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Because the goals of local and national representation are inherently incompat-
ible, there is an uncertain relationship between aggregates of citizen votes and the na-
tional allocation of legislative seats in almost all democracies. In particular electoral
systems, this uncertainty leads to diverse configurations of electoral responsiveness and
partisan bias, two fundamental concepts in empirical democratic theory. This paper uni-
fies virtually all existing multiyear seats-votes models as special cases of a new general
model. It also permits the first formalization of, and reliable method for empirically esti-
mating, electoral responsiveness and partisan bias in electoral systems with any number
of political parties. I apply this model to data from nine democratic countries, revealing
clear patterns in responsiveness and bias across different types of electoral rules.

In theory, electoral systems could be founded on the principle of
either national or local representation. Those based on the principle of na-
tional representation would focus on political preferences without regard
to geographic, religious, ethnic, and other lines of division. A system of
local representation, in contrast, would preserve geographic and perhaps
other subdivisions within a nation; such a system would be comprised of
numerous semiautonomous, community-based political entities.

In practice, all democratic electoral systems embody features
of both national and local representation. While founded on the prem-
ise that local communities should have a political voice, democratic
systems must also devise mechanisms by which to integrate commu-
nity-based political units into a functioning whole. Hence, most electo-
ral systems are built on a two-tier aggregation process: in the first stage,
preferences within geographic districts are aggregated; in the second,
district-level preferences are combined.

The goals of national and local representation are not always
compatible. In the process of synthesizing community preferences into
a national will, minority interests are often subordinated to some de-
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gree. Additionally, even when the same standard of representation is
applied at both the local and national levels, the two-tier process of ag-
gregation can result in a system that fails to conform to the stated or de-
sired standard. For example, consider a system in which proportional
representation is guaranteed by law at the local level—in each and
every multimember district—and constitutes the implicit national
standard as well. In this type of system, political parties are not always
represented in the legislature in exact proportion to their nation-wide
vote totals, as a faithful embodiment of the proportional representation
standard would have it. National proportional representation could be
ensured by avoiding districts entirely, but such a system would sacrifice
local representation.’

In other electoral systems, this aggregation effect has different con-
sequences. For example, winner-take-all district-level electoral systems,
such as those in the U.S. and Great Britain, generally do not translate into
winner-take-all national systems of representation. Rather, the party with
the nationwide majority typically acquires more, but not all, legislative
seats. Thus the national minority parties are usually still represented.

Unfortunately the process of aggregating districts to the na-
tional level can also give rise to partisan bias. If a system is biased, some
political parties are unfairly advantaged in that votes for the advan-
taged parties translate into a larger proportion of seats than they rightly
deserve (Grofman 1983). In some nations, partisans control the process
by which district lines are drawn and intentionally gerrymander the sys-
tem to favor their party. However, even when redistricting is controlled
by nonpartisan commissions or district lines remain unchanged, an
electoral system can be biased; the spatial distribution or concentration
of voters, the particular configuration of incumbents and challengers
competing, differential turnout, changing voter preferences, or malap-
portionment can also give rise to asymmetries in the relationship be-
tween seats and votes. Whereas many different degrees of electoral
responsiveness are reasonably considered desirable in different na-
tional systems—such as proportional representation or majoritarian
systems—most theories of representation would have partisan bias re-
duced as much as possible.2

In this paper, I develop a general model of the uncertain rela-
tionship between aggregates of citizen votes and the allocation of legis-
lative seats in democracies with any number of political parties and
apply the model to data from nine democracies. This model permits the
simultaneous estimation of the form of electoral responsiveness and
the degrees and directions of partisan biases in multiparty systems.
Special cases of this model include Taagepera (1986), Theil (1969), and
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Qualter’s (1968) models of responsiveness in multiparty systems, Tufte
(1973) and King and Browning’s (1987) two-party models of respon-
siveness and bias, and numerous empirical applications and tests of the
cube law of electoral politics (e.g., Kendall and Stuart 1950; Tufte 1973;
Schrodt 1981).

With this general model, scholars can empirically estimate
many features of electoral systems that previously were assumed or un-
known. In addition, the results from nine democracies provide the first
formal assessment of Taagepera’s baseline electoral responsiveness pre-
dictions; several new empirical generalizations are derived for cases that
deviate from these predictions. The analysis also demonstrates, both an-
alytically and empirically, that previous attempts to estimate either elec-
toral responsiveness or partisan bias in isolation—Dby far the dominant
strategy—routinely leads to estimates that are very far off the mark. Fur-
thermore, since previous multiparty models were inadequate or nonex-
istent, many scholars applied two-party models to multiparty systems; I
demonstrate that this procedure also leads to very distorted estimates.

