional effect or other external variable. To fix the problem, if 
one exists, the best approach is either to find a covariate to control 
for the difference in modes (as per the extended model in Section 
9.2.1), or separate the data into disjoint sets and run two sepa­
rate analyses (see Section 9.3.1). If this parametric approach proves 
unsatisfactory, or too difficult computationally, the nonparametric 
procedures may be called for (see Section 9.3.2). 

c. Are there outliers? Figure 7.1 (page 126) gives an example of check­
ing for outliers with a tomography plot, although this can also be 
checked with a plot of X, by T; with expected value and confidence 
intervals drawn in (see Figure 13.1, page 236). Data from precincts 
that appear to be outliers should probably first be checked for cod-
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ing errors. If that is not the problem, it is worth trying to determine 
whether these observations have something in common that could 
be picked up by some covariate that should probably have been 
included from the start. As a last resort, they could be dropped 
from the statistical analysis altogether and only studied in terms of 
their deterministic bounds. An alternative possibility, in situations 
without many outliers, is to see what their effect is on the result: 
if they only serve to make inferences somewhat more conservative 
by widening the contours and thus opening the confidence inter­
vals, then it may be safe to leave them in the analysis. If, however, 
they appear to disrupt the inferences about the precincts that are 
not outliers, then they might best be removed. A compromise ap­
proach is to delete the outliers from the likelihood maximization 
and importance sampling stage; this procedure prevents the out­
liers from affecting the placement of the contours or estimation of 
the posterior distributions for the remaining observations, 

d. Is the mode in a place that is substantively reasonable? That is, do 
the results of this likelihood maximization correspond with what 
you know about the substance of your problem from other sources, 
such as those raised in step 2? If not, then you might consider 
adjusting the contours (physically moving them) after the analy­
sis. An equivalent step would be to include this information by 
modifying the prior distribution and rerunning the procedure. 

13. If the precincts in the data set do not have much in common, then it is 
worth considering nonparametric estimation. At a minimum, researchers 
should always at least consider using a nonparametric density estimate 
as a diagnostic, as in Section 9.3.2 (see also the example in Figure 12.2, 
page 229). As a specification test for truncated bivariate normality, this 
plot can be compared directly to the parametric contours. One should be 
careful in making this comparison, because the methods are intended to 
pick up different features of the data. In particular, positive correlations 
between β\ and β™ will be more easily found by the parametric than 
nonparametric method. 

If this graphic indicates problems, then it is best to consider first 
whether steps can be taken within the context of the parametric frame­
work, such as including additional covariates. But if this proves insuffi­
cient, the fully nonparametric estimates of the quantities of interest could 
be used instead. 

14. Always evaluate the tomography plot for how much information exists 
in the data to make the ecological inference you seek. This involves not 
only the bounds, which are crucial, but also the degree of variation in 
X1. In general, the less variation in X1, the more uncertainty you should 
associate with the results from the model. If X, takes on a small range of 
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values, then all the lines in the tomography plot will be nearly parallel 
(as in Figure 12.2, page 229). This limited range of "camera angles" will 
make the mode especially difficult to identify. Data sets like these should 
be treated with great care. Since the model is conditional on X1, this 
uncertainty is not all indicated by the estimates unless you are careful 
during the likelihood estimation to ensure that the contours have a wide 
enough variance to reflect the uncertainty you would attach to them. If 
they are not wide enough, according to your qualitative judgment, you 
should consider increasing the variance, adjusting the priors, including 
or excluding the unanimous precincts, or (always the best option) getting 
more data. 

Parallel lines are less of a concern if they cut off the top right or bot­
tom left corners of the tomography graph, since these would indicate 
very narrow bounds on each of the precinct quantities of interest. See, 
for example, Figure 11.1 (page 221) which has both features, and thus 
suggests that the model will be successful in extracting significant infor­
mation from the data. 

15. The fit of the model is sufficiently important that it is also worth check­
ing the conditional distributions, TJX,, which are relevant since X, is 
taken as fixed in the model. That is, the five parameters of the trun­
cated bivariate normal distribution can also be represented on an X1 by 
T1 plot since they form the parameters of the conditional expected value 
and variance functions (Equations 6.8 and 6.10, page 97), which are the 
only two quantities that determine the conditional distributions. Figure 
6.1 (page 100) gives examples of this type of plot. Most such examples 
in this book include the conditional expected value plotted as a solid 
line, and the conditional variance represented by 80% confidence inter­
vals portrayed as dashed lines around the expected value. Of course, 
other confidence levels can be checked too, as they are all observable 
implications of the model. 

If the model fits, the expected value line should be drawn through 
the middle of most of the points, much like a regression line. However, 
this line (and all of the conditional distributions) are constrained to pass 
through the [0,1] interval at the left and right vertical axes. This is one of 
the fixes the model imposes for aggregation bias. If the expected value 
line is pinned near zero or one at either of the vertical axes, then ag­
gregation bias may be a serious possibility, although it is less likely to 
cause difficulties due to the heavy truncation. 

If the model fits, the distribution of T1 for given values of X, (that is, 
vertical slices of the graph) should each be well represented by the ex­
pected value and variance lines. That is, the expected value line should 
pass through the middle of each of these conditional distributions (the 
vertical scatter of points for each value of X,), and the confidence in-
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tervals should capture roughly 80% of the points for each conditional 
distribution. A clear example of a problem with this distributional as­
sumption in real data is revealed in the left graph of Figure 13.5 (page 
242). This problem can be fixed by dropping a subset of observations 
during the likelihood stage of analysis, as was done in the right graph 
of the same figure. For real applications, observations excluded from 
the likelihood stage should still be exploited for the information they 
can provide through their deterministic bounds. The other remedies 
discussed above for distributional assumptions can all also be used 
here. 