The next section reviews previous models. I then develop the
new model and derive a maximum likelihood estimator. Applications
are presented, and I discuss and summarize the empirical and theoreti-
cal implications of these results.

Previous Results

The first attempt to specify the relationship between nation-
wide legislative seats and citizen votes is the so-called cube law of elec-
toral politics, formulated circa 1909 for two-party systems. Let s be the
proportion of seats and v be the proportion of votes allocated to one of
the political parties. Then, the cube law is a special form of the equation
below, with p=3 (see Kendall and Stuart 1950):

1is:(1iv)p (M

Although scholars have long debated whether p is 3.0 (as the cube law
holds), 2.5 (Laakso 1979), or some other value, few would now argue
that the relationship holds deterministically (as equation 1 implies) or
even that p is constant over time (Schrodt 1981).

As an electoral responsiveness parameter, p has considerable
political import: if p=1, legislative seats are allocated to the political
parties in proportion to the division of citizen votes, exactly reflecting
the division of citizen preferences. Figure 1 portrays this seats-votes
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FIGURE 1
Examples of Electoral Responsiveness
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graph as a straight 45° line. Larger values of p give the majority party a
“bonus” in seats over their share of the vote. For example, see the p=3
line in Figure 1. At the extreme value of p=co, the system is maximally
responsive at the point where v=0.5, indicating a winner-take-all situa-
tion. Values of p less than unity indicate eiectoral systems that are rela-
tively unresponsive near the center of the graph, large changes in voter
preferences translating only sluggishly into changes in the allocation of
legislative seats. In general, the larger the value of p, the more respon-
sive the electoral system is near the competitive region of state-wide
votes. Note that this equation applies only to electoral systems assumed
to be free of partisan bias, since, whatever the value of p, each party re-
ceives identical treatment.

For two-party electoral systems with single-member districts,
Taagepera (1973, 1986) proposed that the electoral responsiveness param-
eter in equation | above be approximated by taking into account the total
number of voters (V=X., v) and electoral districts (D) in the nation:

In(V)
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Taagepera’s justification for this specific mathematical relationship is
based on the fact that it produces exactly correct results at the extremes
and the assumption that the results for realistic cases (i.e., between the
extremes) are quasi-continuous. For example, when each hypothetical
electoral district is composed of a single voter (D=V"), proportional rep-
resentation must result; indeed, equation 2 yields p ~ ﬂ%; = {—:—% =
At the other extreme, when the nation is composed of a single, nation-
wide electoral district, and therefore all voters reside in the same dis-
trict (D=1), the system is winner-take-all and p tends toward infinity
(since In(1) = 0).

Between the extremes of p=1 and p=o0, equation 2 need not
hold at all for real elections because many factors others than ¥ and D
can influence the value of p, including gerrymandering, variations in
partisan swing, the geographic distributions of partisan preferences,
and variations in turnout. In addition, empirical values of p can range
below 1.0, indicating unresponsiveness, something Taagepera’s index
cannot do. However, the index does provide a method of generating
quick, baseline predictions of p that have sometimes proved quite accu-
rate (Lijphardt 1985).

Now consider two completely separate generalizations of the
basic relationship in equation 1.

Generalization to Multiparty Systewis

Theil (1969; see also Qualter 1968) studied the following multi-
party generalization of the two-party cube law:

yv*
§T ST o (3)
J
2m=1 an
where this relationship is assumed to hold for every party j (j=1, ..., J).

Theil did not postulate a particular value for the exponent p, but p- 1 still
indicates proportional representation, p> 1 assigns the parties with more
votes a bonus in legislative seats, and p<C 1 again indicates that the alloca-
tion of seats is relatively unresponsive to changes in legislative votes.
Taagepera (1986) also proposed a mathematical equation for
predicting p—the electoral responsiveness parameter in equation
3—analogous to that for two-party systems (in equation 2):
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where M is the district magnitude, the number of seats allocated to the
reference party in each electoral district through proportional represen-
tation or some other method. In single-member district systems (M=1),
this equation reduces to equation 2. In order to apply equation 4 to real
electoral data, Taagepera introduced the relatively restrictive (and in-
ternally inconsistent) procedure of “assuming that every party . . . faces
N—1 other parties of equal size in terms of votes” (1986, 494). This as-
sumption leads to the following expression in lieu of equation 3:

Vv

J

S Tp AN DA )P (5)

where N is the number of effective parties in an electoral system (see
Lijphart 1984 and Laakso and Taagepera 1979):

1

=Y
2j=1 v

Taagepera (1986) applies his method to data from eight democracies
and concludes that equation 4 predicts quite well.