16. If aggregation bias is severe, then you should check to see whether the 
distribution is sufficiently truncated to ensure that the results are robust. 
One way to do this is to look again at the tomography plot with the trun­
cated bivariate normal contours included. All estimated distributions are 
truncated to some degree, but we are looking for distributions that have 
at least part of their 95% contours lopped off by the edge of the tomog­
raphy plot, and preferably some of the 50% contours as well. If this kind 
of heavy truncation is present, then it is sometimes best to ignore aggre­
gation bias and use the results from the basic ecological inference model. 
Figure 13.3 (page 239) gives an example of this kind of truncation. Even 
better is when the bounds are also very narrow on both parameters and 
heavy truncation is present, such as in Figure 11.1 (page 221). 

17. If aggregation bias is a possibility, and the truncation effects or the 
bounds are not sufficient to ensure the robustness of the basic model, 
then the tomography plot should be studied for a different purpose. 
Recall that all possible values of β], β? are traced out by a tomogra­
phy line, with the probable values identified by where the line passes 
near the center of the contours. If the contours are incorrect, due to ag­
gregation bias, the tomography lines are nevertheless still accurate and 
information in them still exploited. One useful way to do this is to imag­
ine where the true values might be if aggregation bias of various types 
exist. Thus, if X1 and β\ were positively correlated, the true coordinates 
of the parameters would be slid down the lines away from the con­
tours in a specific direction. In most cases, this would spread out the 
true values in different directions. Ask yourself whether your qualita­
tive knowledge of the problem is sufficient to rule out some of the more 
extreme possibilities. For example, if you only saw the lines in the to­
mography plot in the the top left graph of Figure 9.2 (page 163), where 
along the lines would you expect the true values to fall? Is it plausible 
for the true points to fall in a circle like that in the bottom left graph? 
Or see Figure 13.3 (page 239), and ask yourself whether in this applica­
tion it is plausible for the true points to be much farther up along the 
tomography lines, and hence spread out. Even a very limited qualitative 
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knowledge of a problem can be enough to rule out many possibilities 
such as these. 

18. If none of these options works and your ultimate goal is to use ecologi­
cal inferences as dependent variables in a second-stage analysis, then the 
basic procedure may still be appropriate. That is, aggregation bias often 
will leave the relative positions of the estimates the same but will bias 
their absolute positions. The result is that aggregation bias will often pro­
duce an arbitrary, nearly uniform shift applied to all precinct estimates. 
(For example, all values of β\ could be too small by say 0.05, except 
for those already at their lower bound.) This common result can be ex­
ploited in a second-stage analysis by using some sort of linear model, 
such as a version of regression analysis, and ignoring the constant term. 
That is, aggregation bias in many cases will only bias the constant term 
in the second stage, but the regression coefficients would still be esti­
mated appropriately. 

19. Finally, it is important to consider the extended model procedures in 
Section 9.2. These involve, in different versions, letting S3b and S31" vary 
over the observations as a specific function of some chosen covariates 
or even X,. This means that we are substituting the assumption of no 
aggregation bias (or robustness to aggregation bias) with an alternative 
assumption about how the truncated bivariate normal means depend 
on external covariates. In order to lessen the demands of this alternative 
assumption, it is sometimes best to choose covariates that are dichoto-
mous (or several dichotomous variables to represent multiple categories 
of a continuous variable). This way we do not need to worry about the 
linearity assumption when extrapolating to portions of the parameter 
space for which few observations exist. Whatever functional form and 
covariates are chosen, it is best to evaluate this model as described above 
for the basic model. The only difference is that there is now a different 
set of contours for each precinct (or group of precincts). Thus, alterna­
tive versions of tomography plots like that in Figure 9.5 (page 179) can 
be used. 

Including external covariates Z1, or letting Z, include X1, can substan­
tially improve model estimates when applied to data with aggregation 
bias or distributional problems. However, this extended model can de­
grade the quality of the estimates if the data did not suffer from the 
problems in the first place. Figure 9.6 (page 180) makes this point and 
suggests ways of evaluating the tradeoff involved in making the deci­
sion to include external covariates. For the vast majority of applications 
of the extended model, researchers should include a prior distribution 
on the ab and am parameters (probably with a mean of zero and a posi­
tive standard deviation), as a compromise between the extremes of un­
restricted inclusion and zero-restriction exclusion of external covariates 
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(see Section 9.2.3). If aggregation bias seems like it will have an im­
portant effect on the results, it may be worth including X1 in Z1 and 
estimating the model several times for a range of prior standard devia­
tions, or at least determining how large ab and aw must be to alter your 
substantive conclusions. 

20. Once the model is chosen and the ecological inferences are computed, 
they should be checked in various ways. Some examples follow: 

a. Most importantly, compare the results with what is known from 
survey or qualitative evidence. If you have visited one precinct and 
interviewed some people, how do the results from the quantitative 
estimates compare to your qualitative evidence? Do not forget to 
include the uncertainty estimates from the model. 

b. If survey data are not available from the same area you are study­
ing, collect survey data from other regions or the entire country. 
Even simple analyses such as these can help you ascertain whether 
the contours are appropriately placed. 

c. An after-the-fact evaluation of aggregation bias can be conducted, 
as per the procedures in Section 9.2.4, such as most simply by 
plotting estimates of β\ by X, and β™ by X,. 

d. This same plot used to study aggregation bias also serves as a very 
informative observable implication of your model and data. The 
relationships between β\ and X, and between β™ and X, indicated 
in the plot should be studied to see whether they are consistent 
with your substantive understanding of the problem. 

e. Second-stage analyses can be used solely for the purpose of check­
ing the results. For example, it would be surprising if black turnout 
is not higher in stable communities than in areas with very high 
residential mobility. 

f. Even if the goal of the analysis is not to draw a map, mapping 
can be extremely useful for evaluating the results, comparing them 
with what we know about various geographic areas, and identify­
ing outliers. 

21. If a second-stage analysis is conducted, least squares regression should 
probably not be used in most cases, even though it may not be partic­
ularly misleading. The best first approach is usually to display a scatter 
plot of the explanatory variable (or variables) horizontally and (say) an 
estimate of β\ or /3f vertically. In many cases, this plot will be sufficient 
evidence to complete the second-stage analysis. 

If it proves useful to have more of a formal statistical approach, and 
many of the actual values of jSf fall near zero or one, then some method 
should be used that takes this into account. The data could be trans­
formed, via a logit or probit transformation, or a model like the one 
in Section 9.2.2 could be applied by replacing X, with the explanatory 
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variables. Whatever method is chosen, the researcher should be careful 
to include the fact that some estimates of β\ are more uncertain than 
others. 

In practice, a weighted least squares linear regression may be suffi­
cient in many applications, with weights based on the standard error of 
/8- (or other quantity of interest). Researchers should be careful in apply­
ing this simplified method here, and should verify its assumptions with 
scatter plots. The problem is that, according to the model, the variance 
of β\ over /' is the sum of two quantities: its estimation variance, which 
varies over the observations (and is an output of the basic ecological in­
ference model described in this book), and its fundamental variability 
not explained by the aggregate explanatory variables. That is, even if β\ 
were known with certainty in every precinct, we would not expect the 
variability in it from precinct to precinct to be perfectly explained by 
any set of measured explanatory variables. A reasonable approach can 
be kludged by first running a (homoskedastic) least squares regression 
and computing the variance of the residuals, which is a rough measure 
of the total variability of β\ over precincts. Then, for each observation, 
compute the variance, from which the weight will be determined, by 
subtracting the estimation variance from the total variance. Finally, run 
a weighted least squares regression. This is not as theoretically elegant 
a procedure as the more formal setup in Section 9.2.2, but it is simple, 
relatively robust, and probably complete enough to be of use in many 
applications. 

22. Consider going to Step 1, changing some of your decision rules, and 
trying everything again. 

23. Do you have information from the marginals that breaks the outcome 
variable into a larger number of categories, such as the 2 χ 3 in Table 2.2 
(page 30)? If so, you should use the first procedure developed in Section 
8.4 to break the variable into a sequence of dichotomous outcomes. For 
example, suppose you have the aggregate marginals from a 2 χ 4 table 
with black/white and outcome categories Democrat/Republican/minor 
party/no vote. In this case, you can analyze vote/no vote by follow­
ing steps 1-22 above and then reapply these same steps to study the 
major/minor party dichotomy, among those who voted, and the Demo­
crat/Republican vote, among those who voted for major party candi­
dates. Section 8.4 explains how to incorporate the additional uncertainty 
created by having to estimate the outcome marginals from items farther 
down the list of dichotomous decisions. That section also explains how 
covariates can be used to improve estimation if the quantities of interest 
in one item in the sequence are related to those in another. 

24. Do you have additional information from the marginals that breaks the 
classifying variable into additional categories? For example, Table 15.1 



Chapter Sixteen: A Concluding Checklist 291 

(page 265) is black/white/Hispanic by vote/no vote. Data of this type 
should first be analyzed by breaking the table into a series of 2 χ 2 
tables or 2 χ C tables, and first analyzed as described in Section 15.1. It 
may also be desirable to use the methods described in the remainder of 
Chapter 15. 





PART VI 

Appendices 





A P P E N D I X A 

Proof That All Discrepancies Are Equivalent 

THIS APPENDIX proves Equations 3.15-3.19 (page 53). Equations 3.17 
and 3.18 were shown to be equal in Section 3.3, and Equation 3.15 is 
definitional. What remains is to prove the equivalence of Equations 
3.16 and 3.18 explicitly.1 That is, 

D (B), = D (B)2 

(Equation 3.19 will also become clear in the course of the proof.) 
To begin, define the following expected value, variance, and covari-

ance operators. They can be interpreted as unweighted computations 
on individuals or weighted calculations on precinct-level averages: 

1 ? 
E(a<) = = i=l 

V(«.) = i I > i ( f l , - a")2 

i=1 

f=i 

for any variables a, and bt. In this appendix, these are purely algebraic 
concepts with no necessarily statistical content. The unweighted av-
erages are for the analogous functions when operating on individual-
level data, E(a i ;), V(a i ;) and C{aiy bi;). 

Factor F out of Equation 3.9: 

D(B)1 = F ^bbx + ^ b w x - ^ - 2 b r h (A.1) 

1 Because of the way they were each derived in Chapter 3, the equivalence of these 
expressions has already been proven implicitly. This appendix provides a more direct 
proof. 
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where the last term is 

rf b <*j CQ3,-,/»,) 
F<TX rh F(TX a-l 

CQ3,A) 
X(1 - X) - o* 

= CQB „/»,) 
Fa? 

and where, using j8, = $ - pf and ht = X,(l - X;), 

C{f}„hi) = E(f}1h,)-mht) 

= - ECBfht) - (hi) + WEih,) 

= E(tfX,) - E(j8bX?) - EO™X,) + EOyX?) 