N (6)

Generalization to Two-Party Systems with Partisan Bias

The second generalization to equation | moves in a different di-
rection. Instead of generalizing to multiple parties, Tufte (1973) and
King and Browning (1987) also generalize from equation 1 by introduc-
ing partisan bias as a separate parameter, leaving intact the assumption
of two parties. Niemi and Deegan (1978), King and Browning (1987),
and others define a fair electoral system as one in which, if one party re-
ceived y% of the seats for x% of the votes, then the other party would be
allocated the same y% of the seats if it were to receive x% of the votes.
Note that x% of votes need not translate (proportionately) into x% of
seats for an electoral system to satisfy this fairness criterion. Indeed, de-
fining fairness as partisan symmetry classifies many different forms of
electoral systems as fair; these systems, in turn, can be ordered according
to the degree of electoral responsiveness. Partisan bias is then defined as
deviations from partisan symmetry, where one party can receive a larger
share of the seats for a given share of votes than the other.

King and Browning (1987) implemented these ideas by modi-
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fying equation 1 in two ways.? First, they included a partisan bias pa-
rameter, A:

= (1) (7)

1—3s 1—v

As before, p is the electoral responsiveness parameter. A, a completely
distinct parameter, indexes the degree and direction of partisan bias.
A=0 indicates the absence of partisan bias; in this case equation 7 re-
duces to equation 1. A>0 indicates partisan bias in favor of the refer-
ence party (the party for which v is its proportion of legislative votes),
and A<<0 occurs when the electoral system is biased in favor of the op-
posing party.

Second, King and Browning explicitly incorporate a stochastic
relationship by assuming that the probability of all districts allocating
their seats to the reference party within an election year are indepen-
dent and identically distributed. These two simplifying assumptions
are the requisite first principles used to derive the binomial distribu-
tion for the number of seats allocated to the reference party. The sys-
tematic component is then derived by solving equation 7 for s, and
writing the basic relationship as an expectation:

[+ (5] ®)
[1 + exp [—l—pln( l—v_—v)]]_l

The first line of this equation is a relatively simple algebraic expression,
whereas the second shows how similar this expression is to the popular
logit statistical model for analyzing binary dependent variables. King
and Browning refer to this expression, a logit In[v/(1—v)] embedded
within an inverse logit, as the bilogit functional form. Note that s, de-
noting the proportion of seats, is now a random variable assumed to be
related to the right hand side of this expression only in expectation (that
is, on average across a large number of hypothetical elections held
under essentially identical conditions). The relationship is utilized to
derive a maximum likelihood estimator to calculate p and A from real
electoral data.

E(s)
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A Model of Electoral Responsiveness
and Partisan Bias

These two divergent generalizations from the original cube
law—first to multiparty systems and, subsequently, to incorporate bias
as well as electoral responsiveness in only two-party systems—are in-
corporated simultaneously in this paper. Although partisan bias is a
more familiar concept in the U.S. and other countries with single-
member districts, the same phenomenon can exist in any nation with
national standards for representation and district-based elections.’> The
combination of these two contributions in a single model permits the
first adequate assessment of Taagepera’s predictions for p.5 Since his
predictions of p depend on only three features of electoral systems (M,
V, and D), they also provide very useful baseline figures to which actual
election results, which depend on many other factors as well, can be
compared. Thus, although the model developed in this section is pri-
marily a statistical one, it builds on the advantages of both of the pre-
ceding approaches.

To derive a model of partisan bias and electoral responsiveness
in multiparty electoral systems, I begin with equation 3 and add param-
eters for partisan bias. Recall that King and Browning added a single pa-
rameter to represent partisan bias for two political parties.” I generalize
this logic by adding J—1 partisan bias parameters for an electoral sys-
tem with J political parties. The extent to which an electoral system is
biased for or against a party will be reflected in comparisons of these
bias coefficients. This procedure is similar to including K—1 dummy
variables in a linear regression to represent K category nominal varia-
ble. The particular functional form is a straightforward generalization
of both equation 3 and equation 7:

. vy
E(sj )=e* 7 9
m=1 ervy,
forj=1, ..., Jparties. pis the electoral responsiveness parameter, with
the same interpretation as in previous models. A, . . . , A, are the parti-

san bias parameters, one for each of J parties. To eliminate the repeti-
tive information in the bias parameters, let A,=0; then A, measures
partisan bias from the j* party relative to the party 1 baseline. Thus, A,
is the bias toward party 1 compared to the bias toward party 2: if 1,=0
then parties 1 and 2 are symmetric and the system is fair at this point; if
A,>0 then the electoral system unfairly favors party 2 over party 1; if
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A,<<0, then the system favors 1 over 2. The choice of which party to use
as the reference party (“party 1”) is completely arbitrary and has no
substantive consequence. For example, although the estimates will pro-
vide comparisons of parties 1 and 2 and comparisons of 1 and 3, one
can easily derive a comparison of parties 2 and 3 by taking the differ-
ence between the other two coefficients. Note that without making a se-
ries of unnecessary and unrealistic assumptions, multiparty versions of
these models cannot be easily represented in graphical form since they
would require four or more dimensional graphs. However, since the p
and A, ..., A,parameters have considerable meaning on their own, lit-
tle is lost by using only the mathematical form.

This generalized relationship is formulated such that special
cases include all previous models reviewed above. If /=2, equation 9 re-
duces to equation 8, from King and Browning (1987). If a system is un-
biased and Taagepera’s (1986) simplifying assumption that all opposi-
tion parties receive exactly the same proportion of the vote for all
elections holds, this model reduces to equation 5. If A, =A,=. . .=4,=0,
the model reduces to equation 3, from Theil (1969) and Taagepera
(1986).If A=A, = ... =L, =0and J=2, equation 9 reduces to the origi-
nal relationship in equation 1, and if, in addition, p=3, it reduces to the
cube law.

Without any of these restrictions, this form makes it possible to
distinguish these special cases and a variety of others from empirical
data instead of making unfounded assumptions. Indeed, since no re-
strictions like these are required, the method is ideally suited to analyz-
ing actual election results. It even makes Taagepera’s predictions of p
more useful as a baseline to which to compare real empirical estimates.
Finally, by including parameters for electoral responsiveness and parti-
san bias in the same multiparty equation, this model enables one to
avoid the statistical inconsistencies that would arise by trying to esti-
mate only one of these parameters without the other.

A Maximum Likelihood Estimator

This section, which may be skipped without loss of continuity,
describes how one can use observed electoral results to estimate p and
A, ..., A, in equation 9.% Begin with some new definitions: let S, be a
random varlable for the number of seats allocated to party jat electlon I,
the observed realization of which is ;. This variable is defined for
i=1, , nelections and j=1, , J; parties. J; is the number of parties
competmg in election i and J— max(J ) is the maxxmum number of par-
ties competing in any election. Let s,= Z i) 5;; be the number of seats
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available at election J, v, be the proportion of votes for party jat election
i, and 7, be the average probability that one of the s, seats will be allo-
cated to party j in election #; E, is the set of parties contesting election i.
Finally, I summarize the data and probabilities in matrix form by elec-
tion,s,=(s;, . .., S}, m,=(m,y, ..., m,}, and by election and party, s=(s, ;
i=1,...,nj=1,.. J]andn msi=1,...,mj=1,...,J}

The assumptlons required to derive the stochastic model are es-
sentially the same as in the two-party case—independence and identical
distributions across districts within an election year. However, these are
primarily for mathematical convenience. If they happen to be false, pa-
rameter estimates will still be statistically consistent (see Gourieroux,
Monfort, and Trognon 1984); roughly, this means that with an infinite
sample of data, the estimator will yield the true parameter values (see
King 1989a, ch. 4, for a precise statement). However, even with consis-
tent parameter estimates, the estimated standard errors can be inconsis-
tent if certain variance assumptions are not exactly correct. To avoid
inconsistent standard errors, I report only robust standard errors, an al-
ternative standard error estimator that is consistent in the presence of
many types of misspecification (see Gallant and White 1988).

Furthermore, the implied assumption of independence of irrel-
evant alternatives is satisfied here, since the entire stochastic compo-
nent is conditional on all parties and votes. The only random choice
being made is by the electoral system in assigning seats to parties.
Therefore I use the multinomial probability distribution for the num-
bers of seats allocated to the J political parties, a straightforward gener-
alization of the binomial:

(Si»-- -+ Sis) ~ Multinomial(s, ) (10)

S
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U

The systematic component comes directly from equation 9:

E(S ) e}‘jvp
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