- S b X + »fcE(X?) + r x - 93E(X?) (A.2) 

To continue with Equation A.2, first note that E(X^) = cr\ + X, and 
the parameters to be estimated, 

gi, = Eh Ntf = = 

and 

g w = zhxrur = zhm-Xj)P7 = w-Ejx,??) 
N w E l i N , ( l - X , ) 1 - X 

where 

i p i p 

i=i f=i 

This gives a solution for 

E(X,-/3f) = BbX 

E(X,j8n = 231" - B ^ l - X) 
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I then substitute these into Equation A.2: 

C(j8f/ h,) = BbX - E(/3?X?) - 931" + Bw(l - X) + E(/3?X*) 

- 93fcX + 93<r2 + 93bX2 + 93WX - 93® o-2 - 93l"X2 

= BbX + 93bo-2 - 93*V2 - 93 + B®(1 - X) 

- E(/3-Xf) + E(/3?X?) - 93bX(l - X) + »®X(1 - X) 

= BX + Bw - + 93o-2 - E(j8,X2) - BX(1 - X) (A.3) 

Now expand the expression in Equation 3.18 in order to compare 
to these results: 

D(B)2 = F(B - btX2) = F(Bb - W - btx.z) 

But, since 

_ C ( X „ D , ) _ E ( X , - # ) - g f X 
- ~v(xy - (A-4) 

we can solve for Bb: 

B» = ^bbx + V5b (A.5) 

Similarly, 

1 - X 

_ 93w - bwxa2x - WX 
~ 1 - X 

Note the similarity of the right side of Equations A.5 and A.6 to Equa-
tion A.l. 

Completing the proof requires decomposing btxz, which involves 
moving to the individual level. To do this, let a variable with a dot 
on top indicate that the precinct average was subtracted from each 
individual in the precinct (e.g., Xt) = Xi; — X,). In addition, let X = HX 
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be a (N x 1) vector resembling X except that each element is replaced 
by the precinct average. Then, 

btx.z = ( X ' M X ^ X ' M t 

C(X,, t f J ) 
= ( A 7 ) 

V(Xi;.) 

Now derive a simpler expression by decomposing each factor in the 
last line of this equation beginning with the denominator: 

V(X,7) = E [ ( X ! ; - X ( / ) 2 ] - 0 

= E(X?)-2E(X i y X i , ) -E(X?. ) 

= X — 2E(X i ;X ; ;) — E(X?) 

The last two terms in this equation are further reducible as follows: 

E(X i jX.) = i £ £ x i j X i ; 
JV' 1=1 ;=1 

i P N, 

= E(X?) 

and similarly for 

;=i j—i 

1=1 

= E(Xf) 
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Then, noting that E(Xf) = of + X2 , collect terms to produce the final 
form for the denominator of Equation A.7: 

V(* | ; ) = X - 2 E ( X ? ) + E(X?) 

= X - E(Xf) 

= X(1 - X) - cr2 

= F<t2x 

the penultimate line of which is the individual-level variance minus 
the aggregate (cross-precinct) variance. 

The numerator of Equation A.7 is then 

C(X, ; ,T,7) = E ( X , ; T , ; ) - 0 

= E(X,7T, ;) - E(X,T1) 

= B t X - E [ x i ( j 8 f X I + / 3 f ( l - X i ) ) ] 

= BbX -Bw + Bb( 1 - X) - E(pbX}) - E(j8f X2) 

Combining results, this now yields: 

K z = Fa 2 [ B " * ~BW + B " ( 1 E ( B ' ' X ' ]) " 

Now use these expressions to prove the final result. First note that 

D(B)2 = F dbbx + ^ - b t x + c2 

where 

C2 = - 931" 

+ ~ [BbX - Bw + Bb( 1 - X) - E(/3-X?) - E(y3fX2)] 

If C2 = C(j8,, ht)/Fa2 (from Equation A.3), then we will have proven 



300 Appendix A 

that D(B)1 = D(B)2. Thus, factoring out the common denominator, 
gives 

C2 = rSBfcX(l - X) - 93V2 - 23®X(1 - X) + 
Fcrx L 

+ BbX -Bw + Bb( 1 - X) - E(/3?Xf) - E(/3fX?)] 

= — [ B X + B1" - 23® + «o-2 - E(;8,X2) - BX(1 - X)] 

Q E D -
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Parameter Bounds 

THIS APPENDIX provides proofs of the expressions for the bounds on 
the quantities of interest given in Chapter 5. To follow these proofs, it 
is helpful to refer to the notation in Tables 2.1 and 2.2 (pages 29 and 
30) . 

B.L HOMOGENEOUS PRECINCTS 

Proving the result for homogeneous precincts requires writing down 
the formulas for each of the parameters in terms of the cell frequen-
cies, substituting in known values in the margins, and finally substi-
tuting in for the summary variables, D„ X„ and TT. For example, for 
X,. = 1, 

PL NB NB X , ' 

NF NB " X,- ^ 
NbD ND d 

= \ = ^ = VI (B.L) 

In the absence of white voters, , 8l", and \f are undefined. 
The same logic provides similar results for homogeneously white 

precincts, that is where X, = 0: 

NWT NT T aw _ _ _ 11 y 

— NF ~ N™ ~ ( 1 - X , ) ~ 

NWD NP D 
QW _ FJJ — ' = ' = N N? N™ (1-X, - ) 

NWD ND D 

AF = 1 \ F = L\ = ^ = VT (B .2) « NwT n t T, 1 

and in the absence of black voters 0bi, and Af are imdefined. 
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B . 2 HETEROGENEOUS PRECINCTS: /3'S AND 0'S 

Begin by deriving the formal algebraic expressions for the upper 
bound on 0? = N, /Nf. Since Nf is known, the only unknown com-
ponent of $ is N?T. Moreover, NBT cannot be larger than the total 
number of people represented in the first column of Table 2.3 (N,T) 
since the column total includes Nf r (N,r = Nf r + N?T). Similarly, 
NfT cannot exceed the total number in its row (Nf). Thus: 

max(NfT) = min(N,T, N,6) (B.3) 

where min(a, b) equals a if a < b and b otherwise, and where both a 
and b are known (i.e., they are in the last column or row of Table 2.3); 
and where max(a) is the largest possible value of a given the known 
values from the last column and row of Table 2.2. Dividing both sides 
of this equation by NF, gives an upper bound on $ : 

I N " \ I N J N ? \ 

= m i n ( | , l ) 

By a parallel derivation, the largest possible value of /3f is: 

" • " ( r V ) 
A slightly different procedure will generate the minimum values of 

these parameters. For /3f, use N™7 = N7 - NbT and compute: 

min(N™7) = N7 - max(Nb7) 

= N7 - mm(Nj, N,b) 

where the last line holds due to Equation B.3. Then divide through 
by N® to yield the minimum bound for f3f: 

• • ( N ? T \ • (Ni 
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dividing all numerators and denominators by N,, 
_ T, - min(T,, X,) 

1 - X , 

Finally, by collecting the results above, and via parallel derivations 
for the other parameters, the formal algebraic bounds on the fi's and 
d's are given in Equations 5.1 (page 79). 

B . 3 HETEROGENEOUS PRECINCTS: A,'S 

The most straightforward way to find the bounds on A- is to use the 
relation 

b _ NbD _ N,bD 

Ai = N™ = N p + N p 

and, by the procedures followed above, min(N,hR) = NR -min(N R , N:w). 
Now derive the upper bound as follows: 

^ ^ •g-WD 
' max(NbD) + mm(NbR) 

min(NP, Nb) 
~ min(N,d, Nb) + N* - mm(NtR, N?) 

min(D,, X,) 
~ min(Di, X,) + (T, - D,) - min(T, - D„ 1 - X,) 

min(D ;, X,) 
= min(D„ X,) + max(0, (T, - D,) - (1 - X,)) 

Following parallel procedures for the lower bound on \b, and both 
bounds on A y i e l d s the results given in Equations 5.4 (page 83). 
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Conditional Posterior Distribution 

THIS APPENDIX proves the result in Equation 6 . 1 9 (page 108) , which is 
repeated here: 

P(j8?|T„ = T N ^ + &2b - (C.l) 

where 

0>i = °bXi + Vbwi1 ~ x,) 

- Ti - H 

Hi = + - X,) 

and 

erf = alX] + o-bw2X,(l ~ X,) + &2W{1 - X,)2 

This result is proven in two ways in order to help communicate the 
logic more clearly. The first is based on Bayes theorem and completing 
the square. The other approach is based on the properties of normal 
distributions. Both proofs begin with the corresponding untruncated 
distributions and then truncate at the end of the proof within the 
bounds specified in Equations B.l (page 301) and 5.1 (page 79). This 
essential algebraic trick makes the mathematics easier and produces a 
result equivalent to truncating at the start for this problem. For con-
venience, the mean and variance are parameterized as from the un-
derlying untruncated normal distribution. Note that after truncating, 
W -(- (ojt/(rl)ei and — (aij/crf) are still exactly the two parameters 
of this distribution, even though they are no longer its expected value 
and variance. 
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C.L USING BAYES THEOREM 

The first method of proving this result is by applying Bayes Theorem 
and factoring the resulting joint untruncated distribution (see Grif-
fiths, Drynan, and Prakash, 1979): 

a P(/3?|<A)P(T,|/3f, iff) (C.2) 

The first factor in the last line of Equation C.2 is given as part of 
the model (Section 6.1): 

The second factor is a normal distribution, similar to the likelihood 
function in Equation 7.1 (page 134), for one observation and without 
truncation. The difference is that it is now conditional on tji and so 
the expected value and variance change. In particular, 

P(Tr|$, ^ N f T i l f t , ^ ) 

where, because is constant after conditioning on it, and using the 
properties of conditional normal distributions, 

A, =E(T !|X !-,)8f) 

= TFXI + E ( / 3 F | T F ) ( L - X I ) 

= / 8 ? X , + SB™ + - ( 1 - X , ) 

L °b J 

and 

oi = V(T,|X, ,#) 

= V(/3n/3f)(l - X,)2 
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To derive the final untruncated distribution, substitute in the nor-
mal distributions from the equations above: 

P(tf\Tit cx <rb2)N (T.l/i,-, of) 

Then, by substituting in the algebraic formulas for these expressions 
and completing the square, this gives the untruncated normal dis-
tribution. Truncating this distribution at the bounds in Equation 5.1 
(page 79) gives the final result in Equation C.l. 

C . 2 USING PROPERTIES OF NORMAL DISTRIBUTIONS 

The second method of proving this result involves using the known 
properties of normal distributions.1 By putting off truncation until the 
end, pbt and Pf are bivariate normal, and T, is a linear combination of 
Pb and p? (T, = /3btXt + pf(l - X,)); thus, T; and pb are also bivariate 
normal. The marginal mean and variance of pb is 23? and of. The 
marginal mean and variance of T, are £(7,) = /xt = WtX, + 23^(1 — X,) 
and o f , respectively. The covariance is C(/3?, Tt) = w,. 

Then, using the well-known property from probability theory on 
how to compute conditional distributions from a bivariate normal 
distribution, /3b|T( is normally distributed. The expected value of this 
conditional distribution is 

E(/3?|RF) = E ( $ ) + _ E ( R . ) ] = & + 
of 

and variance is 

of 

By truncating this normal distribution of pb at its bounds, we are 
left with Equation C.l. 

1 My thanks to Andrew Gelman for pointing out this alternative to me. 
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The Likelihood Function 

THE GOAL of this appendix is to derive the likelihood function, 
L(0,|T)oc f ]Li f° r observations containing heterogeneous 
precincts (0 < X, < 1), homogenous precincts (X, = 0 or X, = 1), and 
unanimous precincts (T, = 1 or T, = 0, for 0 < X, < l).1 

For heterogeneous precincts, begin with the bivariate distribution 
P(Pbi,Pf\4>), which is joint normal, truncated at [0,1] x [0,1] (as in 
Equation 6.14, page 103). Since pf = (T, - j3?X,)/( l - X,), we can eas-
ily transform from P(/3?,/3f to P ( $ , T,|i//) (see DeGroot, 1986: 
161ff). The result is also a truncated bivariate normal distribution: 

nel = (pb, H, vAw)) 
R(>8, z) 

where 1(T, ) equals one if T, e [0,1] and zero otherwise, and where 
1 (Pb) is one if it falls within its bounds 

and zero otherwise (see Appendix B or Equation 6.22, page 108), so 
that together 1(T,) and l(/3?) imply that the support of (pb, T,) under 
the distribution is a parallelogram. In addition, R(£B, 2) is defined in 
Equation 7.2 (page 134), fi ! is given in Equation 6.16 (page 106), of 
is in Equation 6.17 (page 106), and w, appears in Equation 6.20 (page 
108). 

Factor this joint distribution into the product of the marginal and 
conditional distributions, which gives 

P ^ T i l ^ a - ^ - N C T i K ^ 2 ) 
K(!0, Z) 

x N ( p b + 

1 My thanks to Doug Rivers and Wendy Tam for correcting tin error in the derivation 
for homogeneous precincts and for other suggestions. 
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Finally, integrate out f3b to yield the likelihood function for hetero-
geneous precincts: 

P ( T ^ , 0 < X, < 1) cx / r '(i x )\ T'l W 

J max(0, 1 

R()8, z) 

where S(®, S) is defined in Equation 6.23 (page 109). 
For homogeneous precincts, we need the marginal distribution of 

the truncated bivariate normal since if X, = 1 then T, = and if 
X, = 0, then T, = pf. Thus, if X, = 1, 

P(Tt\4>, X,- = 1) = f 1 TN(T„ n $ W w 

Jo 

Analogously, if X, = 0, 

P(Tf|& Xi = 0 ) = P - T N t f , T,|$)dpb 

Jo 

KT.) xjf j lrep 

R ( M ) 

x r N ^ I ^ + p ^ C T , - ® - ) , af(l—p2)\dpb 

JO \ OW / 

where for both equations, the last term, which is the difference be-
tween two univariate normal cumulative distribution functions, is the 
only change from the heterogeneous case given the different restric-
tions on X, . 

Finally, unanimous precincts reveal both pb and /3f. When T, = 1, 
the data become pbt = 1 and pf = 1, and the likelihood function is 
a truncated bivariate normal distribution, TN(1, l|i//). Similarly, when 
T, = 0, the likelihood function is TN(0, 0|i£). 
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The Details of Nonparametric Estimation 

THIS APPENDIX summarizes the technical details of the nonparametric 
model given in Section 9.3.2. To determine the value of the nonpara­
metric density estimate at any point β\, β™ in the unit square, compute 
the following expression: 

where h is the smoothing parameter, dt is the perpendicular distance 
between the coordinates of the point being evaluated (/¾, β™) and the 
tomography line representing the data (T2 and X1) in precinct i, and c, 
is the area under the untruncated bivariate distribution used to make 
the resulting distribution integrate to one (see Silverman, 1986: 76). 

I compute c, numerically. First determine the coordinates for a set 
of points equally spaced along the tomography line from precinct i (11 
points is sufficient for most applications). For each point, compute the 
area under a univariate normal distribution, with standard deviation 
h, that falls perpendicular to the tomography line and between the 
bounds implied by its intersection with the unit square. The average 
of these values for the set of points gives a numerical approximation 
of the area of the constructed distribution. 

To sample from the nonparametric posterior distribution for a 
precinct-level quantity of interest, first evaluate the density for a set 
of points equally spaced along the line. Then construct a density by 
piecewise linear approximation (or, in other words, connect the dots). 
To draw a single value of β\, first decide which category it falls in by 
assigning probabilities to each interval based on the trapezoidal ar­
eas under the new approximate piecewise linear density. Determine 
the interval into which the drawn value falls by taking a number 
randomly from the discrete probability distribution given by the cu­
mulative probabilities corresponding to the areas of the trapezoids. 
Then use the inverse CDF method to draw a random value from the 
trapezoidal density defined within the chosen interval. Increasing the 
number of points being evaluated produces simulations arbitrarily 
close to the correct nonparametric distribution, but in practice most 



310 Appendix E 

distributions are sufficiently smooth to be well approximated by a 
dozen or so points. 

Once β\ is drawn randomly, βγ can be computed deterministically 
by Equation 6.27 (page 113). Any other quantities of interest, such 
as those at the district level, can be computed from these precinct-
level simulations, following the same procedures as in Chapter 8 for 
parametric estimates. 
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Computational Issues 

THE STATISTICAL PROCEDURES introduced in this book were pro­
grammed in Gauss (Aptech Systems). (See the Preface, page xix, for 
information about obtaining these Gauss programs or a stand-alone 
version that does not require Gauss.) Figure 8.2 was drawn with xfig, 
and Figure 1.2 was produced with Arc View. The remaining figures 
were first produced in Gauss, for data analyses, and then redrawn in 
S+ (StatSci) for inclusion in this manuscript. AU software was run on 
a Hewlett-Packard 715/80 Unix-based workstation. Timing runs on 
Unix systems is not so obvious because these systems do so many 
different things at the same time, and different things at different 
times. Nevertheless, one run of the method on a 2 χ 2 table with 
about 300 precincts usually took 5-7 minutes. 

The log-posterior function was maximized with the help of Aptech 
System's constrained maximum likelihood module, written by Ronald 
J. Schoenberg (because of the reparameterizations, the constraints in 
this algorithm are unnecessary in theory but helpful in practice). I ap­
proximated the double integral R(S3, Σ) defined in Equation 7.2 (page 
134) using Gauss's bivariate cumulative distribution function CDFBVN 
(which is from Daley, 1974), as well as with Martin van der Ende's 
more accurate version, which extends work by Divgi (1979). I verified 
these and other procedures by direct numerical integration on the unit 
square. I also experimented with an approximation to the log of this 
function, and the more general GHK simulation technique (Geweke, 
Keane, and Runkle, 1994). Relatively infrequently, the chosen function 
will fail, which is easy to verify by comparing the estimated contours 
with a plot of the simulated j8 ŝ by 0™s. For certain combinations of 
the parameter values, an imprecise cumulative bivariate normal func­
tion can also give the profile likelihood (Figure 9.4, page 178) an artifi­
cial plateau, which is roughly speaking a numerically-induced version 
of set-valued consistency (Brady, 1985). 

There is usually little uncertainty about convergence, which in my 
experience occurs almost every time. The main exceptions I find are 
artificially generated data sets that the model does not remotely fit. 
Problems can be evaluated via tomography plots of T; by X1 with con­
ditional expected values and confidence intervals included. Extensive 
explorations of contour plots lead me to believe that the log-posterior 
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probably has no local minima, although I have no mathematical proof. 
Of course, because the exact posterior distribution is used via impor­
tance sampling, the procedure would in principle work the same even 
if the optimization program converged at a point other than the global 
maximum. 

Simulating from a truncated normal distribution is fastest via the 
sample rejection method in most cases. That is, I drew random num­
bers from the corresponding untruncated normal distribution and dis­
carded and redrew them for any values that fell outside the allowable 
bounds (from Chapter 5). If the model is correctly specified, this is 
almost always the fastest procedure. In some cases when the model 
is not well specified, sample rejection will take inordinately long. For 
example, if the model includes an explanatory variable Zx that leaves 
the mean ten standard deviations outside the bounds, sampling all 
week on a fast computer would probably not yield even one admis­
sible value. Warning messages are printed for these cases, since they 
may suggest a problem with the model specification. For interme­
diate cases where speed is being sacrificed, but model specification 
does not appear to be an issue, five attempts were made with the 
sample rejection method. For the remaining values, I used the inverse 
CDF method to draw directly from the truncated normal distribution. 
I sampled from the truncated bivariate normal distribution by factor­
ing it into the product of a marginal and conditional normal using the 
result given in Appendix C. The same rejection sampling and inverse 
CDF methods were then applied. This is all programmed to operate 
automatically in the software that accompanies this book. 

I used 100 simulations for all estimates presented in this book ex­
cept where indicated otherwise. Importance sampling generally re­
quired about ten draws for each accepted sample; this meant drawing 
about 1,000 simulations to achieve the required 100 acceptable ones. 
Experiments with much larger numbers of simulations had only mi­
nor consequences, none of substantive interest. 



Glossary of Symbols 

THIS GLOSSARY includes mathematical symbols used in more than one 
section or chapter to represent the same concept. (Parenthetical notes 
provide references back to the text for further information.)1 

ab, aw Linear effect of the covariates Zb on the precinct means 
&*, and of Z^ on S^, used for the extended model 
(Equation 9.2, page 170). 

Bb, Bw District-wide fractions of blacks and whites who vote, 
respectively; district-level quantities of interest, weighted 
averages of β\ and β™ (Equation 2.1, page 33). 

β\, β™ Proportion of voting age blacks who vote, NbT /Nf, and 
whites who vote, Ν™ /N™, respectively, precinct-level 
quantities of interests (Table 2.3, page 31); β\ and j8f 
are values of β\ and βγ drawn randomly drawn from 
their posterior distributions (Section 8.2). 

23h, 531" Unweighted average of the precinct fractions of blacks 
and whites who vote respectively (Equation 2.2, page 
33); 8 is a vector of 93fc and W; $ f c, B", and 23 are 
on the untruncated scale (Section 6.2.2). 

D, Proportion of voting age population choosing the 
Democratic candidate, N?/N1 (Table 2.2, page 30). 

D() The Discrepancy, defined as the difference between a 
given ecological regression estimate and the true value 
(Equation 3.8, page 45). 

E ( | ) The conditional "expected value" on the untruncated 
scale, defined for interpretative purposes because when 
the truncation bounds have little effect it is approxi­
mately equal to the actual conditional expected value, 
Ε(·|·) (Equation 6.16, page 106). 

e, Difference between T, and its conditional "expected 
value" μ, (Equation 6.21, page 108; also Equation 6.25, 
page 110). 

i Index number for aggregate observations (i.e., precincts), 
i = 1,..., ρ (Table 2.1, page 29). 

1 A trend in statistical notation seems to have developed whereby authors occasion­
ally drop subscripts, the limits of summation signs, or other symbols so that their equa­
tions look uncluttered or even "pretty." My alternative strategy is to maximize clarity 
of the concepts these symbols represent, which rarely involves dropping anything. 
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j Index number for individuals, j = 1,...,N1 (Section 3.3). 

k\, Af Proportion of black voters, N,bD/Nf', and white voters, 
N™D/N™T, choosing the Democratic candidate, precinct-
level quantities of interest (Table 2.2, page 30). 

Ab, Aw District-wide fraction of blacks and whites who vote for 

the Democrats, respectively; district-level quantities of 
interest (Equation 2.1, page 33). 

μ,, Conditional "expected value" of T1 given X, on the un-
truncated scale (Equation 6.16, page 106). 

Ν(·|·, ·) The univariate or multivariate normal distribution, de­
pending on context. 

Nf Number of members of ethnic group g who vote for the 
candidate of party P in precinct i, where ethnic groups 
include b for blacks and w for whites, and where par­
ties include D for Democrats, R for Republicans (which 
together is T for voter Turnout), and superscript N for 
Nonvoters (Table 2.1, page 29). For example, NfD is the 
number of blacks of voting age who cast their ballots for 
the Democratic candidate in precinct i. 

Nf Number of voting-age members of ethnic group g in 

precinct i, where ethnic groups include b for~blacks and 
w for whites, (Table 2.1, page 29); N& is the number in 
this group in the entire district (page 33). 

N,p Number of votes for the candidate of party P, where par­
ties include D for Democrats, R for Republicans, (which 
together is Γ for voter Turnout), and N for Nonvoters 
(Table 2.1, page 29); Np is the number voting for party 
P in the entire district. 

Nj Number of voting-age people in precinct i (Table 2.1, 
page 29); N is number of voting-age people in the entire 
district. 

ω, The "covariance" (i.e., on the untruncated scale) of β\ 
and T1 (Equation 6.20, page 108; also Section C.2). 

ρ Number of aggregate observations (i.e., precincts), (Ta­
ble 2.1, page 29). 

φ Vector of five parameters of the truncated bivariate nor­
mal on the scale most convenient for estimation (Sec­
tion 7.3); φ is a value of φ randomly drawn from its 
posterior distribution (Section 8.2). 

φ Vector of five parameters of the truncated bivariate nor­
mal on the ultimate truncated scale; ψ is on the untrun­
cated scale (Section 6.2.2). 
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R(33, X) Volume under the untruncated normal above the unit 
square, a normalizing constant (Equation 6.15, page 104; 
also Equation 7.2, page 134). 

ρ Correlation of β\ and )3f across precincts (Equation 6.4, 
page 96); ρ is on the untruncated scale (Section 6.2.2). 

S(23, X) The area of the bivariate normal distribution above the 
tomography line segment that crosses the unit square 
divided by the area of the bivariate normal above the 
untruncated line, a normalizing constant for the likeli­
hood function (Equation 7.3, page 135; also Equation 7.1, 
page 134). 

ΤΝ(·|·, ·) The truncated univariate or truncated multivariate nor­
mal distribution, depending on context. 

of Conditional "variance" of T1 given X1 on the untruncated 
scale (Equation 6.17, page 106). 

ab, aw, abw Standard deviations of β\ and /S^, and their covariance, 
across precincts (Equation 6.4, page 96); ab, crw, and abw 

are on the untruncated scale (Section 6.2.2). 

X Variance matrix of the truncated bivariate normal distri­
bution on the ultimate truncated scale; X is on the un­
truncated scale (Section 6.2.2). 

T, The outcome variable, the proportion of voting age pop­
ulation Turning out to vote, observed at the precinct 
level, Nj/N1 (Table 2.3, page 31); f is the district-wide 
weighted average of T1, (Equation 3.11, page 47) 

T1J Equals one if voting-age person ;' in precinct i Turns out 
to vote and zero if he or she does not (Section 3.3); T is 
a stacked vector with elements T1.. 

Q\, Q™ black vote for the Democratic candidate as a propor­
tion of the black voting-age population in precinct i, 
N^D/Nf, and white vote for the Democrat as a fraction of 
the white voting-age population, N™D /Nf, (Equation 2.3, 
page 34). 

Θ*, &f District-wide black vote for the Democratic candidate 
as a proportion of the black voting-age population, and 
white vote as proportion of white voting-age population 
(Equation 2.4, page 34). 

Vj Democratic proportion of the two-party Vote, N^/Nj 
(Section 4.2). 

V(I) The conditional "variance" on the untruncated scale, de­
fined for interpretative purposes, since because when the 
truncation bounds have little effect it is approximately 
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equal to the actual conditional variance, V (·1·) (Equa­
tion 6.17, page 106). 
Proportion of voting-age people who are black, Nt /Ni 
(Table 2.3, page 31); X is the district-wide weighted aver­
age of the precinct proportions of voting-age people who 
are black (note 5, page 45); Xl is the usuallr unobserved 
proportion of voters who are black N[T /Ni (Section 4.2). 
Equals one if voting-age person j in precinct i is black 
and zero if white (Section 3.3); X is a stacked vector with 
elements Xij . 

Vectors of covariates used to model variation in ~f and 
~r, respectively, in the extended model (Section 9.2.1). 
